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EXISTENCE OF EQUILIBRIA IN THE OVERLAPPING GENERATIONS MODEL
THE NONTRANSITIVE CASE

Résumé

Ce papier traite de l'existence de 1l'équilibre général dans un modéle
dynamique d'échange avec une double infinité dénombrable de périodes et
d'agents. L'espace des biens considéré & chaque période est éventuellement
de dimension infinie. Les préférences des agents ne sont supposées ni
transitives ni totales.

Pour 1le modéle général ol certains consommateurs peuvent avoir, comme
chez Wilson, une durée de vie infinie, un premier théoréme d'existence est
démontré sous 1l'hypothése classique qu'il existe un ensemble fini d'agents
non négligeables.

Dans le cas particulier du modéle & générations, un deuxiéme théoréme
montre 1'existence d'un équilibre Walrasien dans le cas standard ou les
agents n'ont de ressources que pendant leur durée de vie (finie) et
1'existence d'un équilibre avec transferts positifs ou nuls si les agents
détiennent des actifs réels sur une infinité de périodes. Dans ce dernier
cas, l'existence d'un équilibre Walrasien est toutefois démontrée sous
1'hypothése qu'un ensemble fini d'agents détient une fraction positive du
total des actifs réels & durée de vie infinie.

NOMENCLATURE JEL : 021, 111.
Abstract

This paper investigates the existence of competitive equilibria in
dynamic exchange models with countably many periods and countably many
agents. At each period the commodity space can be finite or infinite
dimensional. The preference of agents are not assumed to be transitive or
complete.

A first equilibrium existence theorem is established under the classical
assumption that there exists a finite set of non-negligible agents.

In the particular case of an overlapping generations model, a second
existence theorem allows simultaneously for finite-lived assets and
infinite-lived assets and limits the previous assumption to infinite-lived
assets. This theorem covers obviously the standard case of an overlapping
generations model where the agents have no endowment outside their
lifetime.

KEY-WORDS : Locally convex-solid topological vector lattices - Symmetric
Riesz dual systems - Overlapping generations exchange model - Equilibrium -
Uniformly proper preferences.
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Summary. This paper investigates the existence of competitive equilibria in
dynamic exchange models with countably many periods and countably many
agents. At each period the commodity space can be finite or infinite
dimensional. The preferences of agents are not assumed to be transitive or
complete. A first equilibrium existence theorem is established under the
classical assumption that there exists a finite set of non-negligible
agents. In the particular case of an overlapping generations model, a
second existence theorem allows simultaneously for finite-lived assets and
infinite-lived assets and limits the previous assumption to infinite-lived
assets. This theorem covers obviously the standard case of an overlapping
generations model where the agents have no endowment outside their

lifetime.
1. Introduction

This paper deals with the existence of equilibria in dynamic exchange
models with a countable infinity of discrete time periods and agents.
Overlapping generations models are a special case of such models. They are
defined here by the double condition that each agent can consume only
during a finite set of periods, identified with its lifetime, and that at
each period only a finité set of agents are alive.

As in Aliprantis et al. [1, 2], the commodity space at each period may
be infinite dimensional. This possibility allows for a consideration of
stochastic dynamic models with an infinite dimensional state space at each
period and an overlapping generations analysis of financial markets. The
other assumptions on the economy are comparable with or weaker than those
used in Wilson [21] and Burke [11] in a finite dimensional framework. In
particular, unlike Balasko and Shell [7], Balasko et al. [6], Aliprantis et
al. [1, 2], Geanakoplos and Polemarchakis [16], the preferences of agents



are not assumed to be transitive or complete on their consumption set and
we explicitely include both overlapping generations of finite-lived agents
and infinite-lived agents.

The existence of equilibria is first established under the classical
assumption that there exists a finite set of non-negligible agents, in the
sense that a finite set of agents owns a positive fraction of the total
(social) endowment. As it is well known, the value of the social endowment
at the equilibrium prices is finite and such equilibria are Pareto-optimal.

Without this assumption, by perturbing the initial individual endowments
so as to satisfy the previous assumption and by passing to limit on the
equilibria of a suitable sequence of perturbed economies, we prove for
overlapping generations models an existence result comparable with those of
Wilson or Burke : there exists an attainable allocation and a price such
that each agent endowed only with finite-lived assets optimizes its
preferences under its budget constraint, while the other agents perform the
same optimization under a revenue constraint which may exceed the value of
their initial endowment. Since Samuelson [20], the non-negative monetary
transfers needed at equilibrium by agents endowed with infinite-lived
assets are interpreted as fiat money. The existence of Walrasian equilibria
in a standard overlapping generations model where the agents have no
endowment outside their finite lifetime is obviously a particular case of
this general result. The equilibrium price does not necessarily give a
finite value to the total endowment and equilibria as well as
Samuelson-type transfer equilibria may fail to be Pareto-optimal.

Dynamic models with a finite set of non-negligible agents and
overlapping generations models with only finite-lived assets are two
extreme case where equilibrium is generally claimed to exist. One can think
of natural intermediate cases for which the two assumption are both
inappropriate. In order to get a wide variety of economic interpretations,
we assume in this paper the existence of two kinds of assets, limit to the
first kind the assumption of a finite set of non-negligible agents, assume
that the assets of the second kind are always finite-lived and prove under
a (strong) additional assumption the existence of a Walrasian equilibrium
not necessarily Pareto-optimal.

To sum up, this paper proves in the framework of Aliprantis et al,
existence results comparable with those got by Wilson and Burke in the

finite dimensional framework. Beyond this double extension, this paper



gives a first analysis of the equilibrium existence problem for overlapping
generations model with durable and non-durable "goods".

Our method of proof derives from the arguments of Bewley [10], Richard
and Srivastava [19], Aliprantis et al.[1, 2], Burke [11]. Our main
innovation is the construction of a commodity space for the whole economy
which allows to treat of as well the first case of a dynamic economy with a
finite set of non-negligible agents as the case of an overlapping
generations model without this assumption. This construction differs from
that of Aliprantis et al. who construct a specific commodity space for
overlapping generations models. It uses Kdthe-type spaces, first introduced
by Besada et al. [8] for modelling intertemporal equilibrium.

The paper is organized as follows. In Section 2, we precise the model
and its assumptions. In Section 3, we give the definition and the
properties of the commodity space. In Sections 4, 5 and 6, we prove the
existence of equilibria under different sets of assumptions on the

preferences and endowments of agents.
2. The economic model

We consider in this paper a dynamic model of pure exchange with
countably many discrete time periods and countably many agents; overlapping
generations models are particular instances of this general model. Let N be
the set of consumers and, for each consumer i, let Xx* be his consumption
set, P® his preference correspondence over Xi, @’ his endowment and T? the
collection of his lifetime periods. We define an economy as a list
(Xi, Pi, wi, Ti)iGN for which we set the following assumptions which
generalize, in an infinite dimensional setting, some standard assumptions
used in the finite dimensional case for dynamic models of exchange without
ordered preferences :

1. For each period t , the commodity-price duality is represented by a
symmetric Riesz dual system <Et,,E;>. E, and E; are respectively the
commodity space and the price space at period t. The value of z, € E, at
prices p, € E; is denoted by p,. x, = <x;, P;”.

2. N, the set of consumers, 1is countably infinite (for simplicity, N s
assumed to be the set of natural integers).

For overlapping generations models, Assumption 2 is replaced by:

2'. For each 1, T s finite and for each t, the set { {EN | t € T } ts



finite.
In both cases, it is implicitely assumed that at least two consumers are

alive at each period.

3. For each consumer 1{ , there exists a' € r1'E; such that
ter’

xt = {ai} + [_[E; . Every agent consumes only during his lifetime and, at

tert
each lifetime period, may consume any bundle besides some survival

consumption.
We will indicate later how to weaken this assumption on the stucture of

the individual consumption sets.
o0

4. For each consumer 1, w >0 in ]—]E; with a* < (1 - Ai) w? for some L
- t=1
0 < A* < 1. Note that, with this assumption, the agents may have endowments
outside their lifetime. For economic interpretation, an initial endowment
must be thought of as a real asset, owned by the consumer at his birthdate,
the value of which depends on prices.
We also assume that the total endowment is well-defined, i.e. that w =

n o0
sup { }:cu‘; n=1, 2, ... } exists in I_IEt. We say that an allocation
i=1 t=1

n
x € ]_]X‘ is attainable if sup { EE:?: n=1, 2, ... }) = w. This is also
iEN i=1
n -
noted by :E:n‘ T w. X will denote the set of the attainable allocations for
i=1
the economy &.

5. For each 1, P* : x* o X* has open lower sections if X* is endowed with
the suitable product of the o(E,, E;)-topologies, open values 1if xt ts
endowed with the suitable product of the absolute weak topologies
lol(E,, E}).

For every ¢ € x*, z* € co Pi(zi). Furthermore, for all zt, yi € Xi,
z* 2 y* tmpites Pi(x®) c Pi(y?) and (P%)-1(y%) c (P%)-1(z?).

The first part of Assumption 5 is a standard continuity assumption on
preferences which has interpretations in terms of impatience relatively to
future events and of indifference, at each period, relatively to events of
low probability. Besides a standard convexity requirement, the last part

corresponds to monotonicity when each P® is the asymmetric part of a total



preorder on xt.
6. The total endowment w of the economy is desirable for every consumer in
every component of an attainable allocation: if x € X, then for each i and

for every a>0 there exists z' € |[] Ef, 2z Saw such that
tert
zt + z* € P¥(z*).
This assumption implies in particular local non-satiation Qf preferences

in every component of an attainable allocation, whatever be the locally-

o0
solid topology considered on ]—]Et.
t=1
7. If = is an attainable allocation and I any proper and nonempty subset of
N , there exist €I and zt € r] E't" such that z° < Zw’ and
teTt JeEI

2 + gzt € Pi(z?).

Assumption 7 is known as an irreducibility condition. It requires that
the preferences and endowments of agents be sufficiently interconnected. It
should be remarked that, in view of Assumptions 1 and 5, there is no loss

of generality to assume in 7 that if x is an attainable allocation and I

any proper and non-empty subset of N, there exist i1 €1, zt € I—] Ej and a
teTt

finite subset F of N \ I such that zt < }:aﬁ and z* + z* € Pi(xi).
JEF
The next assumption is a strong version of the strict positivity at each

period of the aggregate endowment :

8. For every period t, w,, the total endowment at the period t, is an
order-unit of E, and E; = (E, ), (the order-continuous dual of E,).

<th, th> with @,> 0, <L, (n), L1(”)>' p o-finite, with ®, equal to a
constant mapping, are typical examples of symmetric Riesz dual systems
satisfying this assumption. Assumption 8 will be weakened in the last
section.

As we will see later, the above assumptions (or a slightly strengthened
version of some of them) allow to prove the existence of a very weak
equilibrium notion, called as in Aliprantis et al. [1, 2] weak
quasiequilibrium. To get an equilibrium existence result, we need some
assumption beyond 1-8. We give there two versions of such an additional

assumption:



9. A finite subset of agents owns a positive fraction of the total
endowment {.e. there exist I, C N, I, finite and € >0 such that

S ot 26 o.
€I,
Given 8, the assumption 9 clearly rules out the standard overlapping

generations model where each consumer has no endowment outside his finite
lifetime. According to a suggestion from T.C. Bergstrom [9], in Assumption
10, we allow simultaneously for finite-lived and infinite-lived assets and
basically limit Assumption 9 to infinite-lived assets.

10. For each period t, E, = F, ® G,. If o' = o'’ + 0"* with w'} € F} and

w'i € GF, then

ni +
- for each i, w"' € r]LGt and
teT?

- there exist I, C N, I, finite and @ > O such that EE w?i>0 .
€I,

Assumption 9 is obviously a particular case of Assumption 10. Assumption
10 is also satisfied in a standard overlapping generations model with only
finite-lived assets. Besides these two extreme cases, the main interest of
Assumption 10 is to allow for economies in which there are simultaneously
infinitely durable and non-durable "goods". The consumers are assumed to
have no endowment in non-durable goods outside their lifetime, while a
finite set of individuals own a non-negligible fraction of the aggregate

endowment of infinitely durable goods.
3. Construction of the commodity-price duality

In this section, we construct the Riesz dual system that defines the
commodity-price duality for our dynamic model. This construction differs
from that of Aliprantis et al. [1, 2] in its motivation and its
mathematical background. It uses Kbthe's perfect spaces (see [17] § 30),
first introduced by Besada et al. [8] as commodity and price spaces which
arise in a natural way in connection with the initial endowments of the
agents, for a model with countably many time periods.

Let us restrict the price space of the entire economy to

o0 o0
P={pe []E I letl .0 <+, VIEN}.
t=1 t=1



For symmetry, let us define

oo o0
AP) ={z€J]E, 1 Dlp,l . lz,l <+, YPEP}
t=1 t=1
which may be thought to be the commodity space of the economy.

The commodity-price duality of the model is given by the bilinear form :
o0

kz, p>=p . % = Zpt .z,. If z€ A(P) and p € P, p . = is the value of x
t=1

reckoned at the prices p = (p,). ‘
Let T denote on A{(P) the topology generated by the collection

o0
{p, s PEP } of seminorms defined on A(P) by : pp(:x:) = z Ip, 1 . Iz, 1.
t=1
Symmetrically, let 7' denote on P the topology generated by the collection

o0
{ pr 3+ £ € A(P) } of seminorms defined on P by : P.(p) = z Ips | . lx, |
t=1

Proposition 3.1. <A(P), P> is a dual pair. 7 (resp. 7') 1is a Hausdorff
locally convex-solid topology consistent with this duality.

o0 [ o]
Proof. Let @ (resp. ¢')denote the set of all elements of nEt (resp. nE;.)
t=1 t=1
with only finitely many non-zero coordinates. Obviously A(P) and P are
oo o0
Riesz spaces, more precisely ideals of ]_lEt and ]_IE,; containing ® and ¢'.
t=1 t=1

o0
The separations properties of the bilinear form <z, p> = p.x = Zpt.xt
t=1
follow from the last remark. Each seminorm p, (x) (resp. o, (p))

(=]
Z Ip,1.1z,1 1is obviously monotone, i.e. a Riesz seminorm : Izl =< Iyl =
t=1

pp(:z:) < pp(y) (resp. Ipl < Iql = p (p) £ p,(q) ) ; thus 7 (resp. 7')is a
locally convex-solid topology on A(P)(resp. P).

It should be clear that P ¢ (A(P),7)', the topological dual of A(P). To
prove the converse inclusion, let us remark that on each factor E,, 7
coincides with the absolute weak topology I|ol(E,,E;) generated by the

seminorms : z, - Ilp,l.lx,|. Hence, if f € (A(P),7)',for each t there exists

p, € E; such that f(0,...,0,x,,0,...) = p;.x,. Since for all z in A(P),
w 1
(xl.xz,...,xt,o,...) 7-converges to x, f(x) = Zpt.xt. It remains to prove
) t=1

that p = (p,) € P. IfI1(0,...,0,2,,0,...) = Ip,|l. x;, so that for every {1,



o0
lfl(wi) = }: Ip 1. aﬁ < +00, From a similar proof, it follows that A(P) =
t=1

(P, 7')'. Finally, if o(A(P), P) and o(P, A(p)) are the weak topologies
associated with the duality <A(P), P>, remark that o(A(P), P) C 7 and
o(P, A(P)) € 7', which proves that 7 and 7' are Hausdorff.

o
Proposition 3.2. Each order-interval of A(P) (resp. P) is o(A(P),P) (resp.
o(P,A(P))-compact.

Proof. If u > 0 in A(P), let [-u,+u] be an order-interval of A(P). For any
€ >0, p,(p) <€ and z € [-u,+u] imply

o0 [~ ] (-~
I Sppez, 1< D Ippez,l < D Ip,lalz, | < p,(p) <E.
t=1 t=1 t=1
This shows the 7'~ equicontinuity of [-u,+u]. The o(A(P),P)-relative
compactness of [-u,+u] follows from the Alaoglu-Bourbaki theorem. Recall
now that each <E,,E;> is a symmetric Riesz dual system. Each [-u;,+u,] is
o(E, ,E;)-compact. It follows easily that [-u,+u] is o(A(P),P)-closed.
The o(P,A(p))-compactness of order-intervals of P is proved in a similar
way.
ja]
Applying Theorem 22.1 of Aliprantis and Burkinshaw [3], we see that A(P)
(resp. P) is Dedekind-complete and 7 (resp. 7') is a Lebesgue topology. In
other words, <A(P), P> is a symmetric Riesz dual system. If (A(P)), (resp.
P;) denotes the collection of all order-continuous, order-bounded linear
forms on A(P) (resp. P), P c (A(P)), (resp. A(P) C F}).
Under Assumption 10,
[ =] [+ »]
P={pe€E ]—[E; i letl . w <+ o0}

t=1 t=1
and ' € A(P). In the overlapping generations model with only finite-lived

assets, 0' =0,
o0 0

P=]E; and A(P) =b={z€[]E, I3 k21,2,=0VE2kK]}.
t=1 t=1

If the economy satisfies Assumption 9, then
oo
P={p€E | []lp,l . w, <+ e}
t=1 ‘
and @ € A(P). This allows to define the principal ideal 4, in A(P)

generated by w, A, = {x€AP) | 3 Xx>0, Izl £xw}. Endowed with the

@



Riesz norm : llzll, = inf { A>0 | lzl £ X w }, A, is a Banach lattice.
Furthermore, 4, is an AM-space with unit . The norm dual of (4,,, I.H,)
will be denoted by 4j; it coincides with the order dual 4; of 4,. Remark
that, from the inequality lx! < llxll, ®« V€4, { €4, I lzii, <1 } =
[- w, + ] and so w belongs to the ll.ll, - interior of 4. It is easily seen
that <4,, 4,> is a Riesz dual system but not a symmetric one.

The next proposition presents useful properties of this system.

Proposition 3.3. Under the assumptions 1 and 8, if w € A(P), 4, is order
dense in A(P) and
(4,)7 € P C (A(P));, € (4,)5-

Proof. From the first part of the assumption 8, it follows that each factor
E, can be considered as a Riesz subspace of 4,. For all = in A(P),
(zl,xz....,xt,o....) t x. This proves the first part of the statement.

To prove the first inclusion, let f be any element of (4,);. From the

second part of the assumption 8, one deduces that there exists p € (E,),,

oo
= E, such that f(z) = Zpt.xt and that p = (p,) € P.
t=1
The second inclusion was proved above; the third one is obvious.

[}

Throughout this paper, we will use inclusion relations between the
different topologies defined on A(P). The topology 7 defined on A(P) is
obviously finer than the weak topology o(A(P), P) which is also finer than
the product of the weak topologies o(E,, E;). Furthermore, the product of
the weak topologies o(E,, E;) and o(A(P), P) coincide on X% (considered as
a subset of A(P)), if T? is finite, and on every order-interval of A(P). In
the same way, the topology 7 is finer than the product of the absolute weak
topologies lol (E;, E;) on A(P) and coincides with it on xt ,if T? is
finite, and on every order-interval of A(P).

If w € A(P), in view of Proposition 3.3, o(A(P), P) is coarser on 4,
than o(4,, 4;) which is also coarser than the li.ll - topology of 4,.

The equilibrium concepts are defined in relation with the
comquity-price duality considered for the model.

Ah equilibrium (resp. quasiequilibrium) with respect to the symmetric
Riesz dual system <A(P), P> consists of a price pE€P, p#0and an



10

attainable allocation x € I—I(Xi N A(P)) such that p - 51 < 5 . @' holds

iEN
for every (€N and that =z € X* N A(P) and zt € Pi(Et) imply
p.x*>p.w (resp.p.xz*2p. wt).
A weak quasiequilibrium with respect to the symmetric Riesz dual system

<A(P), P> consists of a price pEP, p=#0 and an attainable allocation

- . . , . . -1

x € ]_](X‘ N A(P)) such that z* € X*NAP) and z* € P*(x ) imply
iEN .

p.x"2p . w.

If o € A(P), the same equilibrium concepts with respect to the Riesz dual

system <4, 4,> are defined in a similar way.

@ ?

L, Existence of equilibria under Assumption 9

As already observed, under Assumption 9,

[~ °] oo

P={p€ DE | Dlpl .0 <+wm}
t=1 t=1

and w € A(P), the commodity-space constructed in Section 3. So we can adapt

to the case of incomplete and intransitive preferences the method of proof
used by Aliprantis et al. [1] for infinite econcmies defined on a normal
Riesz space.

First, we construct a sequence of finite economies consisting of a
finite number of consumers. Applying a quasiequilibrium existence theorem
(see Florenzano [14], Corollary 2 of the proposition 9), we remark that
every finite economy has a quasiequilibrium with respect to the Riesz dual

system <4,, A4;>. Then, by passing to limit, the economy & has a weak

@
quasiequilibrium with respect to the same Riesz dual system.

In a second step, we show that if (z, 5) is a weak quasiequilibrium and
a is the order-continuous component of p, then (x, q) is a
quasiequilibrium. For such a result, the role of an assumption like 9 was
stressed by Richard and Srivastava [19].

Finally, from the order-density of 4, in A(P) and the irreducibility of
the economy, the quasiequilibrium with respect to the Riesz dual system
<4,,A,> 1is shown to be actually an equilibrium with pespect to the

symmetric Riesz dual system <A(P), P>.

Proposition 4.1. Under the assumptions 1-6 and 9, the economy & has a weak



11

quasiequilibrium with respect to the Riesz dual system <A,, A4.>.

Proof. Let &, be the‘ economy constructed from & by considering the m first

consumers with for each f, X' N 4, as consumption set and the same

preferences. As in Richard and Srivastava [19], the individual endowments
‘ m

are : o' (m) = w - E:af and wi(m) =w’ for all {1 : 2 < 7 < m, so that the

i=2
aggregate endowment of &, is w. It could be verified that Proposition 9 in

Florenzano [14] holds true if the assumption wt € Xt is replaced by a
survival assumption like a® < w* for some a® € X*. Then it is easily seen
that the production economy, associated to &, by adding a producer of which
the production set is equal to Y = - A;. satisfies the other conditions of
the corollary 2 of Proposition 9, when the two following topologies are
considered on the commodity-space 4, : the topology 7, equal to the .-
topology, and the topology o induced on 4, by o(A(P), P). Hence &, has a
free-disposal quasiequilibrium (5m, Em) with Em € 4, and Sm 2 0, Em = 0.
Since  belongs to the I.ll - interior of A;, Sm. w > 0 and we can assume
Bm. w=1.

We finish the proof by passing to 1limit on the sequence of the
free-disposal equilibria (Em, Em). Let
A={pe€d, | p20and p.w=11}. From the Alaoglu-Bourbaki theorem, A
is o(4,, A,)-compact. A x [0, w]" is then o(4,, 4,) x (a(A(P), P))Y-compact

- -1 =2 -7
and we can assume that the sequence (p,, X,, Tps +c-s Tps O, «..), Of

- -1 =2 .
A x [0, w]¥ converges to (p, z, %, ...) €A X I_[(X1 N 4,) endowed with
iEN
the topology given above. Then, for i € N, let x* € X*N A, be such that
. R | . . . 1 - . - .
x* € P*(z ). For sufficiently large m, z* € P*(x,) and p,. z° 2 p,. 0 (m).
We distinguish two cases :

1 1

m
a) if 1 = 1, p,. ' 2 p,. & (m) = p,. (& - Zwi) 2 p,. w'. By passing to
1=2

limit, p . =! 2 p .
b) if £ 2 2, p,. z*

D,. @' (m) = Pp- w®. As previously, p . z* 2 p . .

A

n . n . .
Note that Zn—:; w Vm2n and so ZEsz. Also x' € X*, ¥ 1 € N. Let
i=1 ’ i=1
LI
x = sup { z ;n=1,2, ...} (zx exists because A, is Dedekind-
i=1



12

complete). At each period t, we can redistribute the surplus w, - =, to a

N =7
consumer ¢ such that t € T*. We get an allocation (z );gy such that

n .
51 1 w. On the other hand, for all { € N, we have in view of Assumption

i=1
5, Pi(;i) C Pi(Ei). It follows that (p, ;) is a weak quasiequilibrium of &
with respect to the Riesz dual system <4,, 4.

@]
Proposition 4.2. Under the assumptions 1-6 and 9, the economy & has a
quasiequilibrium with respect to the Riesz dual system <4,, 4,> with a

price in (4,),,.

Proof. Let (5, ;) be the weak quasiequilibrium given in the proof of
Proposition 4.1 and let p = q + » be the Riesz decomosition of p, with
a4 € (4,), (q is the normal component of p), r€ ((Aw):)d, the disjoint
complement of (4,)%,, q=20, r20.

We first prove that a > 0. In view of Assumptions 4 and 9, it is easily
seen that there exists j € N such that 5 LW > 5 . ad. Suppose that
q = 0. By Theorem 4,6 in Aliprantis and Burkinshaw [4],
0=inf { supp . z, 02z, vz, (x,) CA4,} for all x € A;. Let
e=p. (W -a’) = r. (0 - a’) and z/ € X' N 4, such that € Pj(zj).
Then there exists a net (z,) € 4, such that 0 <z, 1 z’ and supr . x, <E.
This is impossible because, for sufficiently large «, x, Vv a € Pj(;j) and
so e+r.a > . (z,va)2zr. .

Remark that because (4., Il.ll) is a Banach lattice, 4, = Az. the order dual

of A4,. One deduces that q € 4,,. From q>0and we€ int"."w(AZ), we get

q . w>0. .

To see that z* € Pi(;t) implies a L xt 2 a . wi, assume that for some j,
there exists z’ € Pj(;J) with q . < q . w. Let e = q - o - q . =
From q . = inf { sup (@ + 1) . z,, 0<z,1 z’, (x,) € 4, }, we deduce
that O=inf { supr . x,, 0 <z, * z7, (x,) € 4, }. As previously, there
exists a net (x,) € 4, such that 0 <z, t z’ and supr .z, <é€. This is
impossible since, for 1large enough « , x, V a € Pj(zj). which implies
Ll zg . v < gL (g, vd) v (x,vad) <
(z,val)+e+r.a=q. (z,V dy+q. -q.zxl +2.a <
L+ d < B .o,

It remains to prove that a . ;

alatl ol

i

= q . @ holds for all ¢ € N. That
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a . ;; 2 a . is easily deduced from the assumption 6. Since a is order-
n ,
continuous, we have Zc—l . :?:z tq.0 ; it easily follows that
i=1
't a . w* must hold for each i.
o

Proposition 4.3. Under the assumptions 1-9, the economy & has an
equilibrium with respect to the symmetric Riesz dual system A(P), P>.

Proof. Recall that, under the assumptions 1, 8 and 9, 4, is order-dense in
AP) and P = (4,), (see Proposition 3.3). This proves that q € P. If
z* € X* N A(P) satisfies zt € Pi(;i). then there exists a net_(xiv)v C 4,
such that 0 < z*¥ ¢ ¢ . For large enough v, zv v ot € Pi(;z) and thus
q . (xiv v ai) = a . w*. Passing to limit, we get q . ¢ 2 a . wi, which
shows that (a, ;) is a quasiequilibrium with respect to <A(P), P>. It
follows now from the irreducibility of the economy (Assumption 7) that
(q, ;) is actually an equilibrium.
a

It is worth noticing that the results of Section 4 could be proved under
less restricting assumptions on the structure of consumption sets. Indeed,
the conclusion of Proposition 4.1 still holds true if Assumption 3 is

replaced by :

For each consumer 1 , xt c I—] E:’ is~ convex, closed for the suitable
tert

product of the o(E,, E;)-topologies, allows for free-disposal in I—l E:
_ - ter

and if, in Assumption 4, a® is some distinguished element of X*.

Then following Back's ideas [5], we can get the conclusion of Proposition

4.2 under the following additional condition :

For each 1, each £t € xt n A, and each r € ((Aw);)d, there exists in

xin 4, a net (xiv) order-convergent to z* such that » . z*¥ < » . a’.

This somewhat abstract condition is in particular satisfied, if each E, is

finite dimensional, wunder an autarky condition like in Geanakoplos and

Polemarchakis [16] : !

For any zt € xt n A(P), there exists t, such that for every t 2 t,,

4 > A't s A.t .
x'extwithVkeTr, x, =zl tfkSt, X, =af if k> t.
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Under the same autarky condition, the conclusion of Proposition 4.3 is

satisfied.
5. Existence of equilibria in the overlapping generations model

We now restrict our analysis to the overlapping generations model and
thus replace Assumption 2 by Assumption 2'. We slightly modify Assumption 4

by assuming that A = inf At >0 ; we strengthen too the continuity
1
assumption on preferences and replace Assumptions 5 by :

5'. For each 1, Pt : Xt » X! has an open graph if X% 1s endowed with the
suitable product of the o(E,, E;)- topologies. For every zt € Xi,
z* & co P*(z?) and Pi(z) c PP(y®), (PP)"! (y*) c (P})"! (z*) hold for all
z?, yi € X such that z* 2 yi.

The approach followed in this section is borrowed from Burke [11] and
adapted here to the case where at each period the commodity space may be
infinite dimensional.

Let us consider an overlapping generations model satisfying the
assumptions 1, 2', 3, 4, 5', 6, 7 and 8. By perturbing the initial
endowments of the agents without changing the aggregate endowment of the
economy, it is easy to associate to the initial model another one which
satisfies Assumption 9 and thus, in application of the existence result of
the previous section, has an equilibrium ; this equilibrium can be seen as
a tranfer equilibrium of the initial overlapping generations model.

By this way, we prove the existence of an infinite and relatively
countably compact set of transfer equilibrium prices of our overlapping
generations model. We then construct a net of transfer equilibria
converging to a weak quasiequilibrium.

Finally, introducing Assumption 10, we show that this weak

quasiequilibrium is actually an equilibrium.

o0 o0
Recall that P= { p€ [JE; | D Ip,! . 0} <+ e, ¥V 1 €N }. It follows
t=1 t=1
from Assumption 2' that for every i € N,

o0 [ =]

X*cAP)={z€ []E, 1 Dip,l . Iz,l <+, YpEP]}.
t=1 t=1

A transfer equilibrium of the overlapping generations model consists of
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- - . - i
a price p € P and an attainable allocation x € ]—[X‘ such thatp . 2 >0
{EN
. . -2 - . - -
for each 1 € N and x* € P"(:x:z) implies p . £* >p . = .
It is worth remarking that the existence of transfer equilibria follows

directly from Proposition 4,3. Moreover we have the following :

2
Proposition 5.1. Let k, be the smallest integer k satisfying k > X Under
Assumptions 1, 2', 3, 4, §', 6, 7 and 8 , & has at least countably many

transfer equilibria (p, z) satisfying

b 1
Z i-)t . wt < + o , 5 . 5 =1
t=1

and for every i, p.x 2(1- —)p. Wt > 0.

Proof. Choose € = z ¢ such that for every i, 0 < ¢! < w* and for every t,

i
€, 1is a strictly positive element of E,. For k 2 k,, form the k-perturbed

economy & vy recllistributing endowments from (wi) to (wik), where
. . £ .
wf=(1-=)w + —(—=-¢€*) fori=k
k k 27'
1 1 € 1
S = (1 -=)+ S (—-€e)+ o
-1+ - g
Y 2 : 1 ¢ . « 1
We remark that for every i, w*" 2 (1 - T ) o* + iy with of >-£w and
21—

that Zwi/‘ = Zwi = @, Clearly, Proposition 4.3 establishes the existence
iEN iEN

-k -k
of a quasiequilibrium (z , p ) of & such that for every 1,

-k —ik — ik . . =k .
p.x = p.w", with a price p >0 in
it had & &
Q:{pEHE;IZIptI.wt<+oo}. As for every i, p .t >p . at,
t=1 t=1
this quasiequilibrium is an equilibrium of «;\'(, hence a transfer
—k -tk _ -k :
equilibrium of & . Note that for every i, p . .-z:z 2p . (1 - -i) w* 2
2. -k . -k
(1 - T) p . . We can normalize the vector price p so as to get
0
-k =1k . -k . —k -k i
p.x =1, Finallyp .®w >0 and, since p€Q, p . w* >0 for some {.

-k 3
That p . w® > 0 for every i follows from Assumption 7.
=]

The next result in an analogue of Lemma 3 in Wilson [21], Lemma 8.5 in
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Aliprantis et al [1].

Lemma 5.2. Under the assumptions 1, 2', 3, 4, 5', 6, 7 and 8, if (En. fJn)is
any sequence of transfer equilibria satisfying the properties required in
Proposition 5.1, then for any couple (i, j) there exists K; j such that for
n large enough

- ‘n—Jn
0<p.x <K”p.x .

Proof. The proof is conducted by contraposition. Assume that (i,, J,) is a

-n =J,n
. T
couple of agents such that lim inf P - = 0. Then
n +— oo - —2-071
P.Zx
- —in
.z
I={{€ENI| lim inf p___ # 0 } is a non-empty and proper subset of N.
n — o 572 ;:2-072
By passing to a subsequence (built by diagonal process), we can assume that
—n —in -n —Jjn
.z .z
lzmznf——_—>0ViEI and lim————— =0 V j & I.
n — oo z—) . ;zon n'_mz—,n. Ezon

In view of ;in € n [0, w,] and the o(E,, E;)- compactness of the order
teT?
intervals, we see that the sequence (;:n) has a subnet (:-za) converging to x
when X = ]_IX"' is endowed with the product of the suitable product of the
ieN
o(E,, E;)-topologies on each X%, It follows from 2' that x is an attainable

allocation. From 7, we deduce that there exist { € I, z° € ]—[ E; and a
teT?

finite subset F of N\I such that z° < > &’ and x + z° € P¥(Z"). Using 5',
JEF .
we see that there exist some 6, 0<6 <1 and some &, such that

(1 -6)a* +6(x +2*)EP'(zxz ) for all x2a, . So we can built a
stricly increasing sequence n, of integers satisfying

N - . PR 3
(1 -6) a* +6(x %+ 2%) € Pi(x n‘). From this we deduce :

_n —in -n . 5 -n . 1 -2 n ~in -n
pk.x £ < pk.a‘-t-i-_-zpk. zt < —2 p/‘.:c /‘+——p‘ Zw’

1 - —



1 -2 —n —iny ) 1 -7y ..Jnk
< — 2
= 7 poo= (7T 7 ) z
1 - — 1 = =
ko Ko

_‘nk

2. -
Then (A - —) pnt .z
ko

, which contradicts the

assumption made on F and i.
[a]

For each t , let E; denote the norm dual of E, for the Riesz norm
lz = tnf { A >0 | Ix,] < A w, }. Recall that E, = E;, the order-bounded
dual of E,, and that E; = (E,),.

-— -
Lemma 5.3. Under the same assumptions and conditions, (pn, x ) has a subnet

converging to (p, z) € [ |E; x nX‘ for r[a(Et, E) x [T T]etE,, Et)):
t=1 ieN tGT"
such that for every i, £t € Pi(Ez) implies p . zt 2 lim p . Ezn
n

Proof. Note that in view of Lemma 5.2, we can assume w.l.o0.g. that the

- —-in —-in
sequence p . * converges and that 1im p .2 >0. It follows also from

n
Lemma 5.2 and Assumption 2' that for each t, there exists K, such that

-n
p, - W, <K, if n is large enough. From this and the weak compactness of

- — —CX —
the order intervals, we deduce that (pn, xn) has a subnet (p , xa)
oo

converging to (p , z) € ]—]E; x [_]xi for the topology I—]U(E;, E,) x
t=1

I_I( I_] o(E,, E,)). As previously, x is an attainable allocation.
iEN tETi

For every i, if zt € Pi(Ez) then for « large enough, zt € P‘(x ) and thus
—& : - —ta
pP.x>p.x . By passing to 11m1t , we get
-_ i . Y% —in
Pp.x 2 1lim p .x = lim p . T .
@ n

Note that p = O.

Moreover for every t, let yf { 0 hold in E,. By scaling appropriately,
we can suppose that yf < w,- a,. If I, denotes theset { L EN | t € Tt },
it follows from 2' and the decomposition property of vector lattices that

2= S yi® with 0 < yi®® < z,” - ai. From 0 < yi* < 32 | 0 and the fact
i€1,
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that each dual system <E,, E;> is symmetric, it follows that yi“ﬁ -+ 0 for
o(E,, E;). Now fix € > 0 and note that it follows from Assumption 6 that

for each {, x +z'€ Pi(iz) for some z° € ]_] E;, z* < ¢ w. Then there
ter?
exist &, and g, such that
-t

%+ gt - (0, ..., yi®®, 0, ...) €EPI(z )
hold for all ax2«,, 26, and each { € I,. From this we infer that

-, . o, . . .
P - y;“ﬁ <& p .v" where v’ is the projection of w onto I_I E,, and
tET*

thus that 5? . yip <E€ 5a . E: vt Taking limits with respect to «, we
i€l,

get : p, . yf <Sep. EE v® for all g2 6, . Hence P - yf » 0. p, is
i€l,

order-continuous and thus belongs to E;
We can now prove the main existence result of this section .

Proposition 5.4. Under the assumptions 1, 2', 3, 4, §', 6, 7 and 8, the
overlapping generations model & has a weak quasiequilibrium (z, 5), with
respect to the symmetric Riesz dual system <A(P), P>, such that for each
i €EN :

-3

-t

o1 T
8
v
T gl

wi
. wi, if w® has only finitely many non-zero coordinates.

Proof. Let Q, denote the collection of the price systems corresponding to

transfer equilibria satisfying the properties required in Proposition 5.1.

[- =]
We first observe that it follows from Lemma 5.3 that Q, is ]—Io(E;. E,)-

t=1
o0
relatively countably compact and thus I—IU(E;, E,) -bounded (see for
t=1

example Kéthe [17], p. 310). So we can choose € = (€,) such that € = ZE’:,
1EN

&

0<e* <o for every I, €, is an order-unit of E, for every t and
p.E£

£ 1 for every p in Q,. Let (éf) be the sequence of the k-perturbed
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Y S
economies defined in the proof of Proposition 5.1 and (x , p ) the

corresponding sequence of transfer equilibria of &. As for each i,
-k —ik kg S P S 1 -« €

. =p . =(1-=)p.w+ =p. (—-¢€%,
P.< p.w (1 k) P Z P (zi )
we get by passing to 11m1t in a suitable subnet converglng to (p, x)
-k -tk .
1tn 5°. 2% = 1im 7°. o', which shows that lim p . @' exists,
k k k

and, in application of Lemma 5.3,
. P 3 - . . 4 .
z* € P"(:ct) implies p . 2* 2 limp . ®°.
k
It is easily deduced from Assumption 6 that for every t and for each

- -1 —K —tk - -1
1€1,, P; - Xp = limp, . T, . As Zpt.xt- Py - T, =
K €1, €1,
- J -1 -k -tk -k —tk
lim p, . z, = limp, . x, = z iim p, . 2, , we then have
i€l, k €I, €1, k
- -1 —k -tk

for every t and for each i € I,, p, . x: = lim p, . x; . Finally, for every
k

. -k —ik -k :

i, p.x =1limp . «x =limp . ®.

k k
—k . 3 A
Obviously, limp . ' =p . w if w* has only finitely many non-zero
k

I Ve . Y .

coordinates. If not, from V k, V T, p,. W; <p .w we get VT,
=1

T

= i< =« = = i Y
S p,. @f < Ziz p.w and, thus, pEPandp . 0w < limp . w'.
t=1 k

As x is attainable and p =0, (x, p) is a weak quasiequilibrium with
respect to the Riesz dual system <A(P), P>.

a

- ~tk - =
Remark. As for every ¢, limp . :z:z >0, (x, p) is what is called a
k
compensated equilibrium in Geanakoplos and Polemarchakis [16]. Thus

Proposition 5.4 has a first obvious corollary :

Corollary 5.5. Under the assumptions of Proposition 5.4 and Assumption 10,
if w' =0, the overlapping generations model has an equilibrium with
respect to the symmetric Riesz dual system <A(P), P>.

0 o0
If ' > 0, under Assumption 10, P = { p € nE; | Z Ip,| . w} <+ o},
t=1 t=1
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Let, as in Assumption 10, I, finite and & > O be such that EE wiz0 w.
€1,

It can easily be verified that the proofs and the results of the lemmas 5.2

and 5.3 and Proposition 5.4 are not altered if we change the price
- -1

normalization used in the statement of Proposition 5.1 fromp . x =1 to

- -1

p . x = 1. Let then (éf) be the sequence of the k-perturbed economies
€I,
and (z, 5) the corresponding compensated equilibrium of &. It follows from
' —k 1 —& .
the price normalization that for every k, p . @' < 5 p .w® <
€1,
1 S5 : 1 -k ik 1
- " .0 S ——— P .2 =07 "
6 i1, (1 -2X) 6 €1, (L -x) o
Clearly, since for every 1,
- -1 oy 4 . — .
P . = lim p .0*+p . ow"
k
(x, p) is either an equilibrium of & or only a Samuelson-type monetary
- " 4 - —K
equilibrium, according as p . ®w' = limp .w' orp.w <limp . ®'.
k k

Examples of economies with only Samuelson-type monetary equilibria show
that the above equality cannot be guaranteed without some additional
assumption. We propound now such an assumption which insures informally
that ' is a good substitute for every agent and which links the marginal

rate of substitution for each agent with the development of (w;).

For every i, let v'* be the projection of w' onto r1 E,
tert
11. For every t, there exists some neighborhood V, of 0 in E, such that :

- For every zx € X, for each 1, for every X > 0 and for every u € r] Vo
tert
8 + A V'Y + A u € X* implies x* + A v'* + A u € P*(z")

- For every t, pvt(w;) < ( where ppt is the gauge of V, and n, the

¢
2°n,

number of agents alive at t ).

Corollary 5.6. Under the assumptions of Proposition 5.4, Assumption 10 and
Assumption 11 if w' >0, ‘the overlapping generations model has an
equilibrium with respect to the symmetric Riesz dual system <A(P), P>.
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Proof. Let k 2k, be given. For every t , consider 2z, such that

0<3z,£ixw, <w, —a,. In view of the decomposition property of vector
i . i o i i
lattices, z, = . zi with 0<z! <z -af. For each { € I(t), if
1€I1(t)

. zi at period t
al
a>0and z =

0 elsewhere

ik ) g ik
then x; + (pvt(z;) +a) vt - zz € P‘(mz ). Hence,

—k . . £k . 1 . .
p, - 2 ;< (pvt(z;) +ka) p.ov*< T (pvt(z;) + «). Summing over
i€ I(t), we get p, . 3, < sz:—xy—a-nt (pvt(zt) + «) and since « is

" 1
arbitrary, p, . 3, < TI‘:"XT'E'"* th(zt)-

From the second part of Assumption 11, we deduce that for every k, for
A 1

—k
every t : Py - AW = It is now obvious that

(1-2)6
~K - -k -
limp . <p . w and thus that limp . ®' =p . @'.

k k
o

As it is well known, the equilibrium whose existence is proved by
Corollary 5.5 or Corollary 5.6 may fail to be Pareto optimal.

Let € = (¢,) be as in the proof of Proposition 5.4, Let us say that a
finite set of non-negligible agents exists everywhere, if and only if for
any attainable allocation, x, there exists a finite set of agents I, C N, a
scalar @ > 0 and an allocation z' such that
Szttza > of +e
iEN iel,
and, for each {7,

't e Pi(xi) (the closure of Pi(zi) for the product of the o(E,, E;)-
topologies).

The definition, evidently, generalizes the assumption 9.

The following result improves Theorem 2 in Geanakoplos and Polemarchakis
(1990) and strengthens for overlapping generations models the existence

result of Proposition 4.3.

Corollary 5.7. Under the assumptions of Proposition 5.4, if a finite set of

non-negligible agents exists everywhere, the overlapping generations model
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0

has an equilibrium (z, E) such that zi’t . W < + oo
t=1

Proof. Let (;:, 5) be the compensated equilibrium got from Proposition 5.4,
Let I- , ' and @ be as in the definition of a finite set of non-negligible
x

©0
agents. Note that p . € = Zl;t . €, S 1. For each {1, p . 't 2 p . w*, and

t=1

hence p . w<1+a > p . w <+ oo Since p . z 2 p . o while Z;:i = o,
i€1 iEN
p.z = 5 . w* for i € N.
2]

Remark. At the cost of a slight strengthening of the desirability
assumption on w, the previous results could easily be extended to a model
which allows at each period for a finite number of both finite-lived and
infinite-lived agents, so as to get an existence result similar to that of
Wilson [21] or Burke [11]. But it should be understood that the equilibrium
concept used by Wilson and Burke does not coincide in this case with the
definition given in this paper of an equilibrium with respect to the Riesz

dual system <A(P), P>.
6. The overlapping generations model with proper preferences

Recall that for each i, the preference P* is said to be uniformly proper

if there exist some v* = 0 in r[ E:C and some neighborhood v of zero in
‘ ter?

X* for the suitable product of the topologies given on E, such that for

every x € X, for every A > 0, for every u € V’:, 2t + ' + € Xt implies

¢ + At + A€ Pi(:ci).

If each preference P is uniformly proper, we can weaken Assumption 8 to :
8'. For every t, w, is a strictly positive element of E,
and prove the following result which extends the previous existence results

to overlapping generations models with a commodity-price duality

represented at each period by <L,(x), Lo (n)> (1<p<ew 1<gq<on
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+ —=1).

Y-
Q|

Proposition 6.1. Under the assumptions 1, 2', 3, 4, 5', 6, 7, 8', 10 and,
in addition, 11 if w' > 0, 1if each preference Piis uniformly proper, then

the overlapping generations model has an equilibrium.

Proof. Let for each t, A”t be the ideal generated by w, in E,. It follows
from Corollaries 5.5 and 5.6 that the overlapping generations model has an

equilibrium (z, 5) relative to the symmetric Riesz dual system
o0

-]
< P, I_I(Awt); > where ¢ denotes the subset of ]—]Awt of all sequences with
t=1 t=1

only finitely many non-zero components.

In order to prove that each p, is continuous on A”t endowed with the
topology of E,, we adapt arguments from Yannelis and Zame [22], Aliprantis
et al. [1].

We first remark that in view of 2', 5' and 8', there is no loss of
generality to assume that for every ?, the uniform properness vector is

vt = (vf) with vf =w, if t € T and vé =0 if t € T®. We can also assume

that for each ¢, the uniform properness neighborhood is Vi o= r] V;. Let ¢t
ter?
be some fixed period, I(t) the set of all agents alive at period t. We

define V, = f} Vf and on E,, pvt the gauge of V,. As in the proof of

i€I(t)
Corollary 5.6, let now 2, be such that 0< 3z, <X w, £w, - a, and fix

a > 0. In view of the decomposition property of vector lattices,

. . -3 .
2z, = EE z; with 0 <z; <z, —a; . For each ¢ € I(t), in view of the

i€I(t)
. zi at period t
: al
uniform properness of P*, if z = then
0 elsewhere

%+ (th(zi) + a)vi - Ez € Pi(Et). Thus

P .z + (g,t(z;')+a)5.vi-5.§‘>5.5' and

P - zf < (ppt(zf) +a) p . v'. Since Py, is a monotone seminorm, we deduce
P, . 2L < (ay, (2;) + @) p.v and p, - 2,< (o, (2,) + @) S p. vt

i€I(¢t)
Since the previous assertion is satisfied for every « > 0,
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Pse 2 .S th(zt) EE p . v*. This shows that p, is continuous on 4, for
{EI(t)
the topology given on E,.

‘Since Awtis dense in E,, Et has a unique continuous extension ﬁt on E,.

last density argument shows that (5, ;) is a quasiequilibrium and, since

. w

THh >

= 5 Lt >0 , an equilibrium.
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