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infini, il faut explicitement une contrainte sur la dette des consommateurs, alors qu'elle 
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l'équilibre proposées dans la littérature, et contient un résultat général d'existence dans ce 

modèle. 
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1. Introduction. 

This paper deals with the equilibrium existence in infinite horizon economies with 

a finite number of agents and incomplete markets. It is in the line of a recent literature 

beginning with Levine (1989) and going mainly through the successive versions of papers by 

Hernandez and Santos (1991), Magill and Quinzii (1992), Levine and Zame (1992). In this 

paper, as Hernandez and Santos (1991 ), we restrict ourselves to the case of purely financial 

one-period assets. In this context, we provide three alternative definitions of equilibrium 

which share the property of generalizing the usual one for finite horizon economies with 

incomplete markets. The crucial difference between the three definitions is in the condition 

which prevents the agents from rolling over indefinitely their debts. As the no-arbitrage 

condition, such a condition is an obviously necessary condition for the existence of an 

equilibrium. 

The first one is the notion of debt constraints developed by Levine and Zame (1992). 

* This paper was first presented at the Conference on Current Trends in Economies: Theory a.nd Applica.tions 
at Cepha.lonia in May 1993. We are grateful for stimulating conversations with Da.vid Cass, Ma.nuel Santos a.nd 
Bill Zame. We are also grateful to Michael Magill and Ma.rtine Quinzii for a.ccess to the successive versions of 
their work. 
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The possible amount of debt hold in each date-event at the beginning of the period is 

bounded by a system of debt constra.ints in ea.ch node. As Levine and Zame, we restrict 

ourselves to a broad class of debt constra.ints : the loose and consistent debt constraints. 

This even allows for personalized systems of debt constraints. As asset prices, commod­

i ty prices, consumption plans and portfolio plans, these systems of debt constraints are 

components of the equilibrium. 

The second one, adapted from Hemandez and Santos (1991) is a kind of solvency 

requirement. We require that the present value of the contracted debt in each date-event 

do not exceed the present value of future savings. Present values are computed according to 

some personalized present value node prices. In this case, these node prices are components 

of the equilibrium. 

The third one is an alternative condition due to Magill and Quinzii (1992). This 

condition requires an asymptotic evolution of the present value of net indebtedness of the 

agents in each subtree of the event-tree defining the stochastic structure of the model. This 

definition is in the spirit of the subgame perfection; it also uses personalized present value 

node prices. 

We establish three equilibrium existence results, comparable with the ones of Magill 

and Quinzii (1992) and Levine and Zame (1992) for the case of one-period numeraire assets. 

Actually, we prove that any asset price process that prevents arbitrage can be embedded 

in an equilibrium of the infini te horizon economy. In the proof of our main existence result, 

we construct our equilibrium as the limit for convenient topologies of each component of 

some particular equilibrium of the truncated economies which are classical finite horizon 

economies with incomplete markets. Our main result, Theorem 5 is to prove that three 

apparently quite distinct approaches in the definition of equilibrium give in fa.et under 

appropriate assumptions the same equilibrium allocations and prices. 

The paper is organized as follows. In the next section, we present more precisely 

the model and we introduce different notions of equilibrium. In section 3, we state our 

existence result of equilibrium with debt constraints. In section 4, we compare the different 

definitions of equilibrium. Finally, some proofs are postponed in an appendix. 

2. The model and the deflnitions of equilibrium. 

2.1. The model. 

We consider an exchange economy with countably many periods t E {O, 1, ... }, and a 
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fini te number m of infinite-lived agents. The stocha.stic structure of the model is described 

by an infinite event-tree S, with a unique initial node denoted by O at date O and a finite 

branching number a.t ea.ch node of the tree. For every t, St denotes the set of nodes 

occuring at date t and St the set of nodes occuring before or during time period t. For 

any node s E St, s+ denotes the (finite) set of immediate successors of s at date (t + 1); 

the number of elements of s+ is denoted by b(s) and is ca.lled the branching number of the 

event-tree S at node s. Ifs E St, t > 0, s- denotes the (unique) node that immediately 

precedes s at date ( t - 1 ). We will also use the notation s+ ( s) for the set of successors of 

s and S( s) will denote the subtree starting at s. In particular, we have S( s) = s+( s) U { s} 

and S = S(O). 

At every node in the event-tree S described a.bove, a finite number Lof commodities 

are available and consumers trade commodities on spot markets. As in Bewley (1972), we 

take the commodity space to be f 00(S x L). Each consumer is cla.ssically described by a 

consumption set Xi C R.00(S x L), a preference relation ~i on Xi and a state-dependent 

initial endowment wi E Xi. On the other hand, at every node s, agents participate in a 

financial market. We assume that the set Ja of financial instruments available at sis finite 

and that the only available financial assets are purely financial, one-period securities. Let 

ri ( O') be the return in units of account that a.sset j E J3 promises to pay at c, E s+ and 

r(c,) = (ri(u));eJ •. The matrix of returns (b(s) rows, J3 columns) Ra= (ri(u))O'ea+, iEJ, 

describes the financial structure at s and R = IJ Ra denotes the financial structure of the 
aES 

economy. Finally, the economy is summarized by the list of data 

We will make on e the following a.ssumptions: 

For each agent i, 

CS - ~i is a complete, convex, monotone, Mackey continuous preorder satisfying x'i >-i xi 

and,\ E [O, 1[ =} ,\xi +(l-,\)x'i >-i xi. The preorder is monotone in the sense that for each 

xi E Xi andforeachy E ft,(SxL),oneha.sxi+y ~· xi. ConvexityandMackeycontinuity 

mean that for all yi E Xi, the set {xi E Xilxi ~· xi} is convex and closed in the Mackey 
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topology r(foo(SxL),i1(SxL)) (hence closed in the weak topology o-(l00(SxL), i 1(SxL))) 

and the set {xi E Xilxi >-i xi} is open in the same Mackey topology. 

04 - For all s, 1., is extremely desirable for agent i in the sense that for each xi E Xi and 

for each node .s, one has xi+ 1., >-i xi. Obviously, 1., is the direction defined by 1.,(s', i) = 0 

if .s' =f. s, 1.,( s, i) = 1. 

Before introducing the next assumption, we will give some notations. We will denote 
m 

by F, the set {xi E .et(S X L)I llxilloo :5 211 I:wil100 }. We emphasize that this set 
i=l 

contains all feasible allocations. H D C S, we will also use the notation XD for the 

characteristic function of D; soif ai is a process on S x L, the element aixv is defined by 

(aixv)(.s) = { ai(.s) 8
~ 

8 ED; This notation will be used for both the consumption and 
0 Sl s fi. D. 

the portfolio plans. 

05 - There exists /3 E (0, 1[ such that for each agent i, for every node s and for all xi E F, 

XiXS\S+(a) + 1., + /JxiXS+(,) >-i xi. 

We will also assume that the financial markets verify: 

F - In each node, there exists a non-risky asset. There is no restriction on the space of 

portfolios. At node s, it is equal to the whole space JR/•. 

On the consumption side, our assumptions are standard. As Bewley (1972), Magill 

and Quinzii (1992), Levine and Zame (1992), we restrict the consumers to positive bounded 

consumptions plans. Assumption C2 implies the assumption of commensurability made by 

Levine and Zame (1992). Together with C4, Assumption C3 implies that for each xi E Xi 

and for each y E .et(S x L) satisfying y(s,i) =f. 0 for some node s and every commodity 

C, one has xi + y >-i xi. This assumption of monotonicity is weaker than the strong 

monotonicity: for each xi E Xi and for each y e .et(S x L) \ {O}, one has xi+ y >-i xi. 

Continui ty in the Mackey topology r ( C 00 ( S x L), C 1 ( S x L)) is the natural extension of 

the similar assumption made by Bewley (1972) to the case of an economy with time and 

uncertainty; it expresses the idea of the impatience of the agents. For a discussion of this 

assumption, see Bewley (1972), Brown and Lewis (1981), Mas-Colell and Zame (1991). 

The assumption C5 is a condition of uniform impatience of the agents with respect to 

future consumption at each node. It is satisfied if the preferences of agent i are represented 
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by an additively separable utility function : 

u'(xi) = I: p(s)6:(a)vi(x\s)) 
,es 

where p defines a probability on each ST, Ôi E]O, 1[ is a discount factor and vi is a continu­

ous, increasing concave function on JRt satisfying vi(O) = O. The assumption C5 reinforces 

the assumptions C3 and C4. Indeed, one has the following lemma 

Lemma 1. [Magill and Quinzii (1992)] Under the assumptions C3 and C4, for every 

node s, there exists {38 E [O, 1[ such that for each agent i, for all x' E F, 

xixs,s+(a) + 1, + /3,xixs+(a) >-i xi. 

As to the financial structure of the economy, the existence of an asset with positive 

returns is a classical assumption in an infinite horizon setting; it implies that the economy 

is "financially" connected enough. The second part of the assumption F emphasizes that 

there is no restriction on short-selling. 

2.2, Equilibrium with debt constraints. 

At every s, consumers face a commodity price p( s) E JRL (in view of the above 

assumptions, we can assume that p( s) E IRt) and an asset price q( s) E IR1• . Their 

financial constraint at s is determined by the value at p( s) of their initial endowment and 

if s =f O by the return paid by their preceding portfolio. Let zj(s) denote the number 

of units of the ph security purchased by i at s (if zj(s) > 0) or sold (if zj(s) < 0) and 

zi(s) = (zj(s))ieJ,. At node s, the plan (xi(s),zi(s)) is the i th agent's consumption and 

portfolio vector at node s and xi= (xi(s)\es' zi = (zi(s)\es are the consumption and 

portfolio plans of i. 

If an asset price process q = ( q( s)) ,es is to be embedded in an equilibrium price 

process (p,q) = (p(s),q(s)),eS' it must preclude arbitrage. For every node s, let us 

denote by 4}, the linear application JR1• _. JRl>(a)+l defined by 4},(z(s)) = (-i:s)) z(s). 

The asset price q( s) is said arbitrage-free if there does not exist z( s) E JRJ, such that 

4}a(z(s)) > O. The asset price process q is sa.id arbitrage-free if for every s, q(s) is arbitrage 

free. The no-arbitrage condition has several consequences. The following result should be 

kept in mind; its easy proof will be given in the appendix. 

Lemma 2. If q is arbitrage-free, for every node s, for any vector Cmin E JRl>(a)+l, the set 

r = {c.p E JRl>(s)+l I c.p e !m4}, and c.p 2: Cmin} is compact. 
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However in an infinite horizon, taking a market system of commodity and asset price 

processes (p, q) as given, we cannot define the budget set of agent i as the set Bi(P, q) = 

{ 

. . . 1 p(O) · xi(O) + q(O) · zi(O) :5 p(O) · wi(O) } 
(x', z') Ex• X II IR • . . . . 

aES p(s) · x'(s) + q(s) · z'(s) :5 p(s) · w'(s) + r(s) · z'(s-) \/s-:/- O. 

As in the example given by Hernandez and Santos (1991 ), even if q is arbitrage-free, the 

existence of Ponzi schemes precludes the existence of any optimal point in this kind of 

set. So the literature has developed several additional constraints in order to prevent the 

consumers from rolling over their debts indefinitely. 

One of them is the notion of debt constraint introduced by Levine and Zame (1992) 

that limits in each node the amount of debts hold by the agents. We will summarize the 

most important properties of the debt constraints and we refer to the article by Levine 

and Zame (1992) for more details. 

Fonnally, a system of debt constraints for the agent i is a function Di : S -+] - oo, 0). 

The portfolio zi( s) E IR1• satisfies the debt constraint Di at cr E s+, if r( cr), zi( s) ~ Di( cr). 

If we assume for convenience that zi(o-) def 0, the debt constraint in node O will always 

be satisfied and the budget set Bi(p, q, Di) is now defined as follows : 

{ 
. . . Il J p(s)·xi(s)+q(s)·zi(s):5p(s)·wi(s)+r(s)·zi(s-) Vs,} 

(x1 ,z1
) EX' x IR• . . 

aES r(s) · z'(s-) > D'(s) \/s. 

From this definition, it is evident that -Di(s) denotes the maximum amount of debt that 

i is allowed to hold at each s. 

As Levine and Zame (1992), we will focus our attention on debt constraints that satisfy 

two conditions. The first one is a consistency condition : if the debt today is bearable, 

there exists a portfolio plan zi(s) that leads to a bearable debt in each state of tomorrow. 

At this stage, we have to notice that this notion depends on the commodity and asset price 

process (p, q). 

Definition 1. The system of debt constraints Di iJ (p,q)-consistent at node s if there exists 

z1 
( s) E JR • such that . . 

. J { Di(s) + p(s) ,wi(s)- q(s) · zi(s) ~ 0, 

and for all u Es+, r(cr) · z'(s) ~ D'(cr). 
The system of debt constraints Di is said to be (p,q)-consistent if it is (p,q)-consistent at 

each node. 

The economic interpretation of the definition is explained by the following rema.rk. 

Remark 1. For a node s ::j= 0, an equivalent formulation of the previous definition is that 

for all zi(s-) E IR1,- such that r(s), zi(s-) > Di(s), there exists a plan (xi(s),zi(s)) E 
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IR!+ x JR,J, such that . . 
{ 

p( s) · xi( s) + q( s) · zÏ( s) $ p( s) · wi( s) + r( s) · zÏ( s-) 

and/or ail u Es+, r(u) · z'(s) > D'(u). 

In other words, if the agent i arrives at node s with a. debt r(s) · zi(s-) satisfying the 

debt constraint in node s, there exists a consumption/income transfer plan a.t node s, 

( xi( s ), zi( s)), such that zi( s) finances xi( s) and zi( s) satisfies the debt constraint in every 

node u Es+. 

The second requirement is a looseness condition. If the debt today, financed by a 

portfolio plan zi(s) leads to a bearable debt in each state of tomorrow, then the debt 

today is bearable. 

Definition 2. The system of debt constraint8 Di is (p, q )-looJe at node s if for every portfolio 

zi(s) E JRJ,, 

r(u) · zi(s) ~ Di(u), for ail u Es+=} p(s) ,wi(s) + Di(s)-q(s) · zi(s) $ 0 

The system of debt constraint8 Di is (p, q)-loose if it is (p, q)-loose at every node. 

ln particular, if Di is (p,q)-loose at node s then Di(s) $ -p(s) ·wi(s). The economic 

interpretation of the definition is explained by the following remark. 

Remark 2. For a node s =f. 0, an equivalent formulation of the previous definition is 

that for every plan (z'(s-), xi(s), zi(s)) E JRJ,- x IRt x IEl/•, 
p(s) · xi(s) + q(s) · zi(s) :5 p(s) ·wi(s) + r(s) · zi(s-)} . . 

. . =} D'(s) $ r(s) · z'(s-). 
and for all u Es+, r(u) · z'(s) ~ D'(u). 

In other words, if the agent i arrives at node s, with a debt r(s) · zi(s-), if he uses a 

consumption/income transfer plan (xi(s),zi(s)) such that zi(s) finances xi(s) and zÏ(s) 

satisfies the debt constraint in every node u E s+, then the debt r(s) · zi(s-) satisfies 

the debt constraint at node s. It is worthwhile to remark that if the debt constraint is 

identically equal to zero, the system is consistent but in general not loose. ln view of a 

better nnderstanding of the properties of debt constraints, we recall that the definition 

of the budget set B•(p, q, Di) involves both budget constraints and debt constraints. The 

following proposition will be proved in the appendix. 

Proposition 1. Let Di be a syJtem of debt constraints. If q is arbitrage-free, 

i) There exists ÏJÏ (p, q)-consistent such that Bi(p, q, !Ji)= Bi(p, q, Di) and Di $!Ji. 

ii) Moreover, if Di is (p,q)-loose, then there exist8 !Ji (p, q)-loose and consistent such 

that Bi(p, q, !Ji)= Bi(p, q, Di) and Di $!Ji. 
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The first part of this proposition was stated by Levine and Zame (1992). The inter­

pretation is that the consistency is to be required since a (p, q)-consistent system of debt 

constraints appears to be a good representative element in the set of debt constraints that 

give the same budget set. Looseness seems to be the most stringent requirement. 

Finally, assuming that no production or intertemporal storage is possible and that 

assets are in zero net supply, we state the following equilibrium definition : 

Definition 9. An equ.ilibriu.m with debt constraints of the economy & = ((Xi, ~i ,wi)~1 , 

S,R) is an element ((x\z-i,Di)~1,(p,q)) satisfying: 

i) For all i, (xi, zi) is optimal for each agent i in the budget set Bi(p, q, D'). 

ii) For each i, Di is a (p, q)-loose and consistent system of debt constraints. 

m m 

iii) I":xi ~ I":wi. 
i=l i=l 

m 

iv) I':zi = O. 
i=l 

2.3. Equilibrium with present value node prices. 

In the definition of the individual budget sets, a second approach adapted from Her­

nandez and Santos (1991) and Magill and Quinzii (1992) is to add to spot budget con­

straints a transversality condition on the debt contracted at each period. First let us recall 

a classical result on the no-arbitrage condition. For every s, if q( s) is arbitrage-free, there 

exists a vector À., E JR~1, .À8 = (..X.,(O'))uea+ such that q(s) = L ..\.,(O')r(u). Here, we 
uea+ 

will use a more precise statement. 

Lemma S. [Schmachtenberg (1989}} and also [Hernandez and Santos {1991)/. If q is a 

no-arbitrage asset price process for R, there exists À = (.\.,).,es in 1Rf+ normalized by 

Ao = 1 such that for all s, we have ..X.,q(s) = L Àur(u). À is not necessarily u.niqu.e. À., 
uea+ 

can be interpreted as the present value price of node s. 

The definition of the individual budget sets is now based on (individualized) present 

value node prices. Given a market system of commodity and price processes (p, q) and 

for each i, a system of present value node prices _xi = ((..X~)) satisfying the conditions of 
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Lemma 3, we define the budget set of the ith agent by 

I: 
s EST 

q(s) · i(s) ~ 0 

Let us take À i as in Lenuna 3; the spot constraints at node s for s E ST imply 

that L ..X!p(s) · xi(s) + L ..X!q(s) · zi(s) ::; L ..X!p(s) · wi(s). In particular, if 7l'i def 

a EST a EST •EST 

(..X!p(s)).es E i1(S x L), with a slight abuse of notations, one has Bi(p,q,..Xi) C {xi E 

Xil11'i ·xi::; 7l'i ·wi}. This last set is somewhat called Arrow-Debreu budget set of agent i, 

for present value prices 11'i. 

Moreover the economic meaning of this asymptotic condition is described by the fol­

lowing remark. 

Remark 9. [Hernandez and Santos {1991)/. Let 11'i def (..X!p(s)).es· If 11'i E l 1(S XL), the 

asymptotic condition is equivalent to : for every s, 

>.!q(s). zi(s) ~ L ,\~p(O'). (xi(O')-wi(O')) = 7ri. ((xi -wi)Xs+(a))· 

O' E s+(s) 

In other words, if 7l'i E l 1(S x L) then the definition of the budget set Bi(p,q,..Xi) involves 

both spot budget constraints and an infinity of additional constraints which state that, at 

each node, the amount of the debt contracted by consumer i should not exceed the present 

value of his future savings. 

With such a definition of the individual budget sets, the definition of equilîbrium is 

the following : 

Definition 4. An equilibrium with present value node prices of the economy & = ((Xi, 
)zi,wi)f,;1 ,S,R) is an element ((xi,·z-i,Xi)r!:1 ,(p,q)) satisfying: 

i) For ail i, (xi, zi) is optimal for each agent i in the budget set Bi(p, q, X'). 
ii) For each i and for every s, X!q(s) = L À~r(O') and ..x! > O. 

O'Ea+ 
m m 

iii) I: xi < L wi. 
i=l i=l 
m 

iv) I:zi = O. 
i=l 
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The previous definition adapted from Hemandez and Santos (1991) does not actually 

coïncide with the definition of Magill and Quinzii (1992). In their definition of the individ­

ual budget sets a.ssociated with a market system of commodity and a.sset price processes 

(p, q), and for each i a system of individualized present value node prices ,Xi, Magill and 

Quinzii require from an agent to be neither lender nor borrower at infinity. Moreover in 

the spirit of the subgame perfection, they require this condition on every subtree of the 

initial event-tree. Outside of equilibrium, it makes sense to prevent every agent from being 

borrower at infinity but not necessarily lender at infinity. In view of this remark, we define 

the alternative budget set : 

This budget set is related to the previous one by the following remark. 

Remark 4. Bi(p,q,>.i) C Bkq(p,q,>.i); moreover if 7ri def (.>.!p(s)tes E f1(S x L), one 

has also Bkq(p,q,>.i) c {xi E Xil1ri ,xi :51ri ,wi}. 

This definition of the budget sets leads to the corresponding concept of equilibrium. 

Definition 5. A MQ-equ.ilibrium with present value node prices of the economy e = ((Xi, 

~i,wi)r,;1,S,R) is an element ((x\zi,Xi)r,;1 ,(p,q)) satisfying: . 
. . . -• 

i) For all i, (x', z') is optimal for each agent i in the budget set BMq(P, q, >. ). 

ii) For each i and for every s, X!q(s) = L x:r(u) and X! > O. 

m m 

iii) L xi < L wi. 
i=l i=l 
m 

iv) I::zi = o. 
i=l 

3. Existence of equilibria with debt constraints. 

In this section, we prove that every a.sset price process that precludes arbitrage can 

be embedded in an equilibrium with debt constraints of Economy e. From now and in the 

whole paper, an arbitrage-free asset price process q will be a.ssumed to be given. 

Theorem 1. Under the assumptions C1 to C4 and F and if q precludes arbitrage, there 

exi.8ts an equilibrium with debt constraints ((xi,z-i,Di)r,;1 ,p,q) of the economy e = ((Xi, 
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~i,wi)~1 , S,R) satisfying p(s) > 0, for all s. 

Proof. First let us fix a .À as in Lemrna 3. The main steps of our proof are as follows. H 

T denotes a time horizon, the first step is to obtain a particular general equilibrium with 

incomplete markets of the T-truncated economy &(T) with the same characteristics as&, 

in which agents are constrained to stop trading at date T. The second step is to construct 

the implicit debt constraints of this T-truncated economy. The third step consists in 

establishing uniform bounds (in T) on the parameters of equilibria. Thus, it is possible in 

a fourth step to take an appropriate limit of these parameters. The fifth step is to prove 

that the system of debt constraints obtained at the limit is loose and consistent, and the 

final step shows that this limit is an equilibrium for the infinite horizon economy. 

Step 1. Let us fixa time horizon T. H pT E JR!TxL is the comrnodity price process, 

then the budget set of agent i in the truncated economy &(T) is classically defined by 

Bi,T(pT, q) = 

(Xi , Z i ) Xi ( S) = W i ( S) for ail S rf_ 5T 
{ 

zi(s) = 0 for all s rf. 5T-l } 

pT(s) · xi(s) + q(s). zi(s) ~ pT(s), wi(s) + r(s) · zi(s-) for all s E sr 
Even though the consumption-portfolio process of an agent be defined over the whole 

event-tree, a T-truncated economy is essentially a finite horizon economy with T+l periods 

since the consumption-portfolio process of an agent is fixed after date T. As it is classical, 

we will not distinguish the fi.nite dimensional vector pT and its natural embedding in the 

infi.nite dimensional space JR!xL defined by pT(s) = O ifs rf. sr. The context will rnake it 

clear. 

H we use the following notation 1rT = (,rT(s)).,es def (.À,pT(s)).,ES' the previous set can 

be equivalently rewritten as 

B"•T(,,T) d<f { x' EX' 

and Bi,T(PT, q) C Bi,T( 1rT). 

xi(s) = wi(s) ifs rf. ST} 
7rT. (xi -wi) ~ 0 

According to Florenzano and Gourdel (1993), the finite-horizon economy &(T) has an 

equilibrium (('xi,T, ?•T)f,;1 ,Pr, q) satisfying : 

11 



i) x1•T is optimal in the budget set B 1,T(1rT) where wT(s) = ,\.,pT(s). 

ii) For all i = 1, ... , m, ('xi,T, zi,T) is optimal for agent i in the budget set Bi,T(PT, q). 
m m 

iii) Lyi,T = Lwi. 
i=l i=l 
m 

iv) 1:zi,T = o. 
i=l 

v) PTE JR~TxL and for all node s E sr, PT(s) f:. o. 

With no loss of generality, we can assume that the price pT is nonnalized by 

L ,\., IIPT ( s) Ili = 1. Note that this normalization requires an adaptation of the port­
,esx 
folios that with an abuse of notation, we will still denote by zi,T. So, the daims (i) to (v) 

are still verified for this nonnalized equilibrium and we can add the additional one : 

vi) ll1rTlh = 1 or equivalently wT · 1 = 1 (with 1 E JRSxL defined by l(s,i) = 1). 

Step 2. As Levine and Zame (1992) pointed out, in the finite horizon model, it is 

possible to associate with the above equilibrium an implicit system of debt constra.ints (for 

the finite event-tree ST). It can be defined by 

where the infimurn is taken among all (xi, zi) satisfying the spot budget constra.ints in ail 

nodes of S(s) n ST and such that for all s' E Sr, zi(s') = O. The notion of implicit debt 

constraint means that 

{ (x;,z') 

{ (x;,,;) 

zi(s) = 0 for all s ~ sT-l } 
xi(s) = wi(s) for all s ~ ST = 
pT(s) · xi(s) + q(s) · zi(s)::; pT(s), wi(s) + r(s) · zi(s-) for all s EST 

· -iT 
r(s) · z'(s-):?: D' (s) 
zi(s) = 0 
xi(s) = wi(s) 
pT(s) · xi(s) + q(s) · zi(s) < pT(s) · w'(s) + r(s) · zi(s-) 

for ail s E ST } 
for ail s ~ 5T-l 
for ails fi. ST 
for ails EST 

We emphasize that this construction could have been done for any price pT, not only 

for the equilibrium price. As a consequence of the no-arbitrage condition on q, the ma.in 

result at this step is the following proposition to be proved in the appendix : 

Proposition 2. Di,T is (PT, q)-loose and consistent. Moreover Di,T is the unique system of 

(PT, q)-loose and consistent debt constraints. 

Step 3. In this step, we will prove that the parameters ((xi,T(s),~,('zi,T(s)), 
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Di'T(s))~
1
,pT(s)) of the T-horizon equilibrium are bounded in T. 

•- aES 

m m 

• Bounds on x',T(s,l). Since x',T(s,l) ~ 0 and I:xi,T(s,l) = I:wi(s,l) 5 M, 
i=l i=l 

m 

where M = Il I,:willoo· It follows that O 5 x'•T(s,l) 5 M, for all (s,l) ES x Land for 
i=l 

each agent i. 

• Bounds on pT(s,l). First we recall that pT(s,l) ~ 0, hence our normalization 

1 = L ÀaPT(s,l) leads to O 5 pT(s,l) 5 l/>-.11 , for all (s,l) ES XL. 
(a,t)EST XL 

• Bounds on ~.,(zi,T(s)). 

We first prove by contraposition that the fi.rst component of ~a(:zi,T(s)), which is 

equal to q(s) · zi,T(s), is bounded. If it is not true, there exists an agent i, anodes and 

a subsequence denoted by Tn such that lq(s) · zi,Tn(s)I -+ +oo when Tn -+ +oo. From 

condition (iv) in the definition of equilibrium, we can deduce the existence of an agent j 

such that q(s) · zi,T"(s)-+ +oo when Tn-+ +oo. The agent j is lender at node s. But for 

Tn large enough, one has pT"(s) · la 5 (1- .Ba)q(s) ·zi,Tn(s) since .Ba < 1. This implies that 

the consumption process (xi,Tn XS\S+(a) + la + ,811xi,Tn xs+(a)) sustained by the portfolio 

process ('zi,TnXS\S(a) + .Bazj,T,.XS(a)) is in the budget set Bi,Tn(pT",q). Since by Lemma 

1, it is preferred by agent j to the consumption xi,T,., this contradicts the defi.nition of 

equilibrium. 

By local non-satiation, one has for each agent i, for all nodes s, for all <J' E s+, 

r(<J'). zi,T(s) = q(u). zi,T(<J') + pT(o'). (zi,T(<J') - wi(u)). Hence, from the bounds esta­

blished previously on xi,T(<J'), pT(<J') and q(u) · zi,T(<J'), one deduces that r(<J') · zi,T(s) is 

also bounded. This proves that ~ 8 (zi,T(s)) is bounded. 

• Bounds on Di'T(s). First we recall that Di,T(s) 5 O. Let us defi.ne on sr the system 

of debt constraint Di by : 

We first prove that Di,T is (pr, q)-loose. Consider anode s E sr. Ifs E Sr, one has 

Di,T(s) = -pT(s) · wi(s), consequently Di,T is (PT, q)-loose at node s. Ifs E sr-1 , let 

us consider a portfolio zi(s) E JR/• such that for all node <J' Es+, r(<J') · zi(s) > Di,T(<J'). 

By definition of Di,T, one has for ail node <J' Es+, Ào-r(<J') · zi(s) ~ -1rT · (wixs(o-))· This 
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implies that L Àur(a)·zi(s) ~ -1rT · ( L WiXS(u)) = -'ffT ·(wixs+(a))· Since .À satisfies 
uea+ uea+ 

conditions of Lemma 3, one thus gets ,\.,q(s) · zi(s) ~ -"ffT · (wixs+(a))· We recall that 

S(s) = s+(s)U {s} and consequently >.,q(s) · zi(s) ~ -1rT · (wixs(a)) + .X.,pT(s) ·wi(s), i.e., 

Di,T(s) +pT(s) ,wi(s)-q(s) · zÏ(s) :5 O. Bence Di,T is (pr,q)-loose at node s. 

Since Di,T is (PT, q )-loose, and since we recall that there is a unique system of (PT, q )­

lo~se and consistent debt constraint, we can apply Proposition 1 to get the ineq~~ 

D',T ~ Di,T. Moreover, it follows from the normalization of "ffT that Di,T(s) ~ -x;-· 
-iT -M 

Hence, we deduce that for all i, all nodes s, 0 > D' (s) ~ -:ç-· 

Step 4. Let ba(S x L) = (l00 (S x L))* denote the norm dual of l 00(S x L) consisting 

of bounded finitely additive set fonctions on S x L and let Il · llba denotes the norm of 

ba(S x L). For any T, the price 'ffT can be viewed as an element of (ba(S x L))+ such 

that "ffT · 1 = ll1rrllba = 1. Let u(ba,f..00 ) denote the weak-star topology. We recall that 

according to Alaoglu 's theorem, the unit ball of ba is u( ba, f 00 )-compact. 

In view of the bounds established previously, we can apply Tychonov's Theorem to 

get the existence of a directed set (0, ~) such that the subnet ((xi,T', (4>.,(zi,T' (s))).,ES' 

-i,T' T') T' D )~1 ,P converges for the product topology and (7f )eee converges for the 
9E0 

a(ba,foo)-topology. Hence, we get the existence of an element ((x-i,((/(s)),es,Di)~1,p) 

in the set (lRÎxL x IJ JRb(a)+l x JR~)m x lRÎxL and an element 'ff in (ba(S XL))+ such 
,es 

that 

((xi,T'' ( 4>.,(:zi,T' ( s )) ) a ES' Di,T' )~1 ,pT') -t ((xi' ( 1./(s ))ses, Di)~1 'p) 

for the product topology and 

wr' -t "ff for the u(ba,f00 ) topology with 7f · l = 1. 

Let us remark that it follows from the bounds established in Step 3 that ~ E Xi. 

Indeed, one has for all T and each i, O :5 xi,T(s,f) :5 M. Moreover, it follows from the 

same inequality that one can assume that xi,T' -. xi in the weak topology u(l00 (S x 

L),l1(S x L)). 

Since for ail node s, I m4>., is a closed subset of JRb(a)+l and since 4> s(zi,T' ( s)) -t cpi( s ), 

one deduces that cpi(s) E Im4> 8 • I.e., for ail i = 2, ... ,m, there exists some :zi(s) E JRJ• 
m 

such that 41 .,(zi,T' ( s)) -. q, s(zi( s )). U sing the Cass' trick, if we let z1 = L z-i, one deduces 
i=2 
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from the property iv) of the fini te horizon equilibrium that <I? .,(z1 ,T' ( s)) --+ <I? .,(z1 ( s) ). Note 

that zi,T' (s) does not necessarily converge to zi(s) since redundant assets may exist, in 

particular the subnet (zi,T' ( s)) eee may be unbounded. 

Step 5. We want to prove that for each agent i, the system of debt constra.int Di is 

(p, q)-loose and consistent. 

• Di is (p,q)-Ioose. Let us consider an agent i, anodes and a portfolio zi(s) E JR/• 
. -=Î 

such that r(u) · z'(s) ~ D (o-) for ail o- Es+. 

-i . . 
We want to prove that D (s) +p(s) ·w'(s)-q(s) · z'(s) :5 O. To this end, we will use 

the existence of a non risky asset at node s, denoted by e( s ). Hence for all e > 0, one 

has r(o-) · (zi(s) + eç(s)) > D\o-) for allo- Es+. Since there is a finite number of strict 

inequalities, there exists 8 such that for all 8 ~ 8, one has r(u) · (zi(s) + ee(s)) > Di,T' (o-) 

for all u E s+. Consequently, by (pT', q)-looseness of the implicit debt constraint Di,T', 

one has Di,T' (s) +pT'(s) ·wi(s)-q(s), (zi(s) +eç(s)) :5 O. At the limit when 8 goes to 

infinity, one gets D'( s) + p( s), wi( s) - q( s). ( z'( s) + ee( s)) < O. It suffices to take the limit 

when e tends to O of the previous inequality to end the proof. D 

• Di is (p, q)-consistent. Let us consider an agent i and a node s. We first recall 

that for all 0, the implicit debt constraint Di,T' is (pT', q)-consistent, hence there exists a 

portfolio zi,T' ( s) such that 

{ 
Di,T' (s) + pT' (s) · wi(s) - q(s) · zi,T' (s) ~ O; 

for all u Es+, r(o-), z',T' (s) > Di,T' (u) . 

Note that the portfolio zi,T' ( s) is defined without any reference to the portfolio 

zi,T' ( s ). The system can be equivalently rewritten as 

. , (-Di,T'(s)-pT'(s)·wi(s)) · , 
<I?.,(z',T (s)) ~ . T' . Hence the net (<I?.,(z',T (s)))eee is boun-

(i5'' ( O')) O'Ea+ 
ded below. It follows from Lemma 2 that with no loss of generality, one can assume that 

~.,(zi,T' (s)) tends to <I?.,(zi(s)) foi; some portfolio zi(s) E JR/•. By passing to limit in the 

. . al'. {D'(s)+p(s)·wi(s)-q(s)·z'(s)~O; 
prev1ous mequ 1ties, we get . -i This completes the 

for all q Es+, r(u) · z'(s) ~ D (u). 
proof. D 

Step 6. It remains to prove that ((xi, zi, D 1
)r!,1 ,P) is an equilibrium with debt 

constraints of the economy & . 

15 



It is trivial to verify tbat individual consumption and income transfer plans belong to 

the individual budget set at each node s, and that consumption plans and income transfer 

plans are socially feasible. 

• For eacb i, xi E Bi(p, q, D\ Indeed, by passing to limit in the spot constraints, one 

has for each node s, 

{ 
p(s) · x~(s) + q(s)i · zi(s) = r(s). ·z-à(s-) + p(s). wi(s), 

r(s) · z'(s-)?: D (s). 

m m 

• I:xi = I:wi. 
i=l i=l 

m 

• I:zi = o. 
i=l 

. . -=i 
• We want to prove that consumption x' is optimal in B'(p, q, D ). To this end, the 

following daims will first prove that for all node s, p( s) > O. 

Claim 1. a 1 ::- 1 x1 => 7f. a 1 ?: 1F • w 1. 

We recall that yl,T
9 

--+ x1 for the weak topology, and a1 XsN --+ a1 for the Mackey 

topology. Since the relation ~ 1 is Mackey continuous, there exists some N such that 

a1 XSN ::-1 x 1 . By the same argument, there exists some 8 E 0 such that for all 8 ?: 8, 
one has a1xsN ::-1 x1,T' and we can suppose that T8 ?: N. Hence by monotonicity, one 

obtains for all 8 ?: ë, a 1 XsT' ::-1 yi,T'. Since a1 XsT' + w1 Xs\sT' is in the finite horizon 

consumption set and preferred by agent 1 to the equilibrium consumption x1,T', it follows 

frorn the property i) of the finite horizon equilibrium that 1FT' · ( a1 XsT' + w 1 Xs\sT') > 

wT' · x1,T'. But 7FT' · (a1x8T, +w1xs\sT') = 1FT' · a1 XST' and by local non-satiation, one 

obtains îfT' · x1 ,T' = îfT' · w 1 . Hence, there exists 8 such that for all (} ?: 9, wT' · a1 ?: 

wT' · a1 XsT' > 1fT' · w1 . At the limit when (} goes to infinity, one gets 7r • a 1 > 7f · w1
• D 

Since 1r E ba(S x L) and îf ?: 0, we can apply the Yosida-Hewitt theorem to get 

the existence of some 7f c E et ( S x L) such that îf and 1r c coincide on "fini te" elements of 

Roo( S x L ). For any y E i 00 ( S x L) which has only a fini te number of non-zero components, 

one has 7f c • y = 1f · y. 

Claim 2. a1 
::-1 x1 => îf c • a 1 ?: îf · w 1 . 
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The proof is similar to the one of Claim 1. Since a1 >-1 x\ there exists some integer 

N, such that a1xsN >-1 x1 • Hence, we can apply the first daim to get the following 

inequality : îf · a1 XsN ~ 7i" • w1 • By definition of îfc, one deduces îfc · a1 xsN ~ îf · w1
• This 

assertion together with the positivity of îfc gives us 11"c • a1 ~ îf ·w1 • o 

First, we recall that w 1 Eint(R;t(S x L)), since îf · 1 = 1, one deduces that îf · w1 > O. 

Since a1 >-1 x1 , by continuity of )::;; 1 , there exists some real number a < 1 such that 

aa1 >- 1 x1. It follows from Cla.im 2 that 11" c • ( aa1) = a11" c · a 1 ~ îf · w 1• Hence, one obtains 

îfc · a1 ~ ¾11" ·w1 > îf •w1
. D 

Let us fix an integer N, one has îfT' ·(x1•T' XsN) s; îfT' ,yI,T' = 11"T' ·w1 for all 8. This 

can be equivalently rewritten as L >..,pr' ( s) · x 1 ,T' ( s) s; îfT' • w 1 . Since there is only a 
,esN 

finite number of terms on the left side, one gets at the limit in(), L >..,p(s)·x1(s) s; îf·w1
• 

,esN 
We have proved that for all N, îfc · (x1xsN) s; îf · w 1 . At the limit in N, one gets 

"ffc·x1 s;7f,w 1 • D 

Claim 5. p(s) > 0 for each node s. 

Finally, it follows from the a.ssumption C3, that x1 + 111 >- 1 x1
• One can apply Cla.im 3 

to get the following inequality: 1r c, (x1 + 111 ) > îf ·w 1 • This assertion together with Claim 4 

gives us îf e • x1 + îfe · 111 > îf ·w1 ~1re· x1
• Consequently, one obtains : ?fe · 111 = >..,IIPlli > 0 

which establishes that p( s) > O. o 

For each i, we will now prove by contraposition that yi is optimal in Bi(p, q, D\ 

' ' ' . . . -i ' 
Let us suppose that a* >-' x1 and (a',z') E B'(p,q,D) for some portfolio plan z'. 

By Mackey continuity of the preferences, there exists some real number a < 1 such that 

aai ;:.-i xi. vVe can use the same argument as in Claim 1 of Step 6 to get the existence of 

some integer N and some 8 E 0 such that for all (J ~ 8, one has (aaixsN) >-i yi,T'. Since 

(ai,zi) E Bi(p,q,D\ we have in particular thefollowing inequalities: 

fp(s) · a~(s) + q(s)i· zi(s) s; p(s) ·wi(s) + r(s) · zi(s-) for all s E SN; 

l r(s) · z'(s-) 2 D (s) for all s E SN+l. 
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-i -i . 
We recall that a consequence of the (p,q)-looseness of D is that D (s) $ -p(s) ·w 1(s) 

for all nodes s. This assertion together with p( s) > 0 and wi( s) :> 0 implies that p( s) · 

wi(s) > 0 and D\s) < O. Since a< 1, the last remark together with the previous system 

of inequalities implies that 

{

p(s) · (aa~(s)) + q(s)i· (azi(s)) < p(s) ·wi(s) + r(s). (azi(s-)) for all s E SN; 

r(s) · (az 1(s-)) > D (s) for all s E 5N+i. 

Since there is only a finite number of strict inequalities, one deduces the existence of 

an integer T > N such that for all T ~ T, one has 

{ 
pT(s) · (a~i(s)) + q(!~· (azi(s)) < pT(s) · wi(s) + r(s) · (azi(s-)) for all s E SN, 

r(s) · (az'(s-)) > D' (s) for all s E 5N+i. 

With no loss of generality, we may suppose that T > T1. But it follows from the 

consistency of the implicit debt constraint Di,T that there exists some portfolio plan zi,T 

such that zi,T is equal to zero from date T and zi,T and azi coïncide on SN. By construc­

tion, one has (aaixsN,zi,T) E Bi,T(PT,q). Since for some T large enough, one also has 

aaixsN >-i xi,T, this contradicts the definition of the equilibrium consumption xi,T. o 

4. Debt constraints versus node prices. 

Let us there emphasize that, as proved in Theorem 1, the existence of an equilibrium 

with debt constraints, compatible with the given arbitrage-free asset price process q, does 

not require Assumption C5. Assumption C5 was formulated by Magill and Quinzii and 

used in their existence result. We will prove in this section that with this additional 

assumption the same given arbitrage-free asset price process q can be embedded in an 

equilibrium with node prices. Thus the link between both approaches cannot be reduced 

to a simple equivalence. 

Actually from (individualized) node prices, it is easy to build (individualized) debt 

constraints; a more precise statement will be given in Proposition 3. Under the additional 

assumption C5, the converse construction is only showed to be possible at an equilibrium 

point. Theorem 3 and 4 will make it clear. Finally, our main result, Theorem 5 is to prove 

that three apparently quite distinct approaches in the definition of equilibrium give in fa.et 

under the assumptions Cl-5 and F the sa.me equilibrium allocations and prices. 

Proposition 9. Assume that .).i is a system of present value node prices, satisfying the 

conditions of Lemma 3, such that 1ri def ( .X!p( s )) ,es E .e1 (S x L ). Then there exists a (p, q)-
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loo8e and con8i8tent 8y8tem of debt con8traint8 b• 8uch that Bi(p, q, ,\i) = B'(p, q, f>i). 

Proof. Let us define the system of debt constraints D' by : for each node s, 

D"(s) = -ir' · (;,'xs(,)) = - L G~) p(u) ·w'(u) 
8 trES(a) 8 

Since ,r• E l1(S x L), and since for every node s, ..\! > 0, Di is well defined. We first 

prove that Di is (p, q )-loose. Indeed let us consider a node s and a portfolio zi( s) such 

that for every node u Es+, r(u) · z•(s) ~ D'(u). By definition of Di, one has for every 

node u Es+, À~r(u) · z'(s) ~ -,r• · (wiXS(tr))· This implies that L À~r(u) · zi(s) ~ -7ri · 
trEa+ 

( L WiXs(u)) = -1r• · (w'xs+(a))· Since ,\• satisfies the conditions of Lemma 3, one thus 

uea+ 
gets ..\!q(s) · zi(s) ~ -1ri, (w•xs+(a))· We recall that S(s) = s+(s) U {s} and consequently 

>.!q(s) · zi(s) 2:: -?T'i • (w•xs(a)) + >.!p(s) · wi(s), i.e., Di(s) + p(s) ·w•(s)-q(s) · zi(s) ~ O. 

Hence Di is (p, q)-loose at each node s. 

Let us prove that Bi(p, q, ,\ ') C Bi(p, q, Di). Indeed, let us consider (xi, zi) m 

Bi(p, q, _>.i). It follows from the budget constraint in node s that ..X!r(s) · zi(s-) ~ ..X!p(s) · 

(xi(s) - wi(s)) + ..X!q(s). zi(s). This inequality together with the one of Remark 3 

leads to >.!r(s) · zi(s-) ~ L ,\~p(O'). (x'(u) - wi(u)). Since x• ~ 0, one obtains 
uES(a) 

À!r(s) · zi(s-) ~ -1r• · (wixs(a))· By definition of n•, the debt constraint in node s is 

satisfied and (x•,z•) E B'(p,q,Di). 

Let us prove that conversely B•(p, q, Di) C Bi(p, q, >.i). Indeed, let us consider (x•, zi) 

in B•(p,q,Di), Since D• is (p,q)-loose, one has for all node s, D•(s) + p(s) · wî(s) -

q(s) · z•(s) ~ O. This implies that À!q(s) · zÏ(s) 2:: -?T'• · (w•xs+(a)) and 

0 > L >.!q(s) · z•(s) ~ -1r• · (w•xs\ST ). 
s E Sr 

q(s) · i(s) ~ 0 

Since the term on the right side of the previous inequality tends to zero in the limit in T, 

one obtains (x•,z•) in B•(p,q,>..•). 

Finally, we can apply Proposition 1 to get the existence of a (p, q )-loose and consistent 

system of debt constraint b• such that Bi(p, q, D•) = Bi(p, q, f>i). o 

The previous construction can be achieved for any price system (p, q). H we apply 

Proposition 3 to the equilibrium prices, we obtain the following result. 
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Theorem 2. Let ((x\ zï, ·tn~1,p, q) be an equilibrium with present value node prices of the 

economy E = ((Xi,~i,wi)~ 1 ,S,R). If for each i, 'ff' det' (J!p(s)tes E i1(S x L), then 

there exists some debt constraints Di such that ((xi,z-i,Di)~ 1 ,p,q) is an equilibrium with 

debt constraints of the economy E. 

Under the additional assumption C5, conversely one also has: 

Theo rem 9. Let ((xi, z-i, D')~1 ,P, q) be an equilibrium with debt constraints of the economy 

E = ((Xi, ~i ,w')~1 , S, R). Under the assumptions C1-C5 and F, there exists some present 

value node prices (°X')~1 such that ((xi,zi,Ji)~1,p,q) is an equilibrium with present value 

node prices of the economy E. Moreover ((xi,:zi,X')~1,p,q) is also a MQ-equilibrium with 

present value node prices of the economy E. 

Proof of Theorem 9. Let us consider for any agent i, and for any time horizon T, the set 

B}(p, q) defined by 

{ 

. T . p(s)·xi(s)+q(s)·zi(s)Sp(s)·wi(s)+r(s)·zi(s;)} 
x' E ms XL 3z I E II JRJ• \/ s E s ; . 

aeST -r(s) · zi(s-) S O Ys E Sr+i· 

As it is classical, we will not distinguish the fini te dimensional set B}(p, q) and its natural 

embedding in the infinite dimensional space i 00 ( S x L) x II JRJ, defined by ( x( s ), z( s)) = 
aes 

(wi(s),O) ifs rt sr. The context will make it clear. Note that the sets B}(p,q) are 

nonempty and convex and that B}(p, q) C B}+1 (p, q), for all T ~ 1. We can now define 

the two convex subsets of f 00( S X L) defined by 

Ui = {xi E i!:,(S x L)lx' >- xi}; 

This set can be equivalently rewritten as 

A' = { xi E i 00 (S x L) 3(µ, xi) E [O, 1] x LJ B~(p, q) such that xi= µxi+ (1 - µ)xi} . 
T2:l 

Claim 1. Ui n A' = 0. 

Let us consider a point xi in the intersection. First, we remark that it follows from 

the definition of Ui that x' is non-negative. Since x' E Ai, there exists some integer 
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T, a point (xi,zi) E B~(p,q) and a real number of [0,1] such that xi - µxi+ (1 -

µ)xi. We can associate the portfolio plan zi = µzi + (1 - µ)zi, We want to prove that 
. . . -i 

(x', z') E B'(p, q, D ). Clearly, the spot constraints are satisfied in every node. Moreover 

(xi,zi) satisfies the debt constraints Di in all nodes s (/: sr. Since xi is non-negative, it 
-i .. 

follows from the (P, q )-looseness of the debt constra.int D that ( x', z') satisfies the debt 

constraints in all nodes. Hence (xi, zi) E Bi(p, q, Di) n Ui, which contradicts the defi.nition 

of equilibrium with debt constraints. Cl 

The assumption C4 implies that xi+ 1 E int(Ui). Hence, we can apply the Hahn­

Banach theorern to get the existence of some non-zero element pi in ( i 00 ( S x L) )+ = 
(ba(S x L))+ such that for all (xi, yi) E Ai x Ui, one has pi · xi < pi· yi. Since xi E Ai, 

and since by local non-satiation xi E cl(Ui), one deduces that for all (xi, yi) E Ai X Ui, one 

has pi, xi <pi, xi :s; pi, yi. Since pi is in ba(S x L)+, we can apply the Yosida-Hewitt 

theorem to get the existence of some ?fi E if ( S x L) such that pi and 7ri coïncide on 

''finite" elements of i 00 ( S x L ). 

We first claim that ai>- xi::} 1ri · ai ~pi· xi. Indeed, we recall that aixsN -+ ai for 

the Mackey topology and consequently, there exists some integer N such that aixsN >-i xi. 

It follows that pi ,aixsN ~ pi ,xi. By definition of 1ri, one deduces that 1ri ,aixsN ~ pi ,xi. 

This assertion together with the positivity of 1ri leads to 1ri , ai ~ pi . xi. 

By local non satiation of the preferences, we deduce from the last claim that 1ri · xi ~ 

pi ·xi. This implies that 1ri • xi = pi · xi by definition of 1ri. 

Claim 2. xi is optimal for agent i in the set {xi E Xil1ri · xi :5 1ri. xi}. 

We first prove that 1ri · xi > O. Since (wi, 0) E Ai, one deduces that pi · wi :5 1ri · xi. 
Recalling that pi is a non-zero element of ( ba( S x L) )+ and w i E int( tt ( S x L) ), it follows 

that pi · wi > 0 and consequently 1ri · xi > O. Let us now consider xi E Xi such that 

xi >-i xi. It follows from the continuity of the preferences that there exists some real 

number a < 1 such that axi >-i :XÎ. Hence we deduce from the previous results that 

1ri • ( axi) ~ 7ri ·xi. One thus gets 1ri · xi ~ ¼11"i · xi > 71"i ·xi. o 

In particular, we deduce from Assumption C4 and Claim 2 that 1ri( s) > 0, for every 

node s. 

-i 
Let us now construct the node prices À corresponding to the present value prices 

1ri. For any time horizon T, for all xi E B}(p,q) one has pi· xi :5 1ri · xi. This implies 
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that 1ri · xixsT +pi· wixs\ST $ 1ri · xi, and consequently 1ri · xixsr < 1ri · xi. We have 

proved that the obviously consistent system of inequalities defining B}(p, q) implies that 

L 1ri(s) · xi(s) < 1ri ·xi. Hence we can apply the non-homogeneous Farkas' lemma (cf. 
sEST 

Roclœiellar (1970), Theorem 22.3) to get the existence of some ((.X!•T)aesr, (µ!•T)aeSr+i) E 
S T S 

IR+ x IR+r+i such that : 

..\!•Tq(s) = L ,x~Tr(o-) for all .sin sr-1 ; 

o-Ea+ 

-X!•Tq(s) = L µ~Tr(o-) for all sin Sr; 
o-Es+ 

and 1ri · xi 2:: L -X!•Tp( s) · wi( s ). 
seST 

(1) 

(2) 

Recalling that 1ri(s) > 0 for all .s ES, we deduce from (1) that the real number -X!•T is 

positive and independent of T. This allow the construction of some Xi in lRi+ satisfying 

1ri(s) = X!p(s) for all sin S; moreover using (2), one also has ,\:q(s) = L ,\~r(u) for all 
o-es+ 

. . . . . -i . . . . . . 

sin S. Since 1r
1 

• w' $ 71"1 
• x', one deduces that B'(p,q, À) C {x' E X'l71"' · x1 < 1r

1 
• w'} C 

{ xi E Xi j71"i · xi $ 71"i . xi}. Recalling that xi is optimal in the last set, it suffi.ces to prove 

that (xi, zi) E Bi(P, q, Xi) to get the optimality of (xi, zi) in Bi(p, q, "Xi). 

Let us consider anodes and an agent i. Let (x!, z!) be the consumption/portfolio plan 

defined by (x'iXS\S+(s) + 1, + pxixs+(s), ZiXS\S(s) + trziXS(s))· Since by assumption C5, 

x! >-i xi, one deduces that (x!, z!) ~ Bi(p, q, D'). Since (x!, z!) obviously satisfies the debt 

constraint in every node and the spot constraint in every node s' =f s, it follows that the 

spot constraint in node s is not satisfied. This implies that p( s) · ( xi( s) + 1,) + q( s) · trzi( s) > 

p(s) · wi(.s) + r(s) · zi(s-). This inequality together with the spot constraint satisfied 

by (x-Ï, zi) at node s leads to p( s) · 1, + q( s) · (,Bzi ( s)) > q( s) · zi ( s ). One thus gets 

q( s) · zi ( s) < 11P~) ~ 1 
. Since this inequality holds for all i, and recalling that f zi ( s) = 0, 

1 i=l 

m-1 
it follows that q(s) · zi(s) > -

1 
_ /3 llp(s)lh for all nodes s, and all agents i. These 
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inequalities lead to 

L A!q(s), zi(s) > -7 _=-; L 
s E Sr s E Sr 

-i 
A .. 111>( s) 111 • 

q( s) . zi ( s) ::; o q( s) .:ë ( s) < o 
Hence we deduce that 

0 ~ L J!q(s) · zi(s) > - 7:; L X!l11J(s)ll1 = - 7:; 1ri • lxsT, 
s E Sr s E Sr 

q(s) · z\s) $ 0 

Since 1ri is in l 1(S x L), the right term tends to zero, when T goes to infinity. Hence one 
has (x\ zi) E Bi(P, q, ).\ o 

Moreover (x\:zi) is optimal in Bkq(p,q,À\ Indeed, it follows from Remark 4 that 
. -i . -i . . . . . . . . . . . . 

B'(p,q,À) C Bkq(p,q,À) C {x' E X'l1r' · x' < 1r
1 ·w'} C {x' E X 1 !1r

1 
• x' $ 1r' ·x'}. 

. . . . -i 
Recalling that x' is optimal in the largest set and that (x', z') E B'(p, q, À ), one gets the 
conclusion of the last assertion of Theorem 3. o 

Theorem 4. Let ((xi, z\Xi)~1 ,P, q) be a MQ-equilibrium with present value node prices of 
the economy E = ((Xi,~i,wi)~1 ,S,R). Under the assumptions C1-C5 and F, there exists 
some present value node prices (>.i)~1 such that ((xi, zi, >.i)~1 ,P, q) is an equilibrium with 

present value node prices of the economy E, satisfying for each i, ii"i def (.X~p(s)),es E 

l1(S XL). 

Proof of 'l.'heorem 4- The proof of Theorem 4 is similar to the one of Theorem 3. Let us 
consider for any agent i, the two convex subsets of l 00 (S x L) defined by 

p(s) · (xi(s) -wi(s)) + q(s) · zi(s) < r(s) · zi(s-) 
Vs ES; 

Vs ES. 

Since xi is optimal in the budget set Bi,q(P, q, X\ it follows that Ui n Ai = 0; 
moreover the assumption C4 implies that xi + 1 E int( Ui ). As previously, we can apply 
the Hahn-Banach theorem to get the existence of some non-zero element pi in (l00(S x 
L))+ = (ba(S x L))+ such that for all (xi,yi) E Aix Ui, one has pi. xi< pi, yi. Since 

. . -i . . . x' E Bkq(P, q, >.. ) CA', and since by local non-satiation x' E cl(U'), one deduces that for 
all (xi, yi) E Ai x Ui, one has pi· xi $pi· xi$ pi· yi. Since pi is in ba(S x L)+, we can 
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apply the Yosida-Hewitt theorem to get the existence of some fi E tt(S x L) such that 

pi and 1ri coïncide on "finite" elements of f 00( S x L ). 

As previously, we prove that xi is optimal for agent i in the set { xi E Xilii.xi < ii,yi}. 

In particular, we deduce from Assumption C4 that ii(s) > 0, for every node s. 

Let us now construct the node prices ). i corresponding to the present value prices 

ii. For any time horizon T, let us consider the set B}(p,q) defined as in the proof of 

Theorem 3. Since B}(p,q) is clearly a subset of Ai, it follows that ii · xixsT < ffi · xi 

for ail xi E B}(p, q). We have proved that the obviously consistent system of inequalities 

defining B}(p, q) implies that L ii(s) · xi(s) < ffi · yi, As previously, there exists 

aeST 

(( t i,r) ( i,r) ) E JRST JRST+1 ch th t . 
1\8 aEST, µ8 seST+l + X + su a • 

ii(s) = .X!•rp(s) for all sin Sr; 

X!·rq(s) = L 5.~rr(u) for all Sin sr-1 ; 

a-es+ 

>.!•rq(s) = L µ~rr(o-) for ails in Sr; 
a-es+ 

and ffi ·xi~ L >.!•rp(s) · wi(s). 
aeST 

(1) 

(2) 

Recalling that -n-i(s) > 0 for all s ES, we deduce from (1) that the real number .X}r is 

positive and independent of T. This allow the construction of some >.i in IRf+ satisfying 

fi(s) = >.!p(s) for all sin S; moreover using (2), one also has X!q(s) = L >.~r(o-) for all 
a-es+ 

sin S. Since fi, wi ~ ffi · xi, one deduces that Bi(p,q, ).i) C {xi E Xil*i ·xi< fri, wi} C 

{x' E Xi!fri · xi ~fi, xi}. Recalling that xi is optimal in the last set, it suffi.ces to prove 

that (xi,zi) E Bi(p,q,).i) to get the optimality of (xi,zi) in Bi(p,q,>.i). 

Let us consider anode s and an agent i. Let (x!, z!) be the consumption/portfolio 

plan defined by (xiXS\S+(s) + 111 + P'xiXs+(a), ZiXS\S(s) + f3z'Xs(s))· Since by assumption 

C5, x! ~i xi, one deduces that (x!,z!) <t B1fq(p,q,'X'). Since (x!,z!) obviously satisfies 

the Magill-Quinzii transversality condition in every node and the spot constraint in every 

node s' -:f s, it follows that the spot constraint in node s is not satisfied. As previously, 
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one gets 

L A!q(s), zi(s) > - 7 -=-; 
8 EST 

q( s) . zi ( s) ~ o 

Hence we deduce that 

0~ I: 
s E Sr 

q(s), zi(s) < 0 

L X!llïJ(s)lli· 
s E Sr 

q( s) . zi ( s) ~ o 

Since ifi is in f 1(S x L), the right term tends to zero, when T goes to infinity. Hence one 

has (x-Ï, ·z-i) e Bi(p, q)i). o 

We emphasize that in Theorem 4, the "initial" present value price 1ri def (X!p( s)) ,es 
does not necessarily belong to f 1(S x L). Using the same argument as in the proof of 

Theorem 4, we obtain the following remark. 

Remark 5. Let ((x\zi,..\i)~ 1 ,p,q) be an equilibrium with present value node prices of the 

economy & = ((Xi, ~i,wi)~1 ,S,R). There exists some present value node prices >.i such 

that (('xi, z-i, ).i)~1 ,P, q) is an equilibrium with present value node prices of the economy 

&, satisfying for each i, 7fi der (>.!p(s)) ,es E f 1(S x L). 

Remark 5 allows us to summarize Theorems 2,3 and 4 under the additional assumption 

C5. Actually, we state an obvious equivalence result. 

Theorem 5. Assume that the economy & = ((Xi, ~i ,wi)~1 , S, R) satisfies Assumptions 

C1-C5 and F; then for any consumption/portfolio plan (x-i, zi)~i, and for any price p, the 

following assertions are equivalent. 

• There exist3 some present value node prices ·t su.ch that ( (x-Ï, zi, 'Xi)~1 ,P, q) is an equi­

librium with present value node prices of the economy & . 

• There exist3 some present value node prices >.i such that ((x',zi,>.i)~1 ,p,q) ill a MQ­
equilibrium with present value node prices of the economy &. 

• There exists some system of debt constraint3 Di such that ((xi, z-Ï, Di)~1 ,P, q) is an 

equilibrium with debt constraints of the economy & . 
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Appendix 

Proof of Lemma 2. 

It follows from the closedness of !mil!. that r is closed. If r is unbounded, there 

exists some non-zero vector r.p in the asymptotic cone of r. Since this set is bounded 

below, one has r.p 2::: O. Moreover, r.p is also in the asymptotic cone of !mil!. which is a 

linear space. Finally, we have proved the existence of an element r.p > 0 in the set !mil!., 

which contradicts the no-arbitrage condition. o 

Proof of Proposition 1. 

To prove Proposition 1, we will first state a lemma. 

Lemma 4. Let D be a system of debt constraints. If q is arbitrage-free, 

i) If D is not (p, q)-consistent, there exists some system of debt constraints D' such 

that D' > D and Bi(p, q, D') = Bi(p, q, D). 

ii) If D is (p, q)-loose ancl not (p, q)-consistent, there exists some system of debt con­

straints D' such that D' > D, Bi(p,q,D') = Bi(p,q,D) and D' is (p,q)-loose. 

Proof of Lemma 4, 

i) Since D is not (p, q)-consistent, let s be anode such that Dis not (p, q)-consistent 

at node s. Hence, for all portfolio z( s) E JR/•, one has 

r(u) · z(s) 2::: D(<1) for all u Es+=> D(s) + p(s) ,wi(s)- q(s) · z(s) < O. 

Let us defi.ne D' ( s) = inf À where À is the set 

{ d E JR- such that 3z( s) E JR1• satisfying 
d + p(s) ·wi(s) - q(s) · z(s) 2::: O; } 

r(<1) · z(s) 2::: D(<1) for all <TE s+. 

First, we remark that this set is non-empty since we can take d = 0 associated with 

z(s) = O. It follows that if D'(s) exists, then D'(s) ~ O. An equivalent f~rmulation 

for À is À= {d E JR-jr(d) -:f 0} with r(d) = {r.p E Imil!a r.p 2:: (-d(- p(s)) · w'(s)) } c 
D(<1) D"Ea+ 

{ 
r.p E lm~ 

8 
r.p 2:: (-p( 8 ) • wi( 

8
)) } • The second set is then non-empty and it follows from 

(D( <1)) D"Es+ 

Lemma 2 that it is compact. Hence we deduce that À is bounded below, and this proves 

the existence of D'(s). Moreover, À is closed. Indeed, let d"-+ d; for every v, there exists 

r.p" E lm il!• and r.p" 2::: . With no loss of generality, one can assume 
(

-d" - p(s) · wi(s) ') 

(D( <T )) D"Ea+ 
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(
-d- p(s) · wi(s)) 

<pv-+ <p E [mif, 8 and <p > ( ) , so that d E .6.. 
D(<1) o-ea+ 

Finally · D' ( s) = min .6. and for some z( s) E JRJ, , consequently one has 

D'(s) + p(s) · wi(s) - q(s) · z(s) ~ 0 > D(s) + p(s), wi(s) - q(s), z(s) 

which shows that D'(s) > D(s). We can now define D'(s') = D(s') for all s' # s. By 

definition of D', D' is a system of debt constraints satisfying D < D'. 

Thus it only remains to show that the two systems of debt constraints give the same 

budget set. First we remark that it follows from the inequality between D and D' that 

B'(p, q, D') C Bi(p, q, D). Conversely, let us take any consumption plan x in the budget 

set Bi(p, q, D) sustained by the portfolio plan z. We want to prove that for each node s', 

one has r(s') · z(s'-) > D'(s'). Since D and D' differ in node s only, it suffi.ces to prove 

that r(s) · z(s-) ~ D'(s). But it follows from the budget/debt constraints that 

{ 
r(s) · z(s-) + p(s), (wi(s) - x(s)) - q(s), z(s) ~ 0, 

for all <1 Es+, r(<1) · z(s) ~ D(q). 

{ 
r(s) · z(s-) + p(s) · wi(s)- q(s) · z(s) ~ 0, 

One deduces that 
for all q Es+, r(u) · z(s) > D(u). 

Hence r(s) · z(s-) E .6., and by definition of D'(s), one obtains r(s) · z(s-) ~ D'(s). 

ii) Let us define D1 as above. Clearly, one has D' > D and Bi(p, q, D') = Bi(p, q, D). 

Since D and D' differ on node s only, D' is also (p,q)-loose in each node of D \ {s,s-}. 

By construction, D' is (p,q)-loose at s. H s 'f 0, let us take z(s-) E JR/•- satisfying 

r(q)·z(s-) ~ D'(u) for all <1 E (s-)+. Since D' > D, one deduces that r(q),z(s-) ~ D(q) 

for ail q E (s-)+. This assertion together with the (p,q)-looseness of D at node s- leads 

to D(s-) + p(s-) ·wi(s-)-q(s-) · z(s-) :5 O. Since D and D' coïncide at node s-, D' is 

also (p, q)-loose at node s- and consequently D' is (p, q)-loose. o 

a) Proof of aJsertion i) of PropoJition 1. 

Recall that the initial system of debt constraints is denoted by Di. 

Let X be the set of systems of debt constraints defined by X = { D such that Bi(p, q, D)I 

= B'(p, q, Di) and D ~ Di}. We will consider the classical ordering on X, D :5 D'if and 

only if for ail s in S, one has D(s) :5 D'(s). We now daim that every totally ordered 

subset of X has an upper bound. 
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Indeed, let us consider a totally ordered subset of X, (D8)Bee· Since for every node 

s, for all 8, D8(s) S 0, we can define D(s) by D(s) = sup{D8(s) 1 8 E 0}. Clearly Dis 

a system of debt constraints satisfying for ail 8, D ~ D8 ~Di. Consequently, one obtains 

Bi(p, q, D) C Bi(p, q, Di). Conversely, let us take any consumption plan x in the budget set 

Bi(p,q,Di) sustained by the portfolio plan z. We want to prove that r(s) · z(s-) ~ D(s) 

for every node s. Since for ail 8, one has Bi(p, q, D8 ) = Bi(p, q, Di), one obtains that 

r(s) · z(s-) ~ D8(s) for every node s. By taking the supremum in 8 E 0, one gets the 

required inequality. Hence, DE X, and the set (D8)eee has an upper bound. 

We can apply Zorn's lemma to get the existence of a maximal element iJi in the set X. 

To end the proof, since iJi is in X, it remains to prove that iJi is (p, q)-consistent. Indeed, 

if iJi, is not (p, q)-consistent, we can apply lemma 4 to get the existence of a system of 

debt constraints D' in X such that D' > i)i. This contradicts the definition of iJi. CJ 

b) Proof of assertion ii) 

The proof of assertion ii) is similar to the one of assertion i). We replace the set X 

by the set X'= {D such that Bi(p,q,D) = Bi(p,q,Di), D ~ Di and Dis (p,q)-loose}. 

As before, one checks that every totally ordered subset of X' has an upper bound and that 

a maximal element of X' satisfies the condition of assertion ii). CJ 

Proof of Proposition 2. 

Let us first remark that the definition of (PT, q)- consistency and looseness at a termi­

nal node of the truncated economy &(T) requires the obvious adaptations: H Di is a system 

of debt constraints defined on sr, Di is (pT,q)-consistent at s E Sr if Di(s)+pT,wi(s) ~ O; 

Di is (pr,q)-loose at s E Sr if for every x•(s) E .lRi, pT ·xi(s) S pT ,wi(s)+r(s)·zi(s-) ~ 

r(s) · zi(s-) > Di(s). Obviously, Di is (pT,q)-loose and consistent at s E Sr if and only 

if Di(s) = -pT(s) ·wi(s). 

Let us now recall the defi.nition of Di,T; 

Di'T(s) = inf{pT(s) · (xi(s) -wi(s)) + q(s) · zi(s)} 

where the infimum is taken among ail (xi, zi) satisfying the spot budget constraints in ail 

nodes of S( s) n sr and such that for ail s' E Sr, zi( s') = O. Exactly as in the proof of 

Proposition 1, one deduces from the no-arbitrage condition on q that Di'T(s) is actually a 

minimum. Then it is obvious that Di,T is (pT,q)-loose and consistent. 

Finally, let Di be (pT,q)-Ioose and consistent. We prove by decreasing induction on 

t (0 S t $ T) that Di and Di,T are equal on St, It follows from the initial remark that 
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· -iT · -iT D'( s) = D ' ( s) for every s E Sr, Let us assume that D' and D ' are equal on St for 
some t E { 1, ... , T}. Consider a node s E St-l · Since Di is (PT, q )-consistent in node 

s, there exists a portfolio z'( s) E JR/• such that . . 
. { Di(s) +pT(s) ·wi(s)-q(s) · zi(s) 2 O; 

for all u Es+, r(u) · z'(s) 2 D'(u). 

Since s+ C St, it follows from the induction assumption that Di'T(u) = Di(u) for all 
q Es+. This implies that for all <1 Es+, r(u)·zi(s) 2 Di'T(u). Since Di,T is (pr,q)-Ioose 
at node s, one gets Di,T ( s) + pT ( s) · wi ( s) - q( s) · zi( s) ~ O. This inequality together with 
Di( s) +PT(s) ,wi(s )-q(s) · zi(s) 2 0 leads to Di(s) 2 Di,T (s ). To end the proof, it suflices 

to remark that the reverse inequality can be obtained by the same argument applied to 
the portfolio zi(s) defined by the (PT, q)-consistency at node s of Di'T. Hence, one has 

· -iT 
D'(s) = D' (s) for all s E St-1· o 

References 

Bewley, T. (1972), Existence of equilibria. in economies with infinitely ma.ny commodities, Journal of Economie 
Theory, 49, 514-540. 

Brown, D. and L. Lewis (1981), Myopie economie a.gents, Econometrica., 49: 359-368. 
Florenza.no, M. and P. Gourde! (1993), T-period economies with incomplete markets, Working pa.per, couverture 

orange du CEPREMAP 9312, Pa.ris, (Forthcoming in Economies Letters.) 
Hernandez, A. a.nd M. Santos (1991), Incomplete fina.ncia.l markets in infinite horizon economies, Working paper, 

University of Wisconsin. Revised version (1992), under the new title : Competitive equilibria. for infinite­
horizon economies with incomplete financial markets. 

Levine, D. (1989), Infini te horizon economies with incomplete markets, Journal of Mathema.ticaJ Economies, 18: 
357-376. 

Levine, D. a.nd W. Za.me (1992), Debt constra.ints and equilibrium in infinite horizon economies with incomplete 
markets, Discussion pa.per, University of California., Los Angeles. (Forthcoming in Journal of Ma.thema.tica.l 
Economies.) 

Magill, M. a.nd M. Quinzii (1992), Infinite Horizon Incomplete Markets, Working pa.per, University of Southern 
Ca.liforni a. 

Ma.s-Colell, A. and W. Zame (1991), Equilibrium theory in infini te dimension a.! spa.ces, Ha.ndbook of Ma.thema.tieal 
Economies, Volume IV, North Holland, Amsterdam. 

Rocka.fella.r, R.T. (1970), Convex Ana.lysis, Princeton University Press, Princeton. 
Schma.chtenberg, R. (1988), Stocha.stic overla.pping generations model with incomplete markets, Working pa.per, 

University of Mannheim. 

29 


