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Kernel M-Estimators :
Non parametric diagnostics for structural models

Abstract

We consider kernel M-estimators, defined as a solution of an optimization
problem of the kind :

A 1 Y:. A —
br(s) = Argming Y 7 K [S( ér) s} ¥(Yi, ar; 5;0),

where &7 tends to a limit oo, when T tends to infinity, and d is the dimension of
the conditioning variable. We study the asymptotic properties, consistency and
asymptotic normality, of such a functional estimator. Then we derive some ap-
proximation of fr in a neighbourhood of the hypothesis {lzmT HT(S) = o,Vs},

and explain how to use it for non parametric diagnostics in a structural frame-
work.

M-Estimateurs a Noyau :
diagnostics non paramétriques pour des modéles structurels

Résumé

Nous considérons des M-estimateurs a noyau définis comme solution d’un
probléme d’optimisation du type :

br(s) = Argming Z —K [Sm’::) _8] W(Yi, b3 5;0),

ou ar tend vers une limite o, lorsque T tend vers l'infini, et d est la dimen-
sion de la variable conditionante. Nous donnons les propriétés asymptotiques
de tels estimateurs fonctionnels. Puis nous introduisons une approximation de
7 au voisinage de 'hypothese {limr f7(s) = o,Vs} , et nous expliquons com-
ment Putiliser pour effectuer des recherches non paramétriques de spécifications
paramétriques.
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I-INTRODUCTION

Functional estimation is generally concerned with the determination of prob-
ability density functions or regression functions from a set of observations. The
classical non parametric estimators may be built using either kernels or bases of
orthogonal functions. These nonparametric approaches are usually considered
as useful either for pure descriptive purposes, or as a preliminary step before
some more structural modelling. The aim of this paper is to explain how these
nonparametric methods might be used jointly with structural models.

The idea of such a joint approach can be explained from the example of an
option pricing formula. Let us recall that an european call option based on the
asset S maturing at time T, with strike K, is characterized by its terminal value
Maz(0,St — K) at time T. This option has a price P(t,T,K) at time t. Under
a set of conditions coucerning the price evolution of the underlying asset (the
price of the asset at time t, S;, is a geometric brownian notion, i.e. is such
that d S;/S: = pdt + odW, ), the evolution of the interest rate (assumed to
be constant r; = r), the completeness of the market (assumption of continu-
ous trading, and dependence of the option price on the single factor (W;)), it is
known [Black-Scholes (1973)] that the option price is given by the Black-Scholes
(B.S)formula :

(1.1) P(t, T, K)

1 Si T-1
=s oAt e ]
—Kexp—r(T—1) 1 St T-—1
d L — .
+ St [m/T—t OgKea:p——r(T—t) T ]}

= g, T,K,r 0)(say),
where ® is the cumulative distribution function of N(0,1).

The set of conditions underlying this B.S. pricing formula is clearly very
restrictive and is generally not satisfied in practice. However such a misspecifi-
cation does not necessarily imply that the B.S. pricing formula itself, which is
a byproduct of the underlying model, must be rejected. Indeed such a formula
may be considered has a first way of comparing option prices corresponding to
different residual maturities T-t, and different strikes K. With such an inter-
pretation the normalized parameter o is not necessarily a volatility, but has to
be fixed in order to get the best pricing. For instance if we have observations
on the prices P[t;,T;, K;] of different options, i=1...,n based on the same un-



derlying asset, and observations on the prices Sy, and on the interest rates ry,,
i=1,...,n, we may look for a pricing formula with a parameter &, solution of the
optimisation problem :

n
(1.2) én = Arg ming Y [Plt;,Ti, K] — g[ti, T, Ki, e, o])?

1=1

= Arg mina }E_:",D[Yuo'] (sa'y))

i=1

where Y; denotes the set of observed variables P[t;, T;, K;], Sy;, ;. With such
an approach the pricing parameter ¢ is implicitely assumed to be constant.

Now this B.S. approach may be improved along two different lines. The
first idea is to modify the underlying assumptions concerning the evolution of
S;,7s... and to rederive a new pricing formula corresponding to this new un-
derlying model. It is the usual approach considered in financial theory, which
generally leads to analytically untractable pricing formula except in some un-
realistic framework [Hull-White (1987), Wiggins (1987)]. The second 1idea is to
directly modify the pricing formula, without considering the form of a poten-
tial underlying model. For instance, we may introduce in the B.S. formula a
stochastic parameter funtion of a lagged value of the price of the underlying
asset, i.e. consider a pricing formula of the kind :

(L.3) P[t,T,K] = g[t,T,K,rs, 0(Si-1)].
If we have no a priori idea on the function S;_; — 0(Si—1), we may look
for it through a kernel method. Let us introduce a kernel K, and h,, a sequence

of real numbers tending to zero, when n goes to infinity. We may estimate the
»non constant” part of the pricing parameter evaluated at s by solving :

n
(14)  Ga(s) = Arg ming » h—l- K (————S‘*“hl - 3)
i=1 " n

[P(tiafri) I{‘i) - g(t,',T;‘, I(i,’f’t_-,a'n + 0)]2

Then we can test if the pricing parameter is independent of the past value of
the price by checking if the function 6, is sufficiently close to zero. In summary



the idea is first to exhibit a so-called implicit parameter (the implicit volatility
in our example), then to directly analyse the structural evolution of this param-
eter. A similar example applied to implicit hedging parameters is discussed in
Gouriéroux-Laurent (1994).

The main difference between the previous example and the classical applica-
tions of functional estimation is that the kernel estimation is not directly applied
to a conditional regression, but is applied to a structural parameter, the (pricing
or implicit) volatility parameter in the B.S. example. For such kernel estimators
it will be necessary to develop an asymptotic theory taking into account jointly
the nonparametric and the parametric (structural) features of the problem.

In section 2, we consider the so-called kernel M-estimators. They are
defined as a solution of an optimisation problem of the kind :

S(Yt,d'p) — S
ht

T
. 1
(1.5) 0r(s) = Arg ming E h—dK[ ]w(Yt,&T;s;ﬂ),
=1 T

where &7 goes to a limit o, when T goes to infinity, and d is the dimension of
the conditioning variable S. In practice @r will often be a preliminary paramet-
ric estimator of a parameter of interest. This estimator may also appear in the
” conditioning variable” S, for instance when we analyse the dependence of some
parameters on error terms, which are replaced by first step residuals. Then
we derive the asymptotic properties : consistency and asymptotic normality, of
such functional estimators.

In section 3, we are interested in analyzing an hypothesis of parameter con-
stancy, which after some normalization is equivalent to :

H, : {plimp 67(.) = 0}.

We first exhibit another functional estimator 7 (.), which is asymptotically e-
quivalent to 67(.) under the null hypothesis and which admits an analytical
expression. These estimators 6r and Op may then be compared to zero, in
order to check the hypothesis H,. Different applications are presented ; they
concern the linearity of a regression function, the necessity to introduce an ad-
ditional variable in a regression, the quadratic form of the volatility in ARCH
models...

Section 4 is devoted to a simulation exercise to illustrate the usefulness of
the approach. The nonparametric diagnostic is applied to check the presence of
cross effects in a regression model, and to derive the form of these effects. It is
in particular interesting to note that such a study may not be always performed



from classical methods based on regression residuals.

The technical proofs of the asymptotic properties of the kernel M-estimators
are gathered in the appendices.

II - KERNEL M-ESTIMATORS

These estimators are defined as a solution of the optimization problem :

S(Y;,CAYT) - S
hr

T
(2.1) f7(s) = Arg ming Z hidK [ ] Y[Yi, ar;s;9),
t=1 T

where S and ¢ are known functions with dimensions d and 1 defining the con-
ditioning variables and the parametric objective function respectively, K is a
kernel, Y; t=1,...,T, are observed variables, and &r a sequence of random vari-
ables tending to a deterministic limit oo, when T tends to infinity.

Such kernel M-estimators have already been introduced for some particular
criterion functions 1. When t; = (Y; — 0)%, we get the usual kernel estimator
of the regression function E[Y;/S; = s] (see Hardle (1990) p. 9-20). When
a =1, and ¢; = [Y; — 0, — 01(St — 5)... — 0,(St — 5)P)?, we get the locally
weighted least squares regression which locally fits a polynomial of degree p to
the data [see Cleveland (1979) for the theoretical properties of this approach,
Gouriéroux-Scaillet (1994) for applications to the term structure of interest
rates]. Robinson (1984) considered the M-estimator of a location parameter
for which ¥; = p(Y; — #). Some applications to log-likelihood or pseudo log-
likelihood criterion functions have been considered by Tibshirani-Hastie (1987),
Staniswalis (1989), Fan-Heckman-Wang (1992), and applied to probit models
and to survival data models.

The asymptotic properties of such M-estimators can be deduced in the usu-
al way [Jennrich (1969), Huber (1981), Burguete-Gallant-Souza (1982), White
(1981), Gallant (1987), Gouriéroux-Monfort (1989)] from the asymptotic prop-
erties of kernel regression estimators [see e.g. Nadaraya (1964), Watson (1964),
Bierens (1987), Gasser-Muller (1979), Mack-Silverman (1982)] applied to the
objective function 1 and to its first and second order derivatives with respect to
9. In this section we essentially describe the main steps of the proof and some
set of regularity conditions. The details of the proofs are given in the appendices.

Consistency

There are different kinds of regularity conditions on the observable process,



on the estimator &, on the kernel and on the bandwidth A7 in order to ensure
consistency . They are basically the following ones (see appendix 1 for more
precise and less restrictive conditions).

Conditions on the observable process :

(Yi,teZ) is a strictly stationary process, satisfying some mixing conditions.
Therefore the results will be valid for correlated observations, as soon as this
correlation is not too large [see Altman (1988), Giorfi-Hardle-Sarda-Vieu (1989),
Roussas (1969)).

Conditions on the kernel :

The kernel K is continuous, with bounded support, and assigns mass one to
R? .

Conditions on the bandwidth :

hy — 0, Th% — 400, when T — oo.

Conditions on the estimator ar :

ap converges almost surely to a deterministic value oy, and

AT — Qoo = O (h;f%) .

Conditions on the objective function ¢ :

9 is continuously third order differentiable with respect to 8, and satisfies
suitable integrability conditions. S, 9 and %‘g are continuously differentiable
with respect to a.

Asymptotic identifiability conditions.

There exists a unique solution 6, (s) to the optimization problem:

Ming E[Y(Y,ax; 5;0)/S(Y, as ) = s].

Under such regularity conditions, we can first study the asymptotic be-
haviour of the normalized objective function :

T

1 S(Y;, ar) —s .

Lri) = 3 g K |22 | v i)
t=1



We have asymptotically :

1 &~ 1 [S(Yy, 00) —s

limLr(s;6) = lim ; ER [ = ] (Y, @oo; 5;0)
L Kk [S(Y‘""”)‘s] w(n,am;s;e)}
hr

= limE'{

7
= limE {h-l; K [S(Y",‘::) - 5] E[Y(Y, a0;5;0)/S(Y, aoo)]}

= EY(Y,ax;50)/S(Y,a0) = s] fs(s)
= Loo(s;0)(say),

where fg is the marginal density of S(Y, as).

If some additional regularity conditions are also introduced in order to en-
sure that this almost sure convergence is uniform in 6, for §¢©, and if © is
compact, we deduce from a classical Jennrich’s argument [see Jennrich (1969)]
that there asymptotically exists a solution éT(s) of the finite sample problem
Ming Ly (s;0), which is a consistent estimator of the unique solution 8., (s) of
the asymptotic optimization problem Ming Lo, (s;60). These additional suffi-
cient regularity conditions may either have the form of a Cramer’s condition
concerning the uniform integrability of the derivatives of the criterion function
up to order 3 (see Staniswalis (1987)), or of a separation between parameters
and observations in the criterion function [see Andrews (1990)]. The uniform
convergence may also be directly verified in some particular applications where
the criterion function is convex in the parameter. A set of such conditions is
described in appendix 1.

Asymptotic normality

Then if the limit 6,,(s) is in the interior of the parameter set ©,fp(s) will
asymptotically satisfy the first order condition :

T

1 S(Y:,ar)—s] 0 . A
(22) Z—K[ “,‘j’T) S]—g‘g(n,w;s;%(s)):u
t=1 \/T h% T

This system may be expanded around &1 =~ o, and 0(s) =~ f(s). We
just give here the main steps of the proof which is detailed in appendix 2. We
get :




i 1 K[S(Y,,aoo)—s] D% (¥, o 53 ()]

t=1 \/j-'_\ / hr‘}v hT 60

T -
+ K
iy [hs hr ] 000

[Ye, oo 55 800 (8)][67(5) = Oo(s)]

r

-S(th’aoo)"s- 62¢

+
Me
=

[¥2) oo 53000 (5)) (67 — 0o

AN YR R R
d
1 0K [S(Vi,a00) —s
+ % [¥s, 0 500 5)] [ ]
thz___; \/T / ,‘}, hT 8’!1.] hT

[
1

0S; .
X Ej[}fty aoo](a’T - aoo) ~ O)

where the residual term has an order strictly smaller than the maximal order of
the four terms of the L.H.S.

This relation may also be written as :

T 1 S(Ys, 000) — 51 09
@) X — th[ o ]69 Ve, oo 55000 (5)]

d 1 -S Y'taaoo — 5] 62 "
+ 3 gk [ ] S a0 VT R 906

1 [S(Y:, a00) —s] 0%
ThS | hp | 860«

[V, @oo; 5; 000 (5)] VT / B (G0 — oo

d -
+ 0 g | F) = By i un(o

Xk (Vo o) (i — o) ~ 0,

Or:



o S(Ys, ae0) — 5| 99 o

2 \/‘T\/EK[ ] G Wi (o)

[ 0% . /T [hd (6

+ fs(s)E W[Y,aw,s,Hoo(s)]/S(Y,aoo) = 3] T\/h3(97(5) — 00o(5))

5060 [ oo i 0/ SCYs50) = 5] 1T = o)

+Z":XT: 1 0K [sm,’c::)—s]

0P s 0Sj v L
B (¥s; en 53 Bon (5)) 5 (¥e00) (B — o) ~ 0

In the previous expansion we have distinguished the two terms (the first and
fourth ones) for which the factors have a zero conditional expectations and the
two other ones. Indeed for the first one we have :

S;—s\ 0
E[K( thT )a—'g[}q;am;s;aw(s)]/stzs} =0,

<<= FE [%g—[%;aw;s;ﬁw(s)]/st = s] =0

since 0oo(s) gives the optimum of the asymptotic criterion function. For
the fourth one we have to develop a special treatment bacause the kernel only
appears through its derivatives.

We now have to introduce some conditions implying that the replacement of
&1 by ao has no effect on the asymptotic distribution of the kernel estimator,
i.e. to eliminate the two last terms of the expansion. The third one is negligible
if the speed of convergence of &r — @ to zero is large enough.

condition(i) on the speed of convergence of ar

. 1
Ap — Qg = O .
(\/Th%)

It is seen that this condition is also sufficient to eliminate the last term (see
appendix 2). This result is different from what is usually obtained in a para-



metric framework, in which an additional condition is needed to eliminate the
effects of first step estimator.

Another condition has to be introduced to eliminate another term (see ap-
pendix 2).

condition(ii) on the speed of convergence of ar

QP — Qoo = O(hf}”).

Under these additional conditions the previous expansion reduces to :

T [ (Vi, do0) = ] ay

tl\/—\/hT hr

+ fs(s)E [6969’ [Y, doo; 85000 (5)]/S(Y, @e0) = s] VT+/h8 (071(3) — 0o (8)] ~

[Vi) oo 85 0o (5))

We can now apply the usual kernel regression estimation theory, which en-
sures that :

=

[S(Yt,zt;o) ] =2 [Y2, @oo; 83000 (5))],

1

is of order 1, asymptotically normal with zero mean, and a covariance matrix
given by :

(2.8) Q(s) = / K2(v)dv f5(s)Co(s),

where :

Co(s) = E [g?[Y Qoo ; 85000 (s)]agl[Y ®oo; 85000 (8)]/S(Y, a0o) = s] :

This result is valid under a set of regularity conditions discussed in appendix
2 ; among them the most important one concerns the bandwidth.

condition on the bandwidth :

hy = o(T~1/(4+4)),



condition on the kernel :

the kernel is of order one :

/ u; K(u)du = o, Vj.

It has to be noted that the asymptotic variance-covariance matrix does not
contain any covariance term associated with lagged values of the observable pro-
cess. Indeed these terms are negligible with respect to C,(s). [see the appendix].

VT\/h&[07(5) — 0oo(s)] is of order 1 and and we have the following result.

Property 1 : The kernel M-estimator is consistent, asymptotically normal :

VT h[02(5) = Boo (5)]-5 N[0, 3 (s)],

where :

s)~1 S s)~1
Z(s) = J(5) ?_:Es;]( ) /Kz(v)dv,

J(s) = E [5—0%—% [Y, @co; 8 000 (8)]/S (Y, 00) = s] .

We obtain the classical expression J(s)™! C,(s)J(s)~! of the asymptotic co-
variance matrix of a parametric M-estimator (see White (1981)), but in which
each matrix is evaluated conditionally to S(Y,ax) = s, and this term is mul-
tiplied by the kernel factor [ K 2(v)dv and the density effect.

Since all the matrices J, C, are evaluated conditionally to S = s, we imme-
diately deduce the following corollary, for criterion functions of the form:

PV, ar;s;0] = ¥[Y:, S(Ys, d7); ar; 5]

Corollary 2 : The estimators f7(s) and 5T(s) solutions of :

10



S(Yt,&fp)——s-
Thd ] hr

r(s) = Argming Z H(Yi,S(Ys, é1); ;53 6),

hr

S|+ A
BT( ) = Argming Z Thd Y[V, s, ar; 83 0),

L

have the same asymptotic properties.

This result is natural since the kernel focusses on the value S = s, and there-
fore it is possible to replace S(Y%, &r) by this value in the objective function.

Remark 2.8 : In particular the estimators obtained by :

[ S(Y;, ap) — 5] . .
g | (S )l s

07(s) = Argming Z

2 . 1 | S(Y:, ar) —s n
ir(s) = Argming Y- o K S22 ooy, aisi
t=1 -

S(Ys, .
= Argming Z hd [ ( t::) :|¢[Y¢,aT;s;0],

have the same asymptotic properties. Therefore it is asymptotically useless to
introduce a weighting function only depending on S.

Example 2.9 : Estimation of a regression function.

In a parametric framework it is known [Gouriéroux-Monfort-Trognon (1984),
Gouriéroux-Monfort (1993)] that the parameters appearing in a conditional
mean can be consistently estimated by a weighted pseudo-maximum likelihood
method based on a linear exponential family. The same result is valid for kernel
M-estimators. Let us consider a family of distributions with p.d.f. :

f(y; m) = exp[A(m) + B(y) + C(m)y],

where m is the mean of the distribution. This implies $4& (m)+m 42 (m) = 0.

We may introduce a functional estimator of the regression function of Y
given another variable X (univariate in the example) by :

11



(29) mp(z) = Argmazy, E —-—-K [XhT ]w(Xt) Log f(Y:, m)

= Argmaz,n, Z 71;K [X ” ]w(Xt) [A(m) + C(m)Yi].

t=1

We have :
le)(Y,m) dC(m)
om dm [Ye = mlw(Xo),
0%p(Y,m) _ [d’C(m) dC(m)
om? -[ dm? (™) —z.m.,—] (o).

We deduce that :

Co(z) = E

(5 m(w>))2 /X = ] = w@ V(X =) (30 (m(z)))

J(z) = E[ 821/) — (Y, m(z))/X = :c] = w(z) %(m(x))

Therefore the different kernel P.M.L. estimators have the same asymptotic
distribution, which is independent of the chosen linear exponential family :

VTVhe[inp(z) — m(z)] - N [0, Y—%-)-:i) / Kz(v)dv],

and corresponds to the usual asymptotic distribution of the kernel regression es-

timator (since the normal family of distributions is a linear exponential family).
Of course their finite sample properties are not the same.

III - LOCAL KERNEL M-ESTIMATORS

In this section we want to use kernel M-estimators in order to ckeck the
constraint defined by :

(3.1) H, = {0(s) = 0, Vs}.

12



Such a constraint will be the basis for testing the constancy of a functional
parameter 6 with respect to a variable S. In practice this null hypothesis corre-
sponds to the fact that a given parametric model of interest is well specified.

It is of course possible to compare the estimator f(.), introduced in the
previous section to the zero benchmark, and such a descriptive approach, which
allows to detect the values of s which possibly cause the rejection of the hy-
pothesis, seems to be preferable to the use of an aggregated test statistics, such
as a mean square error based on 07 : [, 67(s)*ds. However the determination
of function éT may be difficult in practice since it requires the optimisation of
the objective function for a large number of s values. Therefore it is useful to
propose an estimator easy to compute and asymptotically equivalent to éT()
under the null. Such an estimator is directly deduced from the expansions of
the previous section.

Property 3 : The estimator :

T ~1
(& Sear)—s] O
rls) = {Z . [ hr } 9000 (Y"“T’S’O)}

T
S(Yi,ar) —s| 0
> K[ e ] g (Yir@73530),

is asymptotically such that :

1

O0r(s) —0p(s) = o | ———=
7(s) — 0r(s) VA

under the null hypothesis.

The advantage of this modified estimator is to have an analytical expression,
and to avoid the optimizations. Moreover this estimator is equal to :

-1
(Ys, s] 82 .
{E K l aT) ]8981/;’ (Yt,aT;s;O)}

T
(V;,ap) —s] 8° A A
Z [ : aT) S] 5981/())’ (Y;, ép; 55 0) (),

13



-1 Qf
a0

N 9% .
where : 04(s) = ag—(wl(Yt,aT;s;O)

(Y1, ar;s;0),

is a normalized score. Therefore the function 7 appears as a kernel smoothing
of these residuals #(s) (especially when s do not appear in the ¢ function). To
check if 07 is close to zero is equivalent to check if the estimated conditional
expectation E(9:/S; = s) is close to zero.

We shall now describe some problems for which such a nonparametric diag-
nostic tool should be useful.

Example 3.2 : Linearity of a conditional regression.

To check if a regression function is linear, ie. H, = {3a,b : E(Y/X) =
aX + b}, we may first estimate the linear model :

Y: = aX: + b+ uy,

and obtain some parametric estimators ar, by of a and b. Then we may consider
the problem :

T
Ming Y K [X‘h_ x] [Y; — ar X — br — 6%,
T
i=1

i.e compute the kernel regression estimator of the residual term 4; = Y; —
ar Xy — by on the explanatory variable X;. In such a problem the two estimators
9T() and éT() coincide, and converge to zero under the null hypothesis H, =
{6(.) = 0}. Diagnostics based on this two steps estimation approach, the first
one being parametric, and the second one nonparametric, have to be compared
with the solutions usually proposed for this problem. Such solutions consist in
estimating directly the nonlinear regression function by :

Then two approaches have been considered. The first one consists in deter-

.. . . 824 . .
mining the second order derivative —%%32 in order to compare it to zero. The

14



second one is based on a comparison between 4r(z) and arz + br.

This last approach is equivalent to the computation of :

T
2 1 X, — .
f7(z) = Argming E h—T-K [ thT x] [Y; — arz — br — 0)?,
t=1

(since éT(m) = yr(z) —adrz — BT), and the comparison to zero of this function.

Therefore from corollary 2 we deduce that the approaches based on 7 and fp
are asymptotically equivalent.

Example 3.3 : Omitted variable in a regression function

Let us consider a linear regression : Y = aX:+ b+ uy, estiimated by O.L.S.
The estimators are ar, 13T and the residuals i; = Y; —ar X7 —br. Is it necessary
to introduce some additional variable Z in this regression ? This variable may a
priori be introduced with an additive effect (i.e. through parameter b) or with
a cross effect (i.e. through parameter a). These two possibilities may be jointly
analyzed by solving the problem :

T
Mings Y K (Z‘h; z) [Y; — ar X — br — aX: - b,
t=1

The solutions are :

il - (£ (55

t=1

The null hypothesis of no cross effect is (aco(2) = 0,Vz), and the null hy-
pothesis of no additive effect is (boo(2) = 0,V2).

Example 3.4 : Quadratic ARCH specification

Let us consider an AR(1) model with ARCH errors : Y; = aYi—1 + b+ €,
where V(Y /Yi—1) = ki = co + c1€2_;.

15



We can estimate the different parameters by the pseudo maximum likelihood
method. These estimators are denoted by ar, bp, éor, é17 respectively, and the
residuals by €, = Y; —arY;_; — bp.

It is known that financial series often show a leverage effect, i.e. an asym-
metric reaction of the volatility to positive or negative values of the £;_; [Black
(1976), Schwert (1989), Gouriéroux-Monfort (1992), Engle (1993), Bollerslev-
Engle-Nelson (1993), Engle-Ng (1993)]. The problem is to check {kt = ¢, +
cie7_,} against {k; = k(e;—;)}).

For such a diagnostic, we can solve the problems :

T
.y — 1
Ming Y K (5‘;—5) { — 5 Log(éor + Grél_y + k)
T
t=1

1 €2 }
2 (Cor +E17€2_  + k)’

and compare to zero the solution k7 (¢). It has to be noted that the conditioning
variable £ depends on the preliminary estimation step, and that we do not obtain
an analytical expression of l;:T(e). Therefore it may be preferable to use the
modified estimator. It is given by :

-1
~ L ét—-l — £ 1 1 étz ]
kp(e) = E K{—~ — — — — - —

7() { ( hr ) [2 (Cor +E17€7_1)% (o + é17€2_,)3

t=1

L 3 22
>k (s °) [__1_ L -
t=1 ht 2 (or + i€l 1) 2 + a17€l )2 ] [

Finally a similar approch may be applied in the case of an ARCH-M model,
in which the conditional variance k; has an effect on the conditional mean. In
this case the k parameter also appears in the expression of £2,

IV - AN ILLUSTRATION

The implementation of the previous approach may be illustrated by a re-
gression model with cross effects.

The data generating processes (DGP)
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The data are generated in the following way :

(4.1) Y: = ao(Z4) Xt + bo + ue,

X;, Z:,u; are independent standard white noise processes, a,(.) is a function
and b, a scalar.

In the Monte Carlo study we used two data generating processes:

DGP 1: ao(Zg) = Zt,bo = 1,
DGP 11 : ao(Z:) = 22,b, = 1

Linear regression

Suppose now that we estimate a linear model of the form :

(42) Y't = ClXt + b + v;.

A straightforward computation shows that the O.L.S. estimators ap, br con-
verge respectively to the pseudo-true values Ea,(Z;) and b, ; in the Monte Carlo
studies these values are :

DGPI1: EZ, =0,b, =1,
DGP 11 :E(Z3)=1,b, = 1.

The residuals i; = Yt—&TXt—-IA)T, converge to uy = [60(Z1)—Eao(Z:)} X+us;
this implies that EuiZ; = E[Za,(Z;) — EZ,Ea,(Z:)]EX: = 0 since EXy =0
and, therefore, a usual test on a possible omission of Z; as an exogenous vari-
able is likely to reject this omission. Moreover since u? is a white noise and
since E[uf/Z;] is equal to zero, a residual plot of i; against t or against Z; will
probably not detect any anomaly.

These predictions are confirmed by finite sample experiments ; for instance
we give below (see figure 4.3) the residual plots against t and Z;, for DGP I and
I1, and for T = 50 and T' = 200.

Note that, if EX; = ¢ # 0, we have, in the case of DGP 1I for instance,
Eu¢Z; = 0 and E(uf/Z:) = c[Z} — 1] ; therefore a residuals plot of u; against
Z, could lead to the introduction of Z? as explanatory variable but, in this
new model, the O.L.S. residuals would not detect any anomaly even though the
model is still misspecified.

Kernel M-estimation of the regression coefficient

17



Kernel M-estimators of the discrepancy parameters 61,0 are given by :

T

. Iy — 2 . -

Ming, o, E K( thT )[Yt—aTXt——bT—HlXt-—Oz]z,
t=1

le.

[élT(z),ézT(Z)]/]l = {é K <Zth; z) ( ))?2 j(t )}_1
2o (5)(,)

whose limit is, under (4.1) :

(4.4) [6100(2), 0200 (2)]' = [a0(2) ~ Ea,(Zy), 0]

The values of the estimators élT (z),ézT (2) depend on the kernel K, on the
bandwidth A7 and on the number of observations T.

We have considered three kernels : the Epanechnikov kernel [K (u) = 3/4(1-
w?)I{juj<1}], the Quartic kernel [K (u) = 15/16(1 — u?)?1{}y1<1}] and the Gaus-
sian kernel [K(u) = (27)~ Yexp(—u?/2)] ; these kernels provide fairly simular
results and in the sequel we retain the Epanechnikov kernel.

Moreover, we are interested in the null hypothesis H, : {0 (.) = 0} and,
under H,, the asymptotic covariance matrix of VIThplr(z) is:

E(z) = T ()Co(:)] 71 (2) / K?*(u)du (see property 1).

f+(2)
It is easily seen that J(z) and C,(z) are consistently estimated by 2%’—(— and
462 (X—,}X-) respectively, where X is the matrix whose rows are (X, 1) and o2,

is the usual O.L.S. estimator of the error variance. Moreover, [ K?(u)du = 3/5
for the Epanechnikov kernel, and fz(2), the p.d.f. of Z, can be estimated by
using the same kernel and the same bandwidth as in the estimation of Or(z).
Finally, under H,, the distribution of éT(z) is approximated by :

362
4.5 N0, —L —(xX'x)!
(*5) [ 5fZ(Z)hT( )
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This provides, for any z, asymptotic confidence intervals for 61 (the slope
discrepancy) and 0, (the intercept discrepancy) under H,.

Figures (4.6) and (4.7) provide the graphs of the slope and intercept discrep-
ancies 6, (2), ézT(Z), as well as their 95% asymptotic confidence intervals under
H,, for DGP I and DGP II respectively; for each DGP we consider two values
of hp : 0.5 and 1, and two values of T : 50 and 200.

From these figures it is seen that all the intercept discrepancies are inside the
confidence intervals, whereas some slope discrepancies are outside the intervals
for all the values of Ay and T. It is also seen that, as expected, the curves are

much smoother for hr = 1 than for hx = .5 ; the smoothness is also increasing
with T.

V - FURTHER DEVELOPMENTS

In the previous sections, we have explained how to estimate a functional
parameter, and how to check for its constancy. From a theoretical point of
view, the results may be extended in several directions : we might look for
some consistency results uniform in the values of the conditioning variable, and
for the corresponding functional limit theorems, allowing for the determination
of functional confidence intervals. We might also study the optimal choice of
the bandwidth [see e.g. Rice (1984), Hardle-Marion (1985)] and of the kernel.
However in our modelling strategy these choices are likely to depend on the
alternative which is considered, and, since this alternative has an unspecified
functional form, we may be led to introduce some minimax aspects.

Finally some other developments may concern the applications. In particular
in financial problems, the basic models are generally misspecified. Then it is
necessary to correct them for such a misspecification. The idea of this paper
consists in directly introducing the correction through the parameters which
are no longer assumed to be constant ; it may be applied to various kinds of
parameters : (implicit) volatilities, (implicit) hedging parameters, parameters
defining the term structure...
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Appendix 1
Consistency of the kernel M-estimator

We shall prove the uniform a.s. convergence of the objective function, which
implies the asymptotic existence and the strong convergence of the associated
M-estimator (see Jennrich (1969), Robinson (1989), (1990)). The uniform as-
pect of the convergence is specific of this appendix [see appendix 2 lemma 1 for
a non uniform consistency result]. Note that we mean uniform in the param-
eter and not with respect to s, as usual in nonparametric estimation. For this
purpose we first decompose this objective function in three parts :

Lr(0) = [Lr(8) — L))+ [Lr(8) — E Lr(6)) + E L7(6),
T

- 1 Y, —_
where : Lr(0) = E T K [S( t’::) S] PY(Y3, @oo; 53 0).
t=1 T

Then we prove that :

i) E Lr(8) converge a.s uniformly to Leo(f) = E[Y(Y, aco; 5 8)/S(Y,a0) =
S]fs(s).

ii) Ly(8) — E L (0) converges a.s to zero.

iii) Lr(0) - E Lr(8) satisfies some equicontinuity property, which implies
the uniform a.s. convergence of L7 (0) — E Lt (8) to zero.

iv) supgco | LT(0) — LT(0) | converges a.s to zero.
For notational convenience and without loss of generality the proof is given

for d=1. We denote S; = S(Y;000), ¥1(0) = ¥(Yi; 200 8,0). If ¥ is a mapping
of B on 1, 2 — (1(2), s thy(@) || (&) = Maz ([ (@), a(2)])

A - The set of assumptions

Conditions on the observable process
i) (Y:,teZZ) is a strictly stationary process.
ii) It satisfies the geometric mixing condition :

sup | P(AN B) — P(A)P(B) |< ap®, KeN*, AeF2 ,, BeF ™,

23



witha >0,1> p >0, where : F = o(Y,,s < 0), F® = o(Y,,s > K).
Conditions on S
i) S; has a marginal continuous distribution with a strictly positive p.d.f. fs.

ii) S(Y3, @) is continuously differentiable with respect to «.

Conditions on the kernel

i) K is a differentiable function, with bounded support.
ii) It satisfies [ K(u)du = 1.

.., dK(u)
iii) T

is integrable.

Conditions on the bandwidth
i) hy — 0, when T' — oo.

1-8

T2hT

i1) There exists § €]0, 1] such that Tog T

— 400, when T' — oo.

Conditions on the estimator ar
1) &p converges a.s to a deterministic value a,.

il) &p — aeo = o(h3/?).

Condition on the parameter space

O is a compact set

Conditions on the objective function 1
i) The mapping § — (Y, @;s;0) is continuous, VY, a, s.

ii) The mapping Y — (Y, a;s;0) is measurable, V6,.
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iii) The mapping o — ¥(Y,@;s;0) is differentiable at oo, VY,0,s.

iv) The mapping 6§ — ¥(Y, @eo; s;0) is continuously differentiable, VY, s.

Asymptotic identifiability condition

There exists a unique solution 0., (s) to the optimization problem:
Mingeo Loo(8;s),

where:

Loo(035) = Ble(8)/S¢ = s\s(s).
More technical conditions

(A.1) For any € > o, there exists a neighbourhood W(s) of s such that:

VzeW(s) : :lelg | E[$(Y, @00; 2;0)/S(Y, 0tes) = 2]f5(2)

~E[(Y, 003 53 0) [ S(Y, 0e0) = 5]f5(s) [< €.

Bis
< +00,

(A.2)36 >0, E

sup [¥(Y, aoo; 2;0)|
0€®

where £ is the parameter appearing in condition ii) concerning the bandwith.

(A3) E [sup ||%%(Y, aoo;z;t‘))ll] < 00.
)

(A.4) i) We have in a neighbourhood of a.,,

e (B2=2) oo - ¢ (L5220 v,
hr hr

_ 0K (5(Y, Qoo) — §
du hT

(S(Y,a0)—s) 0¥ o B
_Iﬁ< . )aa/(Y,aw,s,B)(a Qoo )

) Y, i 3055 7, ) (= o)

o= o |?

; Y,s,0.
< LMY, 50) Vs,
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ii) £ [sup M(Yo,s;B)] < 4o00.
T

iii) The following functions are bounded in a neihbourhood of s:

B {s0p [Ve s 5 )l 5 (Ve 001/ = | ),
3e) Q

[ os
B [sup 125 (%, i 0)/5. = ] s().

B - Uniform consistency of E Lp(6)

Lemma 1 : lim sup | EL7(8) — Loo(6) |= 0.

Tooo g0

Proof of lemma 1 :

Since hy — 0, K sums to one and has a bounded support, we know that
for any neighbourhood W(s) of s, there exists T, such that :

VT > T,, sup | ELp(6) — Leo(8) |
4c®
< sup/ | Ep(Y), doo; s — yhr;0)/S(Y, 0eo) = 5 — yhr]fs(s — yhr)
8c@ J
—E[(Y, 2003 5:0)/S(Y, o) = 5)fs(s) || K(y) | dy

< Sup | supeee | E[$(Y, aeo; 2,60)/S(Y, 000) = 2]f5(2)
zZ€ s

—EY[(Y, 0005 5;0)/S(Y, o) = s]fs(s) | / | K(u) | du.

Therefore lemma 1 is a direct consequence of assumption A.1.

C - Lr(8) — EL7(6) converges a.s to zero

We first consider the following decomposition of Ly :

Lr(6) = L}(6) +L17(0)

1A 1 S, —s
= fz 7{;1( ht 1/)t][W'tl(MT

t=1
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) Vi Ly, 1> Mr>

2y (5
hp

=1
where My = T7, with 7( + 6) > 1 and Be]0, 1 is the value given in condition
ii) on the bandwidth and 6 is the value appearing in assumption A.2.

Lemma 2 : | L7 (8) — EL7(6) |- 0 a.s, when T' — oo,

Proof of lemma 2 :

Following the idea of the proof of proposition 1 given in Mack-Silverman
(1982), we conclude that:

| L7(8) — EL7(0) |= 0 as. when T' — oo,

from the choice of ¥ and from assumption A.2.

Lemma 3 : | L} (0) - EL}(8) |- 0 as, when T — oo.

Proof of lemma J :

We use the following inequality (see Bosq (1988)):

If (Z;) is a real geometrically mixing process, such that £Z; = 0,
supy<i<r | Z¢ |< Nr, then :

VB'e]0, 1[,3To(8') : VT > T,(8'),Ve > 0 :

T(1-8")/2
EZ‘ > € <3emp( 164——N——- .
T

We have :
1 T
7+ F+iay —
L7(6) - ELp(0) = = E_:Zt,

where

1 Sy — s 1 Si—s
— K 1
hT — K ( hy ) ¢t1[|¢t|<MT E [hT ( hr ) (D |¢t|<MT]

— My sup, | K(u) | .
hT

IA
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Therefore using the inequality, we get :

- - hTC1=8")/2
Pl L4(6) - EL(6) > €] < 3eap (— T

14 2Mrsupy|K (u)]

1-p -
As soon as ', are chosen such that : 2'8 -y > —g e deduce from
1=p
the condition limp_, Z—f—ﬂ = +o00, that:
LogT

T
Z P[| L}(8) — ELE(9) |> €] < +oo,

t=1

which implies the a.s. convergence.

D - Equicontinuity of Ly (0) — EL7(6)

Lemma 4 : V01,0,¢0 :

Br(61,02) =| L1 (61) — EL7(61) — Lr(62) + EL7(62) |= 0 (”H_ll:;aﬂl) .

Proof of lemma 4 :

We have :

Br(61,02) <| Lr(6,) — L (62) | + | ELr(61) + EL7(65) |,

- o) | |1 (222)

1
h_
T
hy sup ll || SUPIK(U)I | 61— 62 .

where:

| Lo(0:) - Lr(62) | < 2

'ﬂ

dzm g

<

Because of assumption A.3, we deduce that :

Br(81,05) =0 (M___gz_”) .
hr
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We may now introduce a finite covering of the compact set © by balls Oy,
1
£=1,..,N of size smaller than ik V81,0260, : || 61 — 62 ||< %. This covering
may be chosen such that : N < {[T diam ©] + 1}#™¢.

We have :

zup | Lr(8) — ELT(0) |

= Mazs_y, nsupseo, | L7(8) — ELr(9) |
< Mazy=,. N supsco, | Lr(0) — ELT(0) — L1 (6c) — ELT(6:) |
+Ma$¢ 1,.. N SUpgeo, | Lr(0:) — EL7(6e) |,

where 0,60, £=1,...,N.

Therefore from lemma 4 :

supgeo | Lr(8) — EL7(0) |

) - -
< Mawy=y,. N supseo, 0 (”—-hT—lll) + Maz¢=1,. N | Lr(8e) — ELT(6¢) |
1 - -
S 0 + Ma:cl_ | LT(Og) - ELT(Hl) I .
ThT

_ Since Thy — +oo, the uniform and pointwise convergence to zero of
Lr(.) — ELr(.) are equivalent.

E - Uniform almost sure convergence of Lr(0) — L7(0) to zero

Lemma 5 : hm sup | Lr(8) — L7(8) |= 0 as.

T—o0 ge®

Proof of lemma 5 :

We have :

sup | Lr(9) — ET(O) |
9c0O

T A
. ZLK S, ar) = 5 ¥(Yz, ér; 5;0)
h hp

~K (S(Y"aw) —~ S) Y(Y:, Ao 8 a)‘
ht
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K (S(Y""T) _5) $(¥i, i 5;0)
hr

~K (S(Y"a‘”) — S) w(Yt,aoo;s;e)l
hr

a8
Vi, 0e0;s; 0
ggglw( by Qoo 55 0) ] e

(Yi, ac0) ||

1 T
< Ty 2

t=1

dI{ St - S
du hT

Nér— o |
hr

T

1
+mz

t=1

, St—s
A( hT>

T
1 A 2
+ﬁg‘:; supe M(Y},s;@) ” A — o ” ;

0

0y .
SUp || 57 (Yoo @co; 5 0) |1 ] 7 — oo |

using assumption A.4 i). From assumption A.4 ii) and iii), the different terms
of the R.H.S. are of respective orders:

lér —aw I\ o0y ey — o |
o (L=l ogar - aq o (L2 2= ).

Finally the result follows from condition ii) concerning the speed of convergence
of ar.
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Appendix 2
Asymptotic Normality of the kernel M-Estimator

The proof of the asymptotic normality of the kernel M-estimator follows the
usual steps. The main point of this proof deals with the fact that the observa-
tions are not assumed to be i.i.d., but may have some correlations. To take into
account this feature, we use some theorems proved in Tenreiro (1993), which
are presented in part A of this appendix. The proof is based on the expansion
of the first order condition (2.2), given in this appendix for d=1:

T
1 . S(Y},&T)—s) oy . 5 .
2.2 E K (——————— —(Y;,ar; s;07(s)) =0, Vi.

We first expand the first order condition around a,. Using an assumption
similar to (A.4) with ¢ replaced by gg’?, (2.2) is equivalent to:

T
St—S

1
K
; AV4 ThT ( hT

P )
) %(K,aw;S;HT(s))

T
L dK (Si—s) 0V ol 0S v . AT — Ueo
+t2:T VThr du ( hp )agi(Yt,aoo,s,HT(S))aa,(Y},aoo) -

T
1 St -8 62¢ ) ~
+Z K ( ) aeiaa,(}’},aw,s,HT(s))(aT — Qoo)

T
1 |lér —aw |I” _
+0P (Z \/—m h%’ N(Y't) S,HT(S)) - O,

where N is for the bounding function, and where the last term is of order:
0, (\/ThT | &1 — o || ), if we assume: ap — o = O(h3).

A second expansion around 0o (s) gives:

T
1 St—S 6¢ .
Z\/WK( i >60,-(Yt’a°°’s’0°°(s))

T
St—S 62¢ L. A
30 e i (28] e i 10 ()(01(5) — 0s(4)
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T
% =5 @ 0% -
; ThT ( hp )(0’1"(3)_600(8)) W(Y},a’w,s,ng)

x(61(s) = boo (s))

| K (S,=s\ 0%, 95  p—ow
+t§::l (——-—ThT du( hT >-a—9i'(yvtyaoo,3,eoo(8))5&7(y}’aoo)_’_gv_

(Ye, @eo; 83 07) (07 (s) — beo(s))

dK St -8 621/)
Z \/ThT du ( )

hr 00;06'
as G — g
X o’ (Yt; O-’oo)'—hT—-—
St —° 82¢ ) ~
+Z VThT < hr ) aeiaa/(“’“w’s,ﬁT(s))(aT — Qo)

+0y (V/Thr || 7 — aco ||) = 0.

where 07 and 5T belong to the segment 107 (s), 6o (s)].

As usual the idea of the proof consists in checking that the different terms
of the expansion are negligible except the two first ones. To prove that they are
negligible, different arguments are used for the fourth term of the expansion [a
central limit theorem] and for the other ones [a law of large number].

A - Two lemmas [see Tenreiro (1993)]
These results are valid for processes (S;,Y;) satisfying the strict stationarity
and the mixing condition described in Appendix 1, and for a continuous kernel

with bounded support.

Consistency in probability : lemma 1

T
We have : 51—11—1;; g(V)K (Sth; S) — Elg(Y)/S = s)]fs(s), in proba-

bility under the follov;ing assumptions :

i) E || 9(Y2) ||***< +o0, for a positive §;

ii) Elg(Y:)/St = ]fs(.) is continuous in s;
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iii) E[|| g(:) ||>*® /St = 1fs(.) is bounded in a neighbourhood of s;

iv) B[] g:(Y2) || 9i(Yo) | /St = ., 80 = Ifsi,5.(.,.) are uniformly bounded in
a neighbourhood of (s,s);

v) hp — 0, Thy — +o0,if T — +o00.

Asymptotic normality : lemma 2

We have :
T T
1 . St - 8) 1 . (St - S)
VTh — E Y ) K — b | = E Y:) K
! {ThT t=1 g( t) ; ( hT [ThT t=1 g( t) hT

N (0, Blo(r)g' (VS = slfs(s) [ K2 (wdu),
under the following assumptions :
i) E || 9(Y2) |IP*°< +oo, for a positive or nul §;
i) Elg(Y:)g'(Ye)/S: = ]fs(.) is continuous in s;
iii) E[|| g(Y2) |[>*® /S: = ]fs(.) is bounded in a neighbourhood of s.

iv) The following functions are uniformly bounded in a neighbourhood of
(s,8) or of (s,s,s) respectively :

E[| g:(Y2) g;(Yo) | /St = ;S0 = Msu,5.( ),
E[] g:(Y2) I’ 95 (Yo) | /St = -, S0 = Jfs0,5. ()5
E[| g:(Ye) 1 ;(Yo) I /St = -, So = .5, (),
E[| g:(Y:) 1 9i(Y) | 9x(Yo) | /St = ., Sr = S0 = Ifs, 505, 5)s
v) hr — 0,Thy — +o0, if T' — +o0.
In the following sections we denote by P and N the set of conditions on

function g for the convergence in probability (lemma 1) and for the asymptotic
normality (lemma 2) respectively.
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Finally we have to consider the term of bias :

VTRT E [Q%T 3 (VK (S’h;s)]

t=1

_ % E [g(Yt)K (Sth; s)] '

If the kernel is of order one, i.e. such that :

/ u K (u)du = o,

and if : §(u) = E[g(Y;)/S: = u] takes the value zero for u=s, and is twice
continuously differentiable at u=s, we get :

- sl (5]
o e s (55

= \/ThT f g(u —I(( ) fs( )
= VThr [ §(s+ hrv)K(v)fs(s + hrv)dv.
~ VThy | (g%(s)hw +% %(s)h%vz) K(v)fs(s + hpv)dv

~ 0ly/TRE]

Therefore under the previous conditions and if moreover Th3 = o(1), we
also get the asymptotic normality :

1 St —$§
J(Y)K ( )
VThr pyrt hr

N(0, Elg(¥.)g'(Y)/S: = slfs(s) [ K*(u)du).

~

|=
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B - The set of assumptions

This set contains all the assumptions of appendix 1, plus some other ones :

additional conditions on the speed of convergence of &

&T—aoo:O(h‘%) and&T—aoo:o(\/:;_h_).
T

condition on the bandwidth

hp = o(T~1/(4+4))

condition on the kernel :

The kernel is of order one :

/ u; K (u)du = 0,Vj.

additional technical conditions

(A.5) 1) There exists a neighbourhood V(0. (s)) of 0(s) such that: In a
neighbourhood of a,, and for any i, we have :

lK (———~——-—S(Y’ @) - s) g—;ﬁ (Y,a;s5;0) — K (———————S(Y’ @oo) — S) 9 (Y, 2e0; 5;6)

hy hr a6,
dK [(S(Y,aw)— s\ O¢ 08 o — Qoo
du ( hr ) 90, (1 0rooi 830) g (¥, teo) —
S(Y,a00) —s\ 0% o
-K P ) agiaa/(Y, Qoo; 83 0) (0 — @oo)
_ 2
< U—‘-’—h—;%—“— N(Y;5;0),VY,0 € V(6o (s)).
T

i) E[ sup N(Yo;s;ﬁ)] < 0.
6eV(0oo)

iii) The following functions are bounded in a neighbourhood of s:
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o
E ee‘sl‘g)w)|30 (Yo, 200 550)| | P ,(Yo,aoo) I} /S, = ] fs(.),

. 2¢
E _g:}(lg;) ” 90,00 /(YO’aoms’o) “ /S = ]fs()

(A.6) The following functions are bounded in a neighbourhood of s :

3y
E oe?/lgg)m) “ W(Yo,aw,s,ﬁ) ” /So = ] fs(.), Vi
(A.7) f;leﬁ (-, Qoo 5; 000 ) satisfies .
A% :
(A.8) 3060 (- o0 85000 ) satisfies P.
oY o aS :
(A.9) 5 (., Yoo 5 000)%—/-(.@00) satisfies V.

(A.10) E[aw(Yo,aw,s 0 )aj(Yo,a/oo)/S :.] £s()

1s continuously differentiable in a neighbourhood of s.

C - The expansion

From assumptions A.5 ii), iii) and A.6, (2.2) is equivalent to:

T 1 oy

t=1

(Y2, Qoo 83 800 (8)) (07(5) — 0o (s))

St —$ 021,b
Z \/T"h'_ ( hy ) 500"

T ~
V 22 (5o 61/; 65 . aT — Qg

+0, (VThr || a1 ~ o 1) +0p (VTR || 67(s) = eo(s) )=

and also to:
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LA Sy—s\ 0
Z e K( thT s) a—?(Yt,aoo;s;Goo(S))

1 (Si—s\ @ ;
£ ek (3 )aea";,(yt,aw;s;ew(s»wﬂs)—eoo(s»

T
1 dK (Si—s 8'@& oS
- Y; 00) :900 a7 y Qoo
b ;Th'p du ( hr )60( b o3 ? (S))é’a’(Yt oo) }
X@T—aoo
ht
1 dK (S, — s\ 0¢
+VThTE [h du < hr ) ae(Yoyaoo;sygoo(s))a ,(Yo,aoo)]
X&T—aoo
hr

+05(1) + 0p (VTR || Br(s) —Oeo(s) ) =,

using the assumption for no effect of the first step estimation and the condition
on the speed of convergence of &r.

D - Analysis of the different remaining terms of the expansion

1) First term

We have : E [%%(Yo,aoo;s;ﬁoo(s))/so = s] = 0, because of the definition

of 6.,. From lemma 2, assumption A.7, conditions on the bandwidth and on
the kernel we deduce the asymptotic normality :

T 1 St — 3§ aw d
Y- i (T g i O )N,
with Q(s) given in (2.7).

2) Second term
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From lemma 1 and assumption A.8 :

1 St — S 62¢ L.
2 Thr K( hp ) 9956 T %03 83 0eo (5)),
tends in probability to —J(s) fs(s).

3) Third term

From lemma 2 and assumption A.9, the factor appearing before aT—h_&c’- is

T
asymptotically normal. Therefore this term is negligible as soon as dp — a,, =

o(hT), a condition which is satisfied.
4) Fourth term

We get :

JThT E [th ‘Zj( - ) IV, e 5: 900(3)) (Y am]

= vri e [\ 26 (520 s,

where §(S) = E [ (Yaoo,s,Hoo(s)) (Y aoo)/S]

This term is also equal to :

vThp

th 6215 (uh— s) §(u)fs(u)du

dK ,
VThr [ —E(v)g(s + hpv) fs(s + hrv)dv
= 0(vThr hr),, since [ id%;dv = 0.

Therefore the fourth term is of order 0 (\/ Thy hy —al;l——aﬁ> and then neg-
T

ligible since &p — o, = 0 (\/%l;> .
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