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ABSTRACT

ESTIMATION FROM CROSS-SECTIONS
OF INTEGRATED TIME-SERIES

This paper studies under which conditions a cross-section regression
yields unbiased estimates of the parameters of an individual dynamic
model with fixed effects and individual-specific responses to macro
shocks. We show that the OLS estimation of a system of non stationary
variables on a cross-section yields estimates which converge to the true
value when calendar time tends to infinity.

RESUME

Estimation en coupe de variables intégrées

Cet article étudie les conditions sous lesquelles une régression en coupe
donne des estimations non biaisées des parametres d’un modele dy-
namique a effets fixes et a chocs macroéconomiques spécifiques. Nous
montrons qu’une estimation en coupe par les moindres carrés linéaires
d’un modele ot les variables sont non stationnaires donne des estimations
non biaisées lorsque l'origine des processus tend vers moins l’infini.
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1 Introduction

A considerable number of microeconometric studies rely on cross-section estimates. Yet,
a fast growing number of other microeconometric studies use panel data and individual
models involving more and more often state dependence. Were they obtained from cross-
sections of such data generating processes, the former cross-section estimates would
generally not be consistent. This note shows that if the underlying dynamics of the
regressors are integrated, the cross-section estimates do not indeed converge to the true
value when the sample size tends to infinity, but the asymptotic bias becomes eventually
negligible when the origin of the individual processes is far enough remote in time. This
result holds for a very general specification of the error term, allowing fixed effects,
specific macro shocks and correlations between shocks. We also show that the rate
of convergence depends on whether the variables are cointegrated or not in the time
dimension.

These results build on other results of the time series literature, initiated by Phillips
and Durlauf (1986), Park and Phillips (1988) and Park and Phillips (1989). They are
more specifically related to the the literature on cointegration in panel data (see Pedroni
(1996) and Pedroni (1997)).

The plan of this note is as follows. Section 2 presents the assumptions and the
results. Section 3 illustrates this property by using the Summers-Heston data on annual
domestic consumption and GDP for 152 countries from 1950 to 1992. By performing
Monte-Carlo simulations on the calibrated model, we explore the finite sample properties

of the cross section estimates. Section 4 concludes.

2 Model and Assumptions

Suppose that, at the individual level, the following linear model is true:

h h h
{ysl_ax,g“t’h h=1,..H t=1,..T (1)
r = bxy | + 1y,

where ¢} and z" are two random variables, with 2 = 0 for all & and |b] < 1, and
e = u" + pluy + ul,

{ 77? = v 4 dho, + vf, (2)
where u; and v; are two scalar macro-shocks. Notice that we allow for the presence of
individual fixed effects u” and v", and of individual responses to macro-shocks p"u, and
6"v,. To keep things simple, we have assumed all variables scalar. But it would be easy
to generalize the following results to the case of vectors.

We make the following assumptions on error components. First, we assume that

fixed effects have asymptotically finite, non zero sample variances.



Assumption 1 Cross-section variances.

plim — Zh (WM e R, phm —Zi]:l(vh)2 e Ry,

H—)oo
plim — Zh (") € R, plim — Zh (") e R,
H—oo H Hsoo H

where RY is the set of positive real numbers and where plimy _,  is the limit in Proba-
bility.

Second, all error components have zero cross-sectional means.

Assumption 2 Cross-section means. For allt, for all H,

Zgﬂu Zh 1“t Zh =0,
Zh:l vt = Zh:l Ut - thl 5h - 0

This assumption may seem restrictive. Typically, one does not expect the aggregate
macro-shock ZhH:1 p"u, to vanish. Suppose, however, that ZhH:1 ul and ZhH:1 ol are
not zero, then it is possible to rewrite system (1) with errors (2) satisfying assumption
2if yh — & Zz Lyt and o — - Zz L o4 are used in place of y' and . This is therefore
without loss of generality that we assume all variables centered around their cross-section
mean, as long as the only parameters of interest are the slope coefficients a and b.

Thirdly, idiosyncratic components ul' and v/ are mutually uncorrelated and uncor-
related with individual fixed effects.

Assumption 3 Cross-section covariances. For allt, t',

1 H th 1 H th 1 H th 1 H  hh P
7 opm Wy =0, >0 v =0, thﬂ — 0, ﬁZh:lvvt?O’
hy, hy, L~H . h
th 0% _>0 th15 _>0 th A _>0 7 2ot Plug = 0,

ﬁ thl ul vt, KN 0,

P . -
when H — oo, where “—=7 means “convergence in probability”.

Note that macro shocks u; and v; can be correlated, as well as the fixed effects, u” and
h
v,

The next assumption is on the dynamics of the idiosyncratic errors u? and v

Assumption 4 The idiosyncratic errors u and v are covariance-stationary processes

with absolutely summable autocovariances and zero means.

As far as macro shocks are concerned, we assume that they can be either I(0) or I(1).
Note that, if macro shocks are covariance-stationary and |b| = 1, then the first equation

of equation (1) defines a cointegration relationship. If v, is I(1), then a? are 1(2) and



whether u; is I(0) or I(1), the first equation of equation (1) again defines a cointegration
relationship. Clearly, in these cases, one already knows that system’s parameters can
be consistently estimated with one infinite time-series. But if |b| = 1, vy is I(0) and u, is
I(1), all three variables y?, 2" and € are I(1) and y? and 2" are not cointegrated. The
cross-section dimension then becomes crucial to identify the system’s parameters.

Let ap, define the Ordinary Least Square estimator of a in the cross-section regres-

sion of y!" on zf :

onc= [t | [Saar]

h=1
And let

B, = plim [ag; — a] (3)

H—oo

be the asymptotic bias of cross-section-t estimate ag;. We now show the following

proposition.

Proposition 5 If [b| = 1, then, under the preceding assumptions, plim, ,  B; = 0 and

the rate of convergence of B; to 0 is as in the following table:

wg is 1(0)  uy is I(1)
v is 1(0) | Op(t™) | Op(t17%)
ve s I(1) | Op(t3/%) | Op(t™1)

where By is of order Op(t%), for all real «, if for all ¢ > 0, there exists M. such that
Pr{t=*B, < M.} > 1 —¢ for all t.
If xl is covariance-stationary (|b| < 1 and v, is covariance stationary) then the

asymptotic bias By tends in general to a non null constant when t becomes large.

We refer the reader to appendix A for a proof. Provided that z is a random
walk, proposition 5 shows that a cross-section estimation yields estimates for which the
asymptotic bias (when sample size H goes to infinity) tends to zero when the time
origin of processes z” and y! is far remote. The rate of convergence of the asymptotic
bias depends on the relative order of integration of € and nl'. For example, if £ and
nt are stationary, the first equation of the system forms a cointegration relationship,
and the rate of convergence of the asymptotic bias is of order ¢ . If the first equation
of the system is not cointegrated but variables z and y are I(1), then the rate of

/2. When estimating a relationship on cross section

convergence is only of order ¢~
data, we can expect the estimation to yield more precise results with older cohorts and

if the estimated system is cointegrated. Moreover, proposition 5 shows that whatever the



nature of the error term in (1), a cross section regression on levels always identifies the
structural parameters. At the macro level, the identification relies on either a regression
on levels if the system is cointegrated, or a regression on first-differences in the alternate
case.

This proposition will be easily generalized to the multivariate case where y?, 2 and
the macro shocks are vectors. If b has all its eigenvalues strictly inside the unit circle,
then the cross section estimates are generally biased. And when b is the identity matrix,
the bias becomes negligible when ¢ tends to infinity. The apparently intermediate case
where b — Id, where Id is the identity matrix, is not of full rank and non null is a
particular case of the case b = Id after integrating a subset of the components of z; into
Y-

Moreover, it is straightforward to show that exactly the same asymptotics apply to
the case of pooled cross-sections, i.e. when the OLS estimator ay, is the one obtained
by regressing y!" , on x}_, in the sample {(z}_,,y!.),i=0,..,t =1, h=1,...,H}. For
example, B; = Op(t~') when both u; and v, are 1(0). !

There is a growing number of evidence that economic series are integrated even at
the micro level (see Deaton and Paxson (1994) for instance). The next section assesses
the empirical relevance of these results, by using real data to calibrate Monte-Carlo

simulations.

3 Application and Simulations

In this section we illustrate the results established above by some Monte Carlo esti-
mations. The motivation is to analyze the asymptotic results with real data. We use
the database provided by Summers and Heston (1991) which reports annual domestic
consumption and GDP for 152 countries from 1950 to 1992 to provide an empirically
sensible calibration for the Monte Carlo simulations. We denote as y! the logarithm of
consumption, and as z! the logarithm of GDP. We postulate the following statistical

model for y! and z?:

h h o ,h o oh h
Yp = ap +ary +u” 4+ prug + uy, . .
{ = by b bal ot oty o, T Do E= LT ()
with
Up = Tyli—1 + Euty
5
{ Vg = TyUs—1 + Eut; ©)

L This is due to the fact that the numerator of B; is Op(t) and the denominator is Op(¢?). If all
cross-sections from the origin to ¢ are pooled together, then the numerator of the bias of the OLS
estimator of a is still Op(t) and the denominator Op(t?), because one can easily show that, in the
present context, averaging over time produces a time process which has the same order in probability
than the averaged process.



hophy ul ey, ", 0" vl e, are independent normal random variables

and where u
with means, respectively, 0, p, 0, 0, 0, 0, 0, 0, and non zero variances. Moreover, we fix
UOZUOZI'SL:O.Q

Consistent estimates of the parameters of the error-component model (4) are reported
in table 1. We then use these parameters to simulate paths of log GDP and log of
consumption for a large number of periods (years), for different values of b, 7, and 7,
corresponding to the different alternative cases of proposition 5. For each set of values,
we constructed 100 panel data sets with 152 “countries” and 4000 periods. Table 2
displays the different experiments.

Figure 1 displays a graph of the average absolute bias (absolute percentage deviation
from the true value), as a function of the distance from the origin for the 5 cases.
Coordinates are log-coordinates so that the bias paths asymptotically become straight
lines. Consistent with the theory developed above, the bias is a decreasing function of
time, except in the stationary case. In the stationary case, the average bias is always
bigger even for small ¢. It appears that there exists a middle range set of values for ¢
for which the bias is converging to zero much faster when the variables are 1(2). For
the “true” case, which corresponds to the estimated parameters, it takes approximately
50 years to reduce the bias by one half, and approximately 160 years to reduce it by 5.
Finally, the slopes of bias paths, when ¢ is large, are as predicted by the theory.

Table 1: Estimated Parameter Values

a b osd (D sd(uf) 7, sd(ul) sd.(o") sd.(v) 7, s.d.(oF)
0.85 0.99 0.16 0.009 0.9 0.086 0.024 0.046 0.2 0.05
Note: “s.d.” : standard deviation.

Table 2: Parameter Values Used in Experiment

True conver-

Case Tu  To
gence rate

w, ~ 1(0), v, ~ 1(0), b=0 (0) 0 0

uy ~ 1(0), v, ~ 1(0), b=1 (1/2) 1 0

ug ~ I(1), vy ~ I(0), b=1 (1) 0.9 0.2

wg ~ I1(0), vy~ I(1), b=1 (1) 11

u ~I(1), v, ~I(1), b=1 (3/2) 0 1

Note: Estimation results obtained on 200 simulated panel
data sets of 152 ”countries” and 800 periods. Est. refer to the
average estimated convergence rate, and s.d. to its standard
deviation.

2Note that p" and 6" do not necessarilly average to 0. Yet the OLS estimate of a implies centering
of the y' and ! variables and thus brings this case back to the previous set-up.



4 Conclusion

In this note we have shown that the OLS estimation of a system of non stationary vari-
ables on a cross-section yields estimates which converge to the true value when calendar
time tends to infinity. We emphasize the importance of the variability of idiosyncratic
responses. We provide empirical evidence on the elasticity of domestic consumption to
the GDP, for 152 countries, and explore the predictions of our proposition with real
data. Given the variability of the different shocks in our example, the convergence of
the bias to values of the order of 10% takes several decades, if not centuries, depend-
ing on the order of integration of the series. This result casts serious doubts on the
conclusions that can be drawn from cross-sectional estimations when the regressors are
known to be dynamic processes. To refer to only one empirical case, we can mention
demand system estimation where one of the conditioning variables, total expenditure if

not relative prices, is known to be highly autocorrelated, if not a random walk.
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Appendix A. Proof of Theorem 5

Replacing y7 by az + € in the formula for az, yields:

zem] [zw)?] |

h=1 h=1

Gt = 0+

Moreover, let
0.(L) =1+bL + ... + b 'L

where L is the lag-operator. Then:

x? = 915([1)771{1

= et(l)'Uh + 6h9t(L)Ut + et(L)U?

-1
Step 1 : computation of bias B; = plim,_, [ Zh L€ ] [ Zh () ]

First, we have

H
1
ﬁ Z Uhéh] [9,5 Ut] + = Z u 9t
h=1

h=1 h=1 _
1 <& 1 & 1 &
+9t(]—) [E Z phyh U + E Z ph(sh] Uy [gt(L)Ut] + E Z ph [Qt(L)Uf] Ut
h=1 L h=1 h=1
1 1 1 &
+6,(1) [ﬁ S ulh| + = S ulsh | [0,(L)vl] + o > ul [6:(L)vp]
h=1 h=1 h=1

H i H
1 1
E Z 6?37? = gt(]-) E Z Z uh5h] gt Ut]
h=1 L h=1
1o 4ol
+0,(1) [ﬁ S |+ th5h] L)v] + ot (1)
h=1 .

where 0% (1) is a random variable which converges to 0 in probability when H tends to

infinity.



Similarly,

Lz

q Z(ﬁ)Q =
h=1

+20,(1)

vor hg 5" [0,(L)!] [0.(L)u].

And by assumption 3

Z'U Ht Zéh Ht

when H tends to infinity. Moreover, by assumption 3:

h

vt 20 and =

t

[0,(L)v,] 50

h=1
t

P
Vi [Ht(L)vf] _>Z¢j7j
h=1 j=0
where
v =F [vaf—j]
= plim — vl
- i gy et
and where
¢; =20 [1+0%+ ...+ "], j=1,
It follows that
1 & 1 & 1
lim — 2M? = 0,(1)? plim | — v"M?| + plim | —
phm g7 2 ()" = L) plin _H;( Pl
o
+20,(1) plim | —
(1) plim " hzl
Step 2 : computation of limit bias plim, , 5, when b = 1.

We now show that B, = 0 if b= 1. When b =1, 6,(1) = ¢ and

t
et(L)Ut = Z 'Ut,J,
7=0

th J

6] L)+ 65+ o (1),



Thus

H H H C ot
1 1
ﬁ Z 6?37? =t [ﬁ Zuhvh + H Zuh5h] Z 'Ut]] (A 1)
h=1 h=1 h=1 Lj=0
L X H 1 t
+1 ﬁthvh ug + ﬁth(Sh Uy [Z vi—j| +op(1)
h=1 h=1 | j=0
and
T I 7 T t 2
pyer e [pser] s o] [Se] oo
h=1 L h=1 _ h=1 j=0
I 17 ¢ ¢
+2 | D 0 Y v | D6+ 0B (1)
L™ h=1 1 Lj=0 =0

We first prove three lemmas which will be helpful in deriving the final results.

Lemma A1l Ifu, is a covariance stationary variable, then t='/2 Z;:O v—j = Op(1). If

v, is integrated of order one, then t3/? Z;ZO vi—j = Op(1).
Proof: See Park and Phillips (1988). H

Lemma A2 With the notation defined above,
1
n Z ¢iv; = O(1).
j=0
Proof: The lemma is a simple consequence of

t t 00
1
t+—12¢j il <2l <2 Il < oo
=0 =0 =0

since (t 4+ 1)"'¢; < 2 and where the last inequality follows from the fact that v} is

covariance stationary. l

Lemma A3
1 t
P
t—wut Z Vp—j =0
j=1
in one of the three cases defined below,

1. uy and vy are 1(0), with w = 1.

2. uy is I(1) and vy is 1(0), with w = 3/2.



3. ug is 1(0) and vy is I(1), with w = 2.

Proof: Lets define the variables @; and v; such as

1. if u; and v, are 1(0), @; = u; and 9, = %Z;:O (T

2. if Ut is I(].) and Ut is I(O), INLt = Ut/t1/2 and 1~)t = %Z;:O Vg—j-
3. if Ut is I(O) and Ut is I(].), INLt = Uy and 1~)t = t% Z;:O Vt—j-

Then from lemma A1l we have o, 2 0 when ¢ tends to infinity.
As 1, is covariance stationary, E1,” is equal to some finite constant o independent
of t. Chebyshev’s inequality then applies to show that:

2
- o
PI'{|’LLt| > Oé} < —

Q
for all positive a. Moreover, it is true that
|| < v and || |0y > aff = |0g] > 5.

Hence

Prifo.| = 6} = Pr{li,] < o and || [6:] > a5}
for all positive numbers o and 3. Then remark also that

Pr{|d;] > a} > Pr{|u;] > a and |d] |t] > af}.
Consequently

Pr{fi,] 0| > af} < Pr{lo| > 6} + Pr{|u,] > a}.

For all positive number ¢, the convergence of |7, to 0 in probability makes possible
to find 3 such as

Pr{|t;| > B} < e€/2.
And, choosing o = % yields that
Pr{|dt| |'ﬁt| Z Oéﬁ} S €.

This achieves to show that

when ¢ tends to infinity.



Using the lemmas Al through A3, we are now able to calculate the limit bias
plimy_,o B;.
If both u; and v, are I(0), dividing equation (A.1) by ¢ and applying lemmas Al
through A3, gives

plim ——Zetxt = phm—Zu

H%oo H%oo

e + 0p(1)

plim — Zp

H%oo

where 0% (1) is a random variables which converges to 0 in probability when ¢ tends to

infinity. Dividing equation (A.2) by ¢? gives,

H

11 1
lim —— M? = plim — v™)? 4 ob(1). A3
plin H§h (o) = plim 7 330+ (1) (43)
Hence
. . H  hh
1 plimy [ >y w0 ] plimg_, [i D oh—1 PV ] Ut
B = - - B S Foh(t7)  (A4)

t plimg o 10e |7 LAy (1))

If u; is I(1) and v, is 1(0), dividing equation (A.1) by #*/2 and applying lemmas A1
through A3, gives

H
phm t3/2 Z - t1/2 [phm T Zp +op(1
Dividing equation (A.2) by #* and using equation (A.3) gives
1 i/ plimy Hosoo 7 > by pho" _
B = gt S — o (t7) (A5)

; H
plimg_, H%oo% Zh:l (v")?

If u; is 1(0) and v, is I(1), dividing equation (A.1) by #*/2 and applying lemmas A1l
through A3, gives

1 & 1 |<
th E Zuhéh] m [Z Ut—j

H—x h=1 j=0

H
.1 hoh| Wt
gi‘z;ta/zHZ%— gigﬁzlﬂv]tl/wp(”

and dividing equation (A.2) by ¢ gives,

phm%%Z(aj?)Z = [plim ! Z ] [th j

+ 0% (1).
H—00 H—)ooH h—1




Hence,

U

t . H . H
1 t?% (Zj:[} Utﬂ') Plimyy o0 77 Doy w0+ [phmH—mo T 2ope PO 7z

2
B (ZE:O Utﬁ) plimy_, % Ethl (5h)2

B, = ol (17

where o}, (t~3/2) is a random variables such that #3/20t,(¢~3/2) converges to 0 in probability
when ¢ tends to infinity.
If u; and vy are I(1), dividing equation (A.1) by #* and applying lemmas A1 through A3,

gives

t "
_ W 1 h sh ¢
plim t—gg Zet = Lz:;vtj] [Elfiﬁ ;p 0" | +0p(1)
and dividing equation (A.2) by 3 gives,
phrniiz:(ajh)2 ! phmii ZU + 0% (1).
Hooo 8 H &= 3 i
Hence,
ut Zt_ A pli 1 ZH hgh
1 2 j=0Vt—j ) Py oo | 7 2p—1 P L1
Bt I + Op(ti )

t 2 . 1 H h\2
t3 Z] o Vt—j phmH*)OO H—oo g Zh:l (6 )

This finishes to show proposition 5. H
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