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Abstract 

A FUNCTIONAL LIMIT THEOREM FOR FRACTIONAL PROCESSES 

We establish a functional limit theorem for non stationary fractional 
processes defined by: 

(1 - L)d <l>{L) xt = ®{L) et , 
where <I>, ® are polynomials in the lag operator L, e is a white noise with 

1 variance a2 and d is a real number satisfying d > We prove that 
2 

the process: 

[x;{r) = --
1
-- X(Tr) , r E {O, 1)] weakly converges to the process 

Td-1/2 

[ 
®{1} 1 f'r ] a <l>{l} r{d} Jo {r - s)d-l dB{s), r E [O, _1] where B is a brownian 

motion on [O, 1]. 
These results are used to examine the behaviour of the periodo gram for low 
frequencies, which is a first step towards estimation of the differencing 
order d. 

Keywords : fractional process, functional limit theorem, non stationarity, 
identification. 

Résumé 

UN THEOREME LIMITE FONCTIONNEL POUR DES PROCESSUS FRACTIONNAIRES 

Nous établissons un théorème limite fonctionnel pour un processus 
fractionnaire non stationnaire défini par 

{1 - L)d <l>{L) xt = ®{L) et , 
où <I>, ® sont des polynômes dans l'opérateur retàrd L, e est un bruit blanc 

1 de variance a2 et d est un nombre réel satisfaisant d > 2 . Nous 
montrons que le processus 

[x;{r) = --
1-- X(Tr) , r E {O, 1)1 converge faiblement vers le processus 

Td-1/2 

[ 
®{1) 1 f'r ] a <l>{l) r{d) Jo {r - s)d-l dB{s), r E [O, 1] où B est un mouvement 

brownien sur [O, 1], 
Ces résultats sont utilisés pour examiner le comportement du periodo gramme 
aux basses fréquences, ce qui est une premier pas vers l'estimation du 
degré de non stationnarité d. 

M ~o~ts;;:_---'c=l~e=f=s processus fractionnaire, théorème limite fonctionnel, 
non stationnarité, identification. 

Nomenclature JEL: 211. 



I - INTRODUCTION. 

The dynamic aspects of macromodeling : expectalions, description of the 

adjustment processes, causality between variables, separation between short 
and long term .•. have been the tapie of a number of theoretical and/or 

'practical papers. These dynamic aspects are generally studied by means of 
ARMA or ARIMA models applied to the endogenous and exogenous processes. 

This kind of formulation is adapted for· describing the stationary parts of 
the series, since every statioriary process may be well approximated by an 
ARMA process. 

However, concerning non stationary parts, the usual practice consisting in 
choosing integer orders of differencing introduces discontinuities, which 
often have drawbacks for the interpretation (this explains for instance the 
under or overdifferencing phenomenas) or for the properties of the statistical 
estimation methods Cthis explains the difficulty of the so-called 

identification step). 

The idea of suppressing the discontinuity by introducing a fractional exponent 
is due to Mandelbrot-Van Ness (1968) and Mandelbrot (1971). In the case of 
discrete time process, it consists in considering the process satisfying a 
difference equation of the form : 

d 
C 1 - U HU X = a<U e: 

t t 

2 where e: is a white noise with variance o , L is the lag-operator, 
+CL) and 0(L) are two lag polynomials satisfying the usual condition 
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~(o) = 0(0) = , the roots of ~ and a are outside the unit circle. 

The exponent d is a real number, not necessarily equal ta an integer. The 

probabilistic properties of these fractional processes (also called long 

memory models when d > o ) have been given by Granger (1978), Granger­

Joyeux (1980), Hosking (1981), Gonçalves (1987) among others1. 

This class of processes seems now interesting for macromodelling. Firstly it 

gives a better description of non stationary aspects and in particular seems 

adapted ta the study of cointegration properties of a serie CGranger (1986), 

Engel - Granger (1987)1. 

Secondly this type of processes is naturally introduced, when we consider 

the aggregation of heterogenous time series CGranger (1980)1 and therefore 

is adapted for studying the heterogeneity bias or for proposing heteroge­

neity tests intime series CGonçalves-Gourieroux (1987)1. 

Of course the development of estimation or test procedures involving frac­

tional processes is only possible if the ergodic properties of such processes 

are known. The case of stationary fractional processes, corresponding to 

d < 
1 

2 
, has been studied in particular by CRosenblatt (1976), Fox-Taqqu 

(1986), Geweke-Porter-Hudak (1983), Sowell (1987)1. 

On the other hand the case of non stationary fractional processes does not 

seem ta be sa well known. ln such a case it is necessary ta establish a 

functional limit theorem. Such a theorem will give the asymptotic behaviour 

of the process after some change of time unit and some reduction. 



] 

More precisely if we consit.ler· the transformed p1ocess : 

d-1/2 
T 

X 
Cîr1 

r E [o,1J] , where [Îr1 denotes the integer 

part of its argument, we wanl ta prove thal this process weakly converges to 

the process 

r 

rx: ( r) 
0 0 ( 1) f (r-s) 

d-1 
rEfo,11] - ···- dB(s) where 8 is a - I 

cH 1) r(d) 
0 

brownian motion on the interval [ 0' 1] 

A first idea to prove this kind of result is to follow the approach proposed 

by Phillips [(1986),(1987)) for the cases wher'e d is an inleHer. This 

approach is based on a functional limit theorem given in Herrrniorf (1984) 

and on the continuous mapping theorem given in Billingsley (1968). However 

this last theorem may only be directly applied for d ~ 1 • Therefore it is 

necessary lo develop a new proof for the remaining cases 
2 

< d < 1 

In section 2, we describe the theorem and the main steps of the proof. 

In section 3, we propose a precise study of the moving average coefficients 

of a fractional process. 

In section 4, we study weak converger1ce properties of Rieman sums towards 

stochastic integrals. 

The proof of the theorem is then giver1 in section 5 

Finally we consider in section 6 some possible applications of the functional 

limit theorem. We discuss essentially some resu·lts concerning the periodo­

gramm associated with X . Sorne othtT possible applications ar·e given in 

CGourieroux-Maurel-Monfort (19871. 
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II - THE THEDREH, 

In order to treat the non stationary case, it is useful to only consider the 

fractional model, from a given initial date t = o • Fpr this reason, we 

consider in the paper a process X = 

-d -1 ::: 
(1) X = (1 - U +cU 0CU e: 

t t 

where e: if t) 0 
t 

otherwise 

CX 
t 

e: = ( e: ) is a white noise with variance 
t 

00 

-d L rCk+d) k 
( 1 - L) - L -

k=o r c k+ 1 > rcd> 

t > o) , defined by : 

2 
0 

' 
and where 

To impose that for non positive values of t gives a meaning ta e: = 0 
t 

-d -1 ::: 
the operator (1 - L) +CL) 0(L) applied to process e: , even if some 

roots of the autoregressive operator are equal to one. 

In this case it is possible to consider the series expansion of 

00 

-d -1 
(1 - z} +(z} e(z) = 

L Cd> k 
1T z 

k=o k 
, and ta deduce the (infinile) 

moving average of process X 

X 
t 

= 

00 

L Cd>::: 
1T e: 

k=o k t-k 

t 
L 
k=1 

(d) 
1T e: 
t-k k 

t-1 

= L lT<d> 
k=o k 

e: 
t-k 

The study of the asymptotic behaviour of process X may be sketched as 

fol lows. 
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i) Let us first introduce the cumulated errors 

s = e: + e: + ••••• + e: k > 0 s = 0 
k 1 2 k 0 

The process X may also be written as 

t 
r~ {d) 

X = TT CS s ) 
t k::1 t-k k k-1 

i i) After a change of time unit and an homothety, we have 

* X Cr) = ----- X 
T d-1/2 CîrJ 

T 

Cîrl 
L {d) 

= TT CS s ) 
d-1/2 k=1 Cîr1 ·· k k k- 1 

T 

iii) Now we can examine the moving average coefficients 
{d) 

n 
t-k 

prove that these coefficients are asymptotically equivalent to 

(d) 0(1) d-1 
n ~ ---- ct--k> 
t-k +<1> r<d> 

and we can 

iv) Moreover it is a consequence of results on c:umulated errors [see e.g. s ' 
Komlos - Major - Tusnady (1976)1 that the sums s 

k 
by a brownian motion 8(k) - ~ B{k) • 

0 

v) Considering these approximations, we have 

* X Cr) 
T 

1 
----

d-1/2 
T 

CîrJ 
L 
k=1 

0 0 ( 1) 

+<1> r{d) 

lTrl d-1 

( CîrJ 

k ' 

0 

d-1 
k) 

can be approximated 

l8(k) · 8(k-1 )1 

= o 0 < 1 > I.= ~ CT r 1 __ - k > _ r 8 < _Tk ) 
+<1> r<d> k=1 d-1 

k -1 ] - 8(. -) (equality in distribution) 
T 

0 0(1) 
~ -·--·--

+et) r<d> 

Cîrl 
L 
k=1 

T 

(r - ~) 
d-1 

k k-1 
[8(-) - 8(···->] 

T T 
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vi) Finally the Rieman-Stieljes sum 

approximation of the stochastic integral 

cîrl 
L 
k=1 

d-1 

(r - f) [ 
k k-1 ] B(T) - B<,=-> 

f
r d-1 

(r-s) dBCs> and we have 

0 

* X Cr) 
T 

0 0 ( 1) 

H1> r(d) f
r d-1 

(r-s) dBCs) 

0 

is an 

Clearly the different steps have to be justified and this is the aim of the 

following sections. The difficult parts of the proof are of course to justify 

the various equivalences ~ and to obtain results which are uniform in r 

between o and 

The theorem which is proved is the following 

THEOREM 1 : 

Let us consider the process defined by 

-d -1 ~ 
X = ( 1 - U +(U 0{l) E d > 

t t 2 

where E if t) 0 
t 

otherwise 

(E ) is an independent white noise, with moment of order p 
t 

strictly greater than Max 
( 

1 

1 ' 
d - -

2 

* 
Then the process (X (r) = 

T d-1/2 
T 

X 
tlrl 

rECo,11) 
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1 

weakly converges to the process 

( 

r 
0 8(1) d-1 ----- f {r-s) dB{s) 

+<1> r<d> 
0 

r E lo, 11 l 
where B is a brownian motion on [o, 11 

* The processes X and B are indexed by r E Co,11 
T 

The assoc1ated sample paths are elements of O [o,11 the space of real 

functions on O [o,11 wh1ch are r1ght continuous and have finite left limits. 

the space C Co,11 is a metric space when we introduce the Skorohod topology 

Csee Billingsley {1968) Chapter 31. The weak convergence appearing in theorcm 

is associated with this particular tupology. Let us recall thal the restrictior1 

of this topology to the set C [o, 11 of continuous functions on Co, 11 is 

nothing else than the uniform topology. 

III - ASYHPTOTIC BEHAVIOUR OF THE HOVING AVERAGE COEFFICIENTS 

{d) 
In this section, we prove that the coefficient n is asymptotically 

k 

equivalent ta : 
0 8 { 1) 

+c11 rCdJ 
d-1 

k , and we give the associated convergence 

rate. 

Property 2 : 

There exists a constant c C ) 0 

* {d) 8(1) d-1 
'v k E N n - ------ k 

k <1>C1> r<d> 

such that 

d-2 
( C k 
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Proof : 

i) Since thP. roots of the autoregressive polynomial + are outside the unit 

circle, the coefficients a of A(z) 
j 

at an exponential rate 

3 Q 0 < Q < 1 3 C ) 0 'v j 
0 

= 

00 

'i.- j 
L a Z 
j=-o j 

j 
la 1 < C Q 

j 0 

= 

Moreover it is possible to express the coefficients 
(d) 

1T 
k 

coefficients a . We have : 
j 

00 

'i.-_ (d) k -d 
L 1T z = (1 - z) A(z) 
k=o k 

We deduce that 

(d) 
1T 

k 

k 
L 
j=o 

rCj+d) 
a 
k-j rCj+1) r<d> 

e(z) 

+(z) 
, decrease 

in terrils of the 

ii) The asymptotic behavior of 
(d) 

1T 
k 

depends on the asymptotic behavior of 

r < Jt-d) 

r<j+1) r<d) 
We have the following lemma. 

Lemma 3: There exists C such that 
1 

d-1 
r<j+d) j d--2 

- -- ~ C j "iJ j ) 1 
r c j+ 1 > r<d) r<d) 1 

Proof of the lemma : From CAbramowitz-Stegun (1970) formula 6.1 .471, we know 

that for z tending to infinity: 



z 
b-a r<z+a) 

r<z+b> 

9 

(a-b) (a+b-1) 
+ -··--·-·- --·---·- -t 0 

2 z 

Applying lhis result, we see that 

r(j+d> 

r < j+ 1 > 

d-1 
- j ( ( d-1 ) d 

+ ---- + (l 

2j ( l) ) and we deduce the lemma. 

iii) Now, we have : 

(d) 
1T -

k 

= 

( 

where 

0 ( 1 ) 
--
+<1) 

A 

A 
k 

B 
k 

C 
k 

k 

k 
L 
j=o 

ex + 
k 

+ 

= 

= 

= 

D = 
k 

d-1 
k 

r<d> 

d-1 
rCj+d> k 

ex - A( 1 ) 
k-j r < j+ 1 > r<d> r<d> 

k d-1 k d-1 d-1 
r: ex [ rU+d> j ] -t L ex [~ - _k -] 
j=1 k-j r<j+1> r<d> r<d> j=1 k-j r<d> r<d> 

00 d-1 
L k 

ex 
j=k j r<d> 

B + C + D 
k k k 

1 ex 1 
k 

k d-1 
L I ex 1 --- ··- - --
~ 1 rCj+d> j 1 
j= 1 k-j rCj+1> r<d> r<d> 

00 

L ex 
j=k j 

d-1 
k 

r<d> 

iv) Since the coefficients 1 ex 1 are smaller than C Q 
0 

j 
, we immediately see 

j 



that there exist Q 

:tk 
D < K g V k 

k 2 

p < Q < 1 

to 

and K 
1 

K such that 
2 

::.k 
A < K g 

k 1 

v) Let us now examine the second term B • From lemma 3 and from the 
k 

exponential decrease of a , we deduce : 

B 
k 

j 

k 
,- k-j d-2 
L C Q C j 
j=1 0 1 

Two cases have to be distinguished. 

If d) 2 

(u) If d , 2 

B ' C C 
k 0 

B ' C C 
k 0 

, we have 

, we have 

[k/2] 

r= j 
Q 

1 j=o 

B 
k 

d-2 
(k-j) 

[}:\j] (k -
1 

k-1 
,- j d-2 

- C C L Q (k-j) 
o 1 j=o 

k-1 
'\- j d-2 d-2 

C L Q k ' K k ( C 
0 

+ C 
0 

[k/2)) 

d-2 

1 j=o 3 

k-1 
L j d-2 

C p (k-j) 
1 j::[ k/21+ 1 

k-1 
d-2 L + C C Q 

0 1 j=[k/21+1 

o [k/2] 
B ' C C (k - [k/2]) + C C ' K 

k 0 1 1 - Q 1) 1 1 - Q 4 

j 

k 

vi) F ina lly let us st.udy the third term. From mean value theorem, we 

d-1 d-1 d-2 
j k = (j-k) C d-1 ) 0 with 8 E [j,kl 

( *) If d ) 2 we have : 

k 
L d-2 d-2 

C ' . 1'\ ·' 
C k- j) ( d- 1 ) k ' K k 

k J= -J 5 

since the serie with general term j Cl 
j 

is absolutely convergent. 

d-2 

have 



(**) If d, 2 we have : 

k k k-1 

C , L la 1 
k j=1 k-j 

d-2 L ~k-j d-2 L :l:j 
(k-j)(d--1 > j < K Q j < K P. 

6 j=1 6 j=o 
:l: 

where g < g < Then the same approach as in v) (u) gives the 

d-2 
C , K k 

k 6 

IV - NEAK CONVERGENCE OF THE RIEHAN - STIELJES SUH TD THE STOCHASTIC 

INTEGRAL 

d-2 
(k-j) 

resull 

0 

In lhis subsection we are interested in the lasl step discussed when sketching 

the proof, i.e. in the weak convergénce of : 

cTr1 r 

}= (r-~)[s(~) 
k=1 T · T 

B (k~
1
)] to the stochastic integral f (r-s)d-

1
dB(s) 

0 
1 

for d > 
2 

(For the first process ta be defined, we adopt the convention 

d-1 
X = if O ( X ( 1 ). 

It is first interesting ta note that a partial result might be obtained by 

bath integrating by part the sum and the integral. The integral is for instance 

equal to : 

r r f d-1 f (r-s} 
d-2 

(r-s} dBCs> = C d-1 > B(s} ds 

0 () 

Then we could use the fact that the rnapping defined on C Co, 1 l by 

(b(r} r E Co,11) -- ( f
r d-2 

(r-s} b(s} ds , rElo,11) 
0 
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r· 

· 'f 1 t · 'f f (r-s)d-
2 

ds 1s un, orm y con 1nuous, 1 < 00 i.e. d > 1 , and then the 

0 

continuous mapping theorem Csee Billingsley (1968) Theorem 5.11 could be 

applied. Unfortunately such an approach would or1ly give the result for d > 

1 
and not for d > -

2 
Therefore it is necessary ta develop another approach 

and lo explicilly use the fact thal the two prucesses are gaussian ones. 

Property 4 : 

The processes 

weak ly conver'ge to the process 

r· 

(z (r) -· ( r- s) f 
d--1 

0 

infinity and 
1 

d > 
2 

d B(s) rE[o,11) , when T goes l,, 

Proof : i) The proof will be based un Prohorov·~ theorem cBillingsley (19~81, 

p. 35-40). Weak convergence is satisfied if : 

(*) ~ r , ... ,r , cz <r ), ... ,z (r )1 weakly converges ta CZ(r ) , ... ,Z(r )l , 
1 n T 1 Tn 1 n 

(**) the sequence cz (r-)] 
r 

is tight. 

ii) The convergence of lhe fir1ile din,,•nsional distributions h d direct 

consequence of the definitiori of the ;lochastic inlegr·al Z(r) as the limit of 

Z (r) ifl quadralic me,rn. This implit'.:, that cz tr, ), ••• ,z (r· )1 convergPs in 
l T 1 1 n 

quadrat.ic mean lo CZ(r ), ... ,Z(r· )l and then•f,we the conver·'.Jence is .-,lso 
1 n 

valid in distr'iliut.ion. 



iii) For the condition of tightness it is necessary to use a criterion easy 

to apµly. One possible one is the following. [See the restrictive version of 

theorem 15.6 given at the bottom of page 128 in Billingsley and note that Z 

is continuous1. 

Tightness cr1terion 

The~e exist c > o l > 0 CL ) such that : 

\f r < r < r E [ 1 ZT ( r ) - Z ( r ) 1 
1 

1 Z ( r ) 
1 2 T 1 T 2 

iv) Let us first show that another tightness criterion is 

There exisl c > o 13 > ·o such that 

\f r < r < r 
1 2 

E [z C r > - Z C r >] 
2 
E [z C r > - ZT C r >] 

2 
< c C r 

T T 1 T ·2 2 

Since we are only interested in gaussian processes, we have 

~ - r ) 
1 

where K 
l 

is the absolute moment of order 21 of a standard normal. Let us 

2 
now choose a value of 1 such thal 1 > -

13 
• If the previous criterion is sa-

From the Cauchy-Schwarz inequality we deduce lhat 

E [1 Z { r) - Z ( r )1
1 1 Z ( r ) - Z { r) 11

] ~ vc K 
T T 1 T 2 T 1 

131/2 
Cr -- r ) 

2 1 

Since 131/2 > , we see that the Billingsley's tightness criterion is 



satisfied. 

v) Therefore we have ta compute the second order moment of Z Cr) - Z Cr ) 
T T 1 

r > r 
1 

We have 

cTr l 

[

cTrl 
E. L (r 

k=1 

1 . 

- I:: (r -~ ) d-1 
k= 1 1 T H~l 0l;1

J Jr 
Cîr l 

1 

- ~ I:: 
T k=1 [ ]

2 cTrl 
k d-1 k d-1 1 L k 2d-2 1[ 

(r -T l -h- T l + Î kcCT r 
1 
l+ 1 (r - Î l · !Trl>!Tr 

1
1 

= D + D (Say), where 1f denotes the indicator function of A 
1 2 A 

vi) The 

(*) If 

first term is always smaller than a positive power of 

d ) 2 , we have for XE Co,r] 
1 

1 ( r -
d-1 d-1, 

x) (r x) 
1 

d-2 
= (d - 1) Cr - r) t (from mean value theorem) 

1 

, Cd - 1) (r - r) 
1 

(since t ~ r, 1 ) 

2 2 

r - r 
1 

Therefore 0 ~ (d - 1) (r - r ) 
1 1 

d-1 
, we can note that the function x is a concave 

d-1 d-1 
function. Therefore the maximum of (r - x) (r 

1 
x) on Co , r l i s 

1 

obtained for x - r 
1 

2d-2 
Then we have : D ~ (r r) 

1 1 



(***) 

D ( 

1 

D ,., 
1 

D 1, 

1 

D 
1 

D 
1 

·15 

Finally if d ~ 1 , we have 

r 

( r- X) f 1 [ d--1 d-1] 2 
- ( r 

1 
-x) dx 

0 

r 

f 1[<r--r1 
d-1 d-1] 2 

+ r -x) ( r 
1 
-x) dx 

1 
0 

r r -x d-1 r -x d-1 
2d-2 f 1 [(1 + _1_) (-!---) ]2 (r-r) 

1 r-r r-r· 
0 1 1 

r /(r-r) 
2d-1 

(r-r) ( 1 +v) f 1 1 [ d-1 d-1]? 
- V dv 

1 
0 

.. 
2d-1 f (r-r

1
) 

0 

[ 
d-1 d-1]2 

C1+v) - v dv 

dx 

We can note that the integral of the RHS exists, as soon as d < 3/2 

vii) Let us now examine the second term D = o 
2 

(u) 

If rTrl nr ] 
1 

, we have D 
2 

In the case [Îr] , Cîr 1 
1 

we have 

rTrl 
D -- ~ L (r - _Tk ) 2d-2 
2 T k=[Tr 1+1 

1 

CTrJ-1 

0 

_ -~ L (r _ -~ ) 2d-2 + 
T k=Cîr 1+1 l 

1 
T (nr1 - ~ ) 

,( 
r -( 1 /T) 

1 

2d-2 
(r-x) dx + 

1 

2d-3 
T 

2d-2 



= 

1 2d-1 
(r-r +-) 

1 T 

2d-1 
+ ----

2d-3 
T 

We get in particular D < K 
2 

, where K is a well chosen constant 

viii) Finally let us consider simultaneously the majorations obtained in vi) 

and vii) . We have : 

( *) If 

ECZ Cr) 
T 

EcZ Cr) 
T 

r - r 
2 1 

and then either 

Let us consider 

2 
Z Cr )1 
T 1 

2 
Z Cr ) 1 
T 2 

< we 
T 

D = 0 
2 

the case 

CD + D ) CD' + D' > 
1 2 1 2 

C **) If r - r 
2 1 

1 
> 

T 

= D + D 
1 2 

= D' + D' 
1 2 

have either Cîr1 = cîr 1 or Cîr1 
1 

or D' = 0 
2 

D' = 0 we have 
2 

cK Cr-r >
1 

+ K1 cK Cr -r)1
1 

1 1 1 2 

< C Cr -r) 
l < C ( r -r ) 

l 

2 2 1 

there exists some positive constants 

"2 
such that D < K Cr - r ) 

2 2 2 

Then CD + D ) CD' + D' > 
1 2 1 2 

1 

'( 

' CK Cr - r ) 
1 1 

"4 
( K Cr - r ) 

4 2 1 

+ 

'( 
2 

K Cr - r ) 1 K 
2 2 1 3 

- cîr 1 -
2 

K and 1 
2 2 



V - PROOF OF THE THEOREH 

··!7 
.1- i 

i) The proof is based on the existence of a sequence of independent standard 

normal variables (e 
t 

t) 1 ) such that B(t) = e + ••• i e is close 
1 t 

1 
to - S 

a 
. More precisely the following pT'operty has been obtained by 

rKomlos-Major-Tusnady (1976), Theorem 41. 

Property 5 : 

Let us consider a sequence E , ••• , e: , • • • of i • i • d random 
1 t 

variables with zero mean and variance equal to a 

If H is a function such that 

i) H(x) > o , if x > o 

ii) H is an increasing continuous function 

iiiJ 3 o ) o 
H(x) 

3 ... 5 
X 

is increasing for x > x 

iv) 
Log H(x) 

X 
is decreasing for X ) X 

0 

vJ E H<le: l> < + 00 

t 
Then for each T there exisl positive constants 

0 

2 

C , C , a 
1 2 

depending on the distribution of E ) and a finite sequence 

(only 

e , •.. ,e of i.i.d. r.v. with standard normal distributions 
1 T 

such that 

-1 
V X H (T) < X < C vl Log 

1 s 
[ Sup 

k 
B(k) 1 > x J 

T 
p ' C 

a ') H(ax) I~ 

k,T 

where S = e: + .•• + e: and B(k) = e + ••• + e: 
k 1 k k 



This property may for instance be applied with H(x) 

1 

p 
= X , with p > 3 

- + "( 

and x = T p o < l < - - • The inequality becomes 
2 p 

(6) P [ Sup 
k~T 

s - + l l 
~ - BCk) 1 > T P < C 

This property may be extended using theorem 2 of Major (1976) to the case 

with 2 < p < 3 

* ii) We may now decompose the transformed process. X into several components: 
T 

* X Cr) = X 
T d-1/2 Cîr1 

T 

Cîr1 
L (d) 

= 1f CS s ) 
d-1/2 k= 1 Cîr1 -k k k-1 

T 

= (1T Cr) + ~ Cr) + ~3T 
(r) 

2T 

CTr1 d-1 
o AC 1) L (r ... f) BCk) - BCk-1 > 

where (1T Cr) -
r<d> k=1 

vT 

cTr1 r -s 0 1.= (d) 
-~o k-1 

F:2T Cr) -··· ··----~--- 1f - tBCk> -
d-1/2 k=1 CTr1-k 

T 



CîrJ 
0 e (r) 

3T 
2= [ Cd) A(1) d-1] 
k=1 1\rr·J-k - r(d) <Tr-k) · CB(k) - BCk-1)1 . 

The prncess e
1
T 

[~~-=-- B ( k :~-] 

vT 

d-1/2 
T 

has the same distribution as 

has the same distri~ulion as 

o A( 1) 
----- z since rc d) T 

Htl -0(k;,J l 
Therefore we· deduce from property 4 lhat e

11 
weakly converges to 

r 

[ 

o AC 1) f d-1 --- (r-s) 
r<d> 

0 

dB(s) rEfo,11] 

Then theor·em is proved if we verify that e and e converge in 
2T 3T 

proba~ility to zero. 

111) Convergence of e
2
T 

\.Je have : 

0 
F, (r) - ----

2T d-1/2 
T 

ta zero. 

Cîr]-1 [s -s ·----°--- ·L /d> k k-1 
d-1/2 k=1 CîrJ-k o 

T 

- !B(kl-B(k-111] 

(

E 
o CîrJ 

F, (r) -- --
2T 

1
d-1/2 o l 

CîrJ-1 S 
0 ~- ( d-1 ) [ k ] e + - -- L 1T - - B(k) 

[îrJ 
1

d-1/2 k=1 [îrJ-k o 

The process (i-h: ('c:rl -e I Tri] r E I o, 11 ] tends iro probabil 1ty 

to zero, and we only have ta examine the second term 

CîrJ -1 s 
* 0 r: ( d-1 ) k 

R<k>] F.2T 
(r) = 1T [--- -

d-1/2 k=t CîrJ-k 0 
T 

We have 
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Cîrl-1 s 
Sup I E;/ r) 1 

0 L I Cd-1 > 1 
1 ~ - B C k > 1 ' Sup 

k;1 1T Cîrl-k 
Sup 

d-1/2 
rEC o, 11 rH o, 1 l T k,T 

T-1 s 
0 d-2 

Sup 1E;/r> 1 L 1 ~ - B(k)I ~ -··- C (T-k) Sup (from property 2) 
d-1/2 0 k=1 

rEC o, 11 T 

~ C --------·- Sup 
1 Min(d-1/2,1/2) 

T k(T 

d-2 d-2 

k,T 

s 
,~ - B(k)I 

(Since 1 + ••• + (T-1) is convergent for d < 1 , and is of order 

d-1 
T for d > 1 

s 
Comparing to Komlos-Major-Tusnady' and Major's results on Sup 

we see that convergence in probability holds as soon as : 

1 ~ - B(k) 1 , 

1 ( 1 1) . ( 1 ) p < Min d - 2 , 2 <===> p > Max d-l/
2 

, 2 

order strictly greater than 2 

iv) Convergence of ta zero 
--------

, if E has a moment of 
t 

o [l _ AC1) d-1] E Cr)= -·- (Tr - Cîrl) 
3T d-1/2 r(d) 

e 
CTrl 

* 
+ E Cr) 

3T 
T 

It is directly seen that the first term tends in probability lo zero and 

thus we only have to examine the second one. 

(**) We have : 

(J 

( ·--
d-1/2 

1 

Sup 

r·n o, 11 

--- Sup (J { 

d-1/2 
T rHo, 11 

cTr·l-1 
,- 1 (d) A(1) d-1, 
'- 1T - -- (Tr-k) Max le 1 
k=1 cTrJ-k r(d) k 

k~T 

cTrJ-1 
I= l/d> 
k=1 Cîr1-k 

AC1) d-1, 
- -- (CîrJ·k) 

rcd> 



:::'.".i 

C1 rl -1 

+ Sup I:: J_~~-1 )_I_ <Tr·-k f 1 

k=1 r<d) 
- ([Trl-k) Max d-11} 

rEC o, 11 

(***) From property 2, we know lhal 

1

/d) -- ~~-~ (rTrJ--k)d-11 
n,-1-k r<d) 

d-2 
, C <cTrl-k) 

() 

On the uther hand using the mean value theorern, we have 

1 

d--1 
<Tr-k) (Clrl-k) d-11 d-2 

(T r - [Î T'] ) 1 d-1 1 t. 

where rTrJ-k , E. , Tr-k C rTrl -k+1 

k,T 
1 e 1 

k 

1 
d-1 

Therefore ( fr-k) - (rîrl-k) d-11 
[ 

d ? d-2] 
ld-11 Max (rTrl--k) ,(rTr1-k+1) . 

(**~*) We deduce thal there exists sorne constant C such thal 

a d·-1 
, - - C T 

d-1/2 0 
T 

Max le 1 
k 

k,T 

0 C 
Max le 1 

k 
y"T k,T 

Since the random variables e are i.i.d. standard normal variables, we 
k 

have : 

If ~ and tp are respectively the lumulative function and the density 

funct 1 on of the standar-cJ norma 1, we have : 

P [ Sup I i::.;T ( r·) 1 ) b ] , [ 1 

r'EC o, 11 
[ 2+ r-.;J -1 l T l 

Asymptot i ca lly ~(x) ~ x tp{x) and the ;1pper bound is 
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1 - exp { T Log [ 1 
bvT · rfB l } :t -2-

o C 

exp { -

3/2 . rfB} bT 
:t 1 - 2--

o C 

:t 1 - 1 = 0 

Therefore, we have : 

D 

VI - STUDY OF THE PERIODOGRAH FOR LOH FREQUENCIES c See Janacek C 1982) J 

The second order properties of a stationary process can be analysed in 

frequency domain, i.e. using the spectral density function and its empirical 

counferpart the periodogram. In the non stationary case of fractional pro­

cesses, it is possible to introduce by analogy the pseudo-spectral density 

function : 

2 
0 

f {w) = 
X 21T 

2 
1 B{exp iw) 1 

2d 2 
11 - exp iwl l+Cexp iw)I 

In a neighbourhood of w = o , this function is equivalent to 



f (w) 
X 

2 
a 

21T 

This implies that a study at low frequencies may give some information 

concerning the order of differencing. 

In practice the pseudo-spectrum is unknown and in this section we replace 

it by the periodogram 

I Cw) 
T 

= 
T 

L X exp itw 
t= 1 T 

Since we have simultaneously T tends to infinity and w to zero, we are 

going to relate the two rates of convergence. 

Property 7: 

If X is a fractional process satisfying the 

w E to,1T1 ) 

assumption of theorem 1, 

weakly converges to the process 

( 

a 0( 1) 

+<1> r<d> 
d-1 ] exp iw r (r - s) dr dB(s) w E to,lTJ ) 

Proof We have 

T 

1r(i) L ctw) = exp T X 
d+t/2 d+1/2 t=t t 

T T 

T X 
~L (itw) 

t 
= exp T 

T t=t d-1/2 
T 
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T 
~L 

c;w) 
* (f) = exp X 

T t=1 T 

1 T 

f [ I: exp ctw) * (f) t-1/T~s< t/T ] = X ds 
t= 1 T T 

0 

* * Since (X (r) 
T 

r E Co,11 ) weakly converges ta (X (r) , r E Co,11 ), 
CO 

a direct application of the continuous mapping theorem gives the weak 

w E Co,lfJ ) ta convergence of 
( d+~/2 1T(*) 

T 
1 

( f * ) exp iws X ( s) ds w E Co,lf) 
00 

0 

1 

= ( 

0 0(1) 

H1) rCd) 
f exp iwr 

0 

[ fr d-1 ] 
(r-s) dB(s) dr w E Co,lf1 ) • 

0 

The property is finally obtained by interverting the integrals 

D 

Property 7 may be used to derive the asymptotic correlations between two 

values of the shortened periodogram. For instance we have : 

w 

1l~l l [ 1 IT ( ~) Cov 
as Td+1/2 d+1/2 

T 

1 1 1 

f (f 
d-1 

dr 1) ( f 
d-1 

dr 
2
) ds = exp (iw r) (r - s) exp(-iw r) (r - s) 

1 1 1 2 2 2 
0 s s 

1 1 1 

f f f 
d-1 d-1 

1s<Min(r ,r) = exp iCw r· - w r )(r -s) (r -s) dr dr ds 
1 1 2 2 1 2 1 2 

0 0 0 
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