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SUMMARY

We consider test of hypotheses of the form :

k
H = { IANER : h(8) = H(B) A } ,
0 o

where 8 is the g-dimensional parameter of interest and h , H are known
0
functions of size (p,1) and (p,k) . The obtained test procedures are

applied to various problems : test of rational expectation, test for common

roots, test for the orders of an ARMA process, test for co-integration.

RESUME

Nous considérons des tests d’hypothéses s’écrivant sous la forme :

k
H = { 3IA€ER : h(8) = H@8) A } ,
o o

oi 8 est un paramétre de dimension g , h et H des fonctions connues
0

de tailles respectives (p,1) et (p,k) . Les procédures obtenues sont
ensuite appliquées 3 divers problémes : test de 1’hypothése d’anticipation
rationnelle, test de racines communes, test sur 1’ ordre d’un processus ARMA,

test de co-intégration.



I - INTRODUCTION.

In the standard theory of hypothesis testing the null hypothesis about
the parameter 8 is formulated in an implicit form, g(8) = o , or in an
explicit form, 8 = ely) , where y 1is a parameter whose dimension is
smaller than that of 8 . However there is a third form, called the mixed
form, which naturally appears in many problems ; in this form the null

hypothesis is formulated as follows : there exists A such that gx(8,A) = o .

It is easily seen that this general form contains, as particular cases, the
implicit form and the explicit form and a test theory based on this general

form is developed in Gourieroux-Monfort [ 81 .

In the present paper, we consider the frequent case where the mixed
form is linear in A . In such a case gx(8,A) = o becomes ho(e) = H(8IA ,
where h (8) 1is a p-vector and H(8) a p x K matrix. It is clear that, in
this case, the null hypothesis is also easily formulated in an implicit form,

() = o , and the
)

-1
for instance g(8) = {I - H(8) [H’(8) H(8)1 H'(B)} h
¢

standard theory can, in principle, be used. However we show in this paper that
it is, in general, awkward to use this implicit form because it destroys the
linear aspect of the mixed form. More precisely, we propose a test, which is
asymptotically equivalent to the Wald test, and whose derivation, from the

" unrestricted estimator of 8 , only necessitates the use of 0.L.5. and G.L.S.
methods. This computational simplicity is appealing since, as ment ioned in the
examples, the computation of the Wald test based on the implicit form may be

very complicated.
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In section 2 we give the theoretical results and the other sections are
devoted to various applications : test of rational expectation in section 3,
test for common roots in section 4, test for the orders of an ARMA process in

section 5, and test for co-integration in section 6.

I1 - THEORETICAL RESULTS.

11.1 - Description of the hypothesis to be tested.

I1.1.a - Preliminary results on Wald type tests.

Let us consider an unknown parameter 8 belonging to 8 , an open subset of

Rq . We assume that § is a sequence of estimators of 8 such that :

n

~ d
(2.1) vn (8 -8) —— N0,Q(8)] ,
n

n-+ o

where Q(8) is a q x q non-singular matrix.

Let us also consider the null hypothesis HO defined by H0 = {a . g{g) = o},

where g is a G-dimensional function which is continuously differentiable on ©
and such that the rank of the (G x gq) Jjacobian matrix %%7(9) is fixed, and

denoted by r , for any 8 € H

0

In this context, a Wald-type test statistic can be defined by :

W ~ g . " .09 o 1T A
(2.2) £ = ng'(8) | —(8) Qs ) —(8) (9 ) ,
n 9 n [ 08’ n Q n oo n J g n

where A~ denotes any generalized inverse of A . Under H the
0

"
asymptotic distribution of & s a chi-square distribution with r degrees
n .

of freedom.
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The following property provides asymptotically equivalent forms of the previous

test statistic.

PROPERTY 2.3 :

Vi fig(®),81
n n

From assumption

Let f(g,8) be a continuously differentiable function such
that :
j) f(o,8) = o V&8

9 g
ii) for any 8 € H , the rank of ——(0,8) —(8) is equal to
0 ag’ 28’

dg
r , the rank of ——(8)
29’

~

W
then, under H , the statistic & defined by :
) n

=W A+~ AOf ~ 3g A A~ 3g’ A Of & -
€ =n fig(e ),8 3 [——(0,8 y 2 (8 ) Qs ) —(8 )—Io,8 )]
n n n 4ag’ n 96’ n n o8 n 9g n
frg(d),9 1
n n
is such that :
W W
E = E +o0 (1)
n n p
W
In particular, the asymptotic distribution of € , under
n

2
H , is X (r)
0

= vn flo,8]
af of ag’ ~

+ VR [———(o,a) + ——(0,8) -~(a)] (T - 8) +o0 (1)
X g’ 38 4 b

i) we immediately have ff(o,8) = o



of
Moreover, i) also implies 5;7(0,0) = o and therefore, we get :
A of ag’ ~
vn frg(®),81 = —~(o,8) —I(8) vng(s -8) +o0 (1)
n n 9g’ o8 n o}
of ~
= —I(0,8) vn g(8 ) + o (1)
g’ n p
This implies :
W ~ . of of og og’ of’ -
£ = g'(gd ) —(o0,8) [——-(0,8) —(8) Q(8) ———(e)———(o,a)]
n - n og og’ 08’ 09 og

of ~
-—(0,8) g(8) + o (1)
og’ n p

The result follows from ii) and from the well-known property (see Rao-Mitra
[121 lemma 2.2.5c) : if rank (AB) = rank B , then A’LAB C B’A’]* A is a

generalized inverse of B C B’

~ of ~
It is clear that if o is replaced by g(8 ) in 5—— or, if ® is
~ n g n

replaced by a consistent estimator of 8 in the derivatives or in Q8) ,
n
we still obtain an equivalent statistic.

Finally the results shown above can be extended to the case of a sequence of

Jocal alternatives. More precisely, let us assume that the parameter value is

o
8 = 8 + — , where 8 €H and & is a fixed vector, and that
n 0
Vv
vn (ﬁn - Bn) converges in distribution to N(o,Q(8)) ; then the asymptotic
W W
distribution of E , or E is a non-central chi-square with r degrees of
n n :

freedom and whose non-centrality parameter is :

g
—=.(8)

ag’ 5 ag’
(2.4) v = § — () [—9~(e) o) (o]
YL YRR BEPYS

08
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11.1.b - Definition of the null hypothesis.

Let us denote by ho(a) , hi(ﬂ),...,hK(e) , K+1 p-dimensional conti-
nuously differentiable functions of 8 . We assume :

(M) for any 8 there exists at most one vector A = (At""'AK) such
that :

(2.5) h(8) = A h(8) +...+# A h (8)
) 1 K K

or in matrix notation :

h (8) = H(BIA
]

The null hypothesis H considered in this paper js the set of the 8°'s for
0
which there exists exactly one A satisfying (2.4).
Moreover, we assume (A2), for any 8 € H , the constraints are assumed not
0

to be “redondant” i.e.

Q
o
-~

ah
(o} 1
—_— - A

: . — is assumed to be of rank p , which implies p ¢ g
a8’ izt 1 a8’

This null hypothesis will be called an unknown linear restriction on the K+l1

p-dimensional functions h ,...,hK
0

Note that, if 8 belongs to H0 , the rank of (p x K) matrix H(8) s
necessarily K , which implies K <p , and finally, K ¢ p <q . It is
useful to note that H0 can be expressed in several ways by constraints in
the implicit form g(8) = o and to show that these various forms of H0
provide asymptotically eguivalent Wald type statistics.

Let us denote by Mre(e),H(8)1 , or simply MB , the orthogonal projector on

the space spanned by the columns of H(g) , the orthogonality being the one
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associated with the symmetric positive matrix Q (8) . The null hypothesis

H can be expressed as :

0
H ={0:(I-N)h(8)=o}
o 8 o

If ox(8) is another symmetric positive matrix and if M; = MIox(e),H(8)1

H can also be expressed by :

a]
H = {B : {1 - Mx) h (8) = o}
o 8 o]

We can use the results of the previous subsection to show that the Wald type

statistics based on (I - Me) h () = o and on (I - M;) h (8) = o are
o 0

asymptotically equivalent. In effect, denoting (1 - Ma) h (8) by gl8) ,
0

we have :

(1 ~ Mx)h (8) (I - M)(I -M + M)h (8)
8 o 8 8 8

0

(1 - Mg)g(ﬂ)

fig(e),8] say

It is clear that f(0,8) = o, V 8
of
Moreover 557(0,8) = I - M; , whose kernel is the space spanned by the

columns of H(8) and it can be shown (see appendix 1) that, for any 6 € H
)
oh K oh

9 . a-m [=2- I A o]  this imelies that th d b

— = - — - & -—1 ; this implies tha e space spanne

20" o lag’ =1 i 28’ P pace sp Y
dg

the columns of Yy has a zero intersection with the kernel of Py in

other words, for any 8 € H ,
)

rank [227(0,6) 237(8)] = rank [237(9)] = p-K



Applying property 2.3, it is clear that the Wald statistics based on the two
forms of H . (I -M)h(8) = o and (I - Mx)h (8) = o , are
0 8 o 8 o
asymptotically equivalent under H and under a sequence of local
o

alternatives.

Another characterization of H is the following.

0
Let us assume that there exiét p - K p-dimensional vectors, denoted by
h (8),...,h (8) , such that the (p x p) matrix

k+1 D
th-(8),...,h (8), h (8),...,h (8)3 = (H(8)H ()1 , is invertible.
1 k k+1 D %
In this case, there is a unique decomposition of h {8) on the columns of
0

H(8) and H*(G) given by :

h (8) = H(8) A + H(8)p
) *

Moreover, 8 belongs to H if, and only if, w = o0
0
Denoting by Me the projector whose range is the space spanned by the columns
of H(8) and whose kernel is the space spanned by the columns of H (8) , we
x

have :

H (8) p (I -M)h (8)
* ] 0

g(8) say ,

and p can be written, for instance :

-
1

-1 -1 -1
(H’(8) @ (8) H (8)] H'(8) @ (8) g(8)
x % X

fig(e), 81 say s

where ©(8) is the matrix appearing in

-1 -1
Ma = H(8) [H(8)’ 9 (8) H(B)I H'(8) @ (8)



It is clear that fro,81 = o, V 8 and that 257(0,8) is equal to

TH’ (8) o' (o) H*(sm'1 H (8) o () whose kernel is the space spanned by the
columns of H(8) ; the intersection of this space with the space spanned by

the columns of %%7 is zero for any 8 € HO , for the same reason as above.

Therefore a Wald-type statistics based on u is asymptotically equivalent to
that based on g(8) = (I - MB) ho(e) where, from the previous equivalence,

Ma may be any projector on the space spanned by the columns of H(8)

11.2 - Computation of the test-statistics.

In the previous section we have seen that asymptotically equivalent Wald-type

tests can be based on :

(I -M)h(8) = o ,
] o

-1 -1
where MB = H(8) [H(8)’ @ (8) H(8)I H'(8) @ (8)

and Q(8) s any symmetric positive matrix.
Since the choice of Q(8) is free, we shall choose @(8) in order to make the
computation of the test statistic as simple as possible. Let us first give

useful asymptotic results.

THEOREM 2.6 :
Denoting respectively by M, ﬁo , A the matrices
M, . ho(8) H(8) in which 8 is replaced by ﬁn :
vh (1 -f ﬁo is asymptotically equivalent to :

vn (1 - Mg) (R - A A , where A is defined by
0

h (8) = H(8) A
a




Proof : see appendix 2.

It is clear that, under H , vh (R - A A) has a normal asymptotic
0 0

distribution whose mean is zero and whose covariance matrix is

From assumption (A2) , the rank of [(8) 1is equal to p for any 8 €H
0

Therefore we deduce immediately the following corollary :

Corollary 2.7 :

- - = - .-

Under H , the asymptotic distribution of
0

val - M) R is Nio, (I - Me) r(g) (I - Mé)] , and the
0

rank of (I - MB) £(e) (I - Mé) is p-K

The Wald-type statistic associated with (1 - MB) h (8) = o can be written.
0

W ' o~ -
E(@ = nhl-R) ad-Mm - (r-m~A
n 0 0

where T is obtained from [(8) by replacing B8 by @ and A by
n

x . N is any consistent estimator of A , for instance the O.L.S.
n n

estimator obtained by a regression of h on the columns of H
0

From the previous results we deduce :

Corollary 2.8 :

W
Under H , the asymptotic distribution of E (Q) idis a
0 n

chi-square distribution with p - K degrees of freedom.
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W
E (Q) 1is particularly simple if Q(8) is equal to [I(8) because in this
n

case, it is easily seen that a generalized inverse of

1 W W
(I -M © (I -M) is simply [ and that £ () , denoted by E ,
‘ n n
becomes :

W

£
n

1"

1
nfh(r1-f) £ aa-MmA
0 (o]

R I B LR

0o 0 0 0

W
The computation of ¥ is then straightforward :
n

i) first compute : , by the 0.L.S. method based on R and A , and
0

deduce T
11) compute n times the "sum of squared residuals” of the G.L.S. method
based on f , B and the matrix T

0

11.3 - Properties of the test procedures.

Up to now, the only assumption which has been made about 9 is the
n

asymptotic normality assumption (2.1).

If, in addition, we assume that ﬁn is a maximum likelihood estimator, the
test obtained in the previous subsection is a genuine Wald test. Therefore the
test procedure proposed is asymptotically equivalent, under HO and under a
sequence of local alternatives, to the Lagrange multiplier test or to the
likelihood ratio test. This also implies that the test procedure proposed has

the optimality properties of these three classical tests, in particular it is

asymptotically locally more powerful than any Wald type test based on a
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consistent asymptotically normal (C.A.N.) estimator of 8 . In effect, if
-1
1 (8) and Q(8) are the asymptotic covariance matrices of the maximum

likelihood estimator and of the C.A.N. estimator respectively, the associated

Wald test statistics are asymptotically distributed, under a sequence of local

5
alternatives 8 + — , 8 €H , as a chi-square with p - K degrees of

o
vn

freedom and with non-centrality parameters (see 2.4) :

3’ 0 1 ag’ -2
oz 8 =) | 9 1) 2o ] 9 () 5
28 28’ 28 20’

n

og’ og og’ - 3g
= & (8) (8) (g) —(8) —(8) & respectivel ,
Y 0 L Q05 ] W pectively
where g(8) = o is any implicit form of H0

Since I (8) << Q(8), we have vx 3» v and, therefore, the asymptotic power

of first test is greater than that of the second one.

Another property will be used in the applications considered in the following
sections.

Let us come back within the general framework of the previous subsections, but
let us consider a Wald type statistic only based on ; (< p) equations of

(2.4) ; in other words, we consider a Wald-type test statistic based on the

hypothesis H , included in H , defined by
) o
K
H = {9 / 3 A unique : h (8) = ?— A, E_(B)}
0 0 izt i i
where E‘ , i=o0,...,K , is obtained from h_ by suppressing p - 5
i ‘ i

terms (for instance the last p - B ones). We necessarily have 5 > K , and



=y
L]

ah K ah )
_° X A — is of rank 6 . This null hypothesis H means that
08’ izt i a8’ 0

x
h (8) belongs to the space spanned by the columns of

0
Hee) = th (8),...,h ()1

1 K

PROPERTY 2.9 :

When testing H , the Wald type procedures based on H
0 o

are asymptotically locally less powerful than those based on

H
0

determinants [of size (K+1)x(K+1)1 are equal to zero, that is

(2.10) g(8) = o ,

&

% % g =
where g is p - K dimensional vector, such that 557 is of rank p - K
for @ €EH
0

Similarly, an implicit form of H can be obtained by adding to (2.10) p - S
0

conditions imposing the nullity of (K+1)x(K+1) dimensional determinants ; in

other words H can be written as :
0

(2.11) g(g) = o ,
where g is a p - K dimensional vector, whose 5 - K (first) components ay
% dg

g , and such that 557 js of rank p - K for 8 €H

0

The general results of the previous sections show that the test statistics

W % ) 72 =
3 , based on H are asymptotically distributed, under H ,as x (p - k!
n ) 0
o ‘
and that, under a sequence of local alternatives 8 + — , 8 € H , they

v
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are asymptotically distributed as a chi-square with S - K degrees of freedom

and with non centrality parameter :

x az' X ax, —1 az v
s o5 e [-9—(9) Q () —(0) | %9 (o) 5
38 28 38’

&

Since g 1is a subvector of g , it is easily seen that v is smalier than

=W
the non-centrality parameter associated with E i.e.
n

3’ 3g 3g°  1- 39
5 —_(g) [—9—(0) Q (8) ——(8) ISRk
98 o8’ o8 o8’

<
A

W
Finally, since the asymptotic distribution of E , under a sequence of jocal
n
alternatives, has less degrees of freedom and a smalier non centrality
W

"
parameter than that of E , the test procedure based on & is
n n

W
asymptotically locally less powerful than that based on E
n

[}

111 - TEST OF THE RATIONAL EXPECTATION HYPOTHESIS.

In macromodels the dynamics is often introduced by means of expectations
of some economic variables. Faced with unobserved expectations, economists have
to specify the way expectations are formed. Invthis section we consider a
unidimensional dynamic linear model with current expectation of the endogenous
variable and, following the same approach as in Wallis 1161, Pesaran {11!, we
derive the constraints on the reduced parameters implied by some genera
methods of modelling expectations, essentially perfect foresight method anu
rational method. Since these constraints take the form of some unkoown inoes

restrictions between functions of the reduced paramzters, the test procodure
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developed in section II can be directly applied for determining the kind of

expectation scheme.

111.1 - Derivation of the reduced forms.

I111.1.a - The structural form.

The model with current expectation of the endogenous variable can be written

as

(3.1) y = a + b’ x + u , t=1,...,T , a#o ,

where t 1§t stands for the expectation of yt held at time t-1 ,

x = (X ,...,%x ) for thé values of K exogenous variables and u for
t 1t Kt t

the disturbance with variance o . We assume that the expectation does have
an influence on yt , i.e. a # o0 . Moreover the error process is assumed to

be an (independent) white noise and to be independent from present and past

values of the exogenous.

Since the predictions t 1§t are in general unobservable the structural form

has to be completed by an expectation scheme.

111.1.b - Reduced form associated with rational expectations.

Under the rational expectation hypothesis ¢ 9t is formed as the expectation

of yt conditional on the available information at time t-i

(3.2) Ety /1 )

t-1t t t

<
i

with @ 1 z , . ) Jeen
£-1 {yt—1 “e1 V-2 "2 >
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Replacing in the structural form, we obtain :

- aElysI ) + b x + u
v, ARV T t t

and taking expectations of both sides of this equation conditional on It ,
we derive the expression of yt in terms of the exogenous and of their

predictions :

ab’
.3) - E(x/l ) +b x + u
(3.3) v, T a e T R t

Therefore we have passed the problem of expectation formation of the endogenous
variable on to the expectation formation of the exogenous variables and, to
continue the derivation of the reduced form, we have to precise the expression

of E (xt/l ) . We assume that this prediction is linear in some observable

t-1
variables z , which may contain lagged values of x
(3.4) E (Xt/It 1) = C zt , (where C is a (K,L) matrix)

and that the prediction error :

(3.5) v. = x - E(x/1 ) ,
t t t t-i

is an independent white noise with a covariance matrix denoted by X . Since
v is a function of past values of y and of present and past values of x
it is easily seen that vt and ut are uncorrelated.

Taking into account (3.4) and (3.5), we obtain the reduced form :
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( b’C
y = Z + u + b'v
t 1-a t t t
(3.6) {
x = Cz + Vv
t t t
\
2
u o 0
t
with v =
v
t 0 )N

111.1.c - Reduced form associated with perfect foresight.

In the case of perfect foresight :

u

b t

we directly obtain by replacing in the structural form : yt = ‘ t T—-
-a

Taking into account the evolution of the exogenous process the reduced form

is :
u
( b‘C t b’
y = z o+ + v
t f -a t - a {1 - a t
(3.7) X
X = Cz + vV
t t t
\
2
ut o 0
with Vv =
V o
t 0 X

[11.2 - Constrdlnts on ihe reduced form pdrameters.

The two previous reduced forms are naturally compared with the unconstrained
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reduced form :

Yy = Tz +w

m 2z +oun
t 1t 1t 11 1t

+M z + W
iL Lt 1t
(3.8)
X = Tz +w = Wz +...+tl 2 + W
2t 2t 21 1t 2L Lt 2t
where T and W satisfy no a priori constraints and where the elements of

w Q -Q
it 11 12

1

the covariance matrix V are only submitted to the

w Q Q
2t 21 22
usual conditions of symmetry and non negativity.

When z° = (x' ,...,%x’ sy ,...,¥’ ) this model is simply the usual
t t-1 - F Ye-1 Vg i

unconstrained autoregressive time series model.

111.2.a - Case of rational expectations

The reduced parameters W , T_, @ , Q , Q are related to the
2 I% 22 12
structural parameters a , b, C, 0 , L by:
b’C
w = CcC , T =
2 i 1 - a
(3.9) )
Q@ = o +b’ILb , Q@ = DbPI , Q@ =1I
11 12 22

The parameters a , b , C are first order unidentifiable.

However all the structural parameters are second order identifiable.
K(K+1)

~+ 1 4+ K

The unconstrained reduced form depends on : L + LK +

independent parameters and the R.E. constrained reduced form depends on
K(K+1)

K+ LK+ 1+ + 1| independent parameters.
Therefore the R.E. hypothesis can be expressed by imposing L-1 independent

constraints on the reduced parameters. It may also be written as unknown linear

restrictions. Two formulations are possible :
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-1
.10) = 3 € R -4 Q Q n = ]
(3.103 H_ { v 12t 72 TN 1}
or
(3ANH = {n LA ER L, wE RAD
0 i K

@ = (A .....r) @ d O oou AT - T =
12N K T22 20 K2"1°}

(The condition p € R - ¢1)> 1is equivalent to a # o )

111.2.b - Case of perfect foresight.

The relations between reduced and structural parameters are :

( b’C
mn = , T. = C
i 1 - a 2

(3.12) 1

Q = ? + b’ r b Q = b’ )M , @ = P
i1 2 1 - a f -a 12 {1 -a 22
\ (1-a)

The perfect foresight model is first order observationally equivalent to the
R.E. model and in particular a , b , ¢ are first order unidentifiable.
Then in order to distinguish between the two expectation schemes it is
necessary to carefully examine the second order properties.

In the case of perfect foresight the structural parameters are also second

order unidentifiab%e. The identifiable parameters are simply the functions of
b o

c ., ,
1 - a

and [

2
(1-a)
Therefore it will be necessary for estimation to impose an identification
constraint, for instance to fix the structural parameter a to a given value

a . The appropriate choice of a is discussed in the next subsection.
) 0
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111.2.c - Separation of the two hypothesis

Before considering the problem of test, we have to examine if the two previous
hypotheses have an intersection. For this purpose, we have to look for

solutions of the system :

r

2

2 o b + b

{06 +b’ Lh = 2 + N
(1-3) 1 -a 1 -a
b T2 2%
1 -3
. T
2 2

where a , b, C, r ,o [respa , b, T, r , 0 1 are associated with

R.E. (resp with perfect foresight).

’, 4 k4

This system implies : 1 = and b’ = and therefore a = o ,
- a

_ - a a
which is an impossible value for the structural parameter a

PROPERTY 3.14 :

The R.E. model and the perfect foresight model are disjoint.

Moreover if parameter a were equal to zero, we would have a = a = o0 ,
bBz=b , T= T , T=C , o =0 . This means that the perfect

foresight model is observationaly equivalent to a R.E. model computed with
a=o , which is equivalent to p =1

In summary if the general hypothesis corresponds to the unconstrained reduced
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form :
H : { T,un,e , e, 2 unconstrained } .
| N B 22 12
the union of R.E. and perfect foresight models is obtained by imposing :
K
(3.15) Hx = { IANE R ,p€ R : A'HZ - “' Z0,Q -ANQ_=o0 }
[¢]

and the perfect foresight model corresponds to :

k
(3.16) Hxx = Hx - H = { 3A€E R : A% -1 zZo, Q - A'Q -0 }
o o 0 2 i 12 22
Since Hxx c Hx ¢ H , the two expectation schemes can be tested by a stepwise
0 0
procedure.

111.3 - Test statistics.

It is now possible to develop some test procedures along the line of section

”~ ’”~

I1. We denote ¥ , T, Q , 9 the usual least squares estimates of W_,
1 2 12 22 1
"2 . 912 , Q computed on the unconstrained model. It is well known that
~ Pal A A
(N , U ) and ( Q , 9 ] are asymptotically uncorrelated.
1 2 12 22

111.3.a - Test of Hx against the general hypothesis.
o

We first have to derive the expression of the asymptotic covariance matrix of :

A A
Né A - H; y
A . This is a bloc diagonal matrix, which will be denoted by
TR
S o
Lo 01 ¢ . Then this matrix has to be consistently estimated
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M
~ S1 o
under Hx r - g is such an estimate and the test
[o] (o]
2

statistic is simply n times the S.S.R. associated with the 1inear model :

" A
m - A v
2 2 i
2 " e 0 w| 7Y
21 22 ‘ L 2
~
C‘ 'c' Sl 0
with E | A = o0 and Vv A | = A
v v o S
2 2 2

Introducing the following notations‘:

o @ a A=l A ~ 2 AAr-ia A 2 AA-|A
7> = ws w , Hu_ |l = ns n , |Iw |l = TS 1w
2 1 2 1 1 2 21 2 1 1
A~ A "1 A
M F> = T8 W
1 2 1 1
and similarly :
~ 2 ~ ’1/\
ne__ 11 = 2.5 9
22 22 2 22
~ 2 ~ -1/\
fe_ |1 = Q Q ,
21 12 2 21
”~ ”~ ”~ _11\ ”~ N
@ 8 >= 9 8§ 9 = < ,2 >
22 21 22 2 21 21 22

it can be seen that the test statistic is given by n SSRx with :
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fa A

(3.16) | SSR AR T T { 2 a Ssam
. x = Q -<Q ,2 > b - LM ,M D ) <n 0>
He,, 1 12°%2” M, R '

» 2 ~ A
Q Q ,9 >
¥ ”22”} 22" 21

111.3.b - Test of Hxx against the general hypothesis.
0 _

We now have to consider the asymptotic covariance matrix of
-~

[
Hé A - u;
, which is directly deduced from L by imposing p = 1 ; in
N
Q - 3 A
21 22

particular T is also a consistent estimate of this matrix under Hxx
0

The $.S.R. is associated with the linear model :

b’ » ol
n n v
i 2 {
A~ = ~ A+ A
Q Q (¢] v
21 22 2
~ A A
v v S o
. i i 1
with E | & = o0 and \' A = A
v Y o S
2 2 2

The test statistic is given by : n SSRxx with :

a2 ~ 2 A A Py
SSRxx = |IW 11+ 1o 1l - I<m W > +<e .0 >]
1 21 1 2 12 22

(3.17)

~ 2 A 2\ -1 A A A A
{Ilﬂ It o+ el } (<KF 0> 4+ <0 ,Q >]
2 22 2 1 22 21
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111.3.c - Jest of perfect foresight against ratjonal expectation.
This is the test of Hxx against Hx - Hxx . A simple procedure is directly
0 o o

obtained by considering the difference between the two previous statistics :

n [SSRxx - SSRx]

IV - TESTING FOR COMMON ROOTS TO A SET OF POLYNOMIALS.

1IV.1 - The “dynamic specification problem”.

In two papers [131 , [141, Sargan and Sargan-Mehta have examined the
possibility of factoring out an autoregressive error specification from a
general lag structure. This Specification problem can be easily presented in a
single equation context. Let us consider the dynamic tinear equation :

(4.1) a’(L) x, = u t=1,....7 )
t t

where xt isan n x 1 vector of variables in period t and afll) is an

n x | vector of polynomials in the lag operator L . If the error process u
has an autoregressive representation :

(4.2) o(L) ut = et

where (L) 1is a scalar polynomial of degree r and e fis a white noise, we
obtain replacing in (4.1) :

(4.3) v (L) x, = o) «’(l) x, = e
t t t

If we now consider the unconstrained autoregressive representation :

¥y’ (L) xt = et , it is interesting to develop some test procedures to

determine, if it is possible to factorize ¥’(L) into olL)Y a’(L) . This is

equivalent to test the existence of a common factor o(L) of degree r to the

' th
set of polynomials ¥ (L) , j=1,...,n , where Y (L) denotes the
J J



component of ¥(L)

Such a test can be performed along three different lines depending on the

form under which the null hypothesis is expressed. To i1lustrate this point

let us consider the simplest case of two polynomials of degree one and of the

hypothesis H of one common root. These polynomials are :
o

Vl(L) = |

10

L
1

y_(L)
2

20

+Y L
21

i) The null hypothesis can be written under a parametric form. Under H s
0

there exist some parameters

y_(L)
2

(4.4)

H

0

12 (y + L) . Therefore we have :
0

Y

3 H] 1]
{ 10 Yl Y2

Py

If § = (¢ 9
10

of ¥ ,

9 ¢
1°°20" 21

)I

determine consistent estimates

solving the optimization problem :

Min

YouYiY 2

S (v ,vy,1) =
T Yo 11 Y

2

0

Y

1

’

Y
10

Y
20

i

n

such that :

¥
21

Y (L)
1

11 '

Y2}

vy (v + L),
1 0

is a consistent asymptotically normal estimator

Y

20

with an asymptotic covariance matrix estimated by 9 , we can

under H by
o



and then we can base the test on the statistic : T ST(? ,?1,?2)
0

ii) Another possibility is to express the null hypothesis under an implicit

form :

10 20
(4.5 H det R A - Y ¥ £}
0 10 21 20 1
Y Y
11 21
and to use Wald criterium, 1i.e to compare

A A A A 2
y ¥ -Y v

W 10 21 20 11

E T

T N 7S Pad

Ny 9 ¥ 9 1
10 21 20 11

2
to the critical level ¥ 1)
95%
i11) Fipally the hypothesis of common root can also be written as an unknown
lTinear restriction :
s S ¥
{ [20} [10} }
H = I N = A ’
0 Y A d
21 11
and be tested by the procedure introduced in section II.
It is easily seen that these three procedures are asymptotically equivalent
under the null,
In the general context of several polynominals Y of any degrees and of the
, J
hypothesis of a common factor of degree r the approach based on the
parametric form of H leads to the application of complicated nonlinear least
0

squares procedures.

The implicit formulation has been followed by Sargan 1131 . The required
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constraints can be expressed by stating that a certain matrix has a given rank
or equivalently that a set of determinants are all zero. The test procedure
obtained is rather complex and in particular it is necessary to use numerical
approximations of Wald statistic [see Sargan [131 for the description of an
algorithmic approachl.

As seen below the interpretation of the constraints in term of unknown 1linear
restrictions leads to the application of linear least squares method and

therefore has the advantage of simplicity.

degree r
PROPERTY 4.6 : f

J
Y k . :

Let v (L) = Yy L , j=1,...,n be n polynomials

J k=o Jjk
of degree f_ , j=1,...,n (¥ £ ¢ o V j), normalized
J Js
by Y10 =t . Let us assume thatJthese polynomials may have

at most r common roots.

A necessary and sufficient condition for these polynomials to
r

— k
possess as common factor a polynomial pll) = 3— @kl of
=0
degree r : @ ¢# o is the existence of n polynomials
r
f -r
J
v ko
g (LY = g1 j=1,...,n , of degree f - r
J kzo jk J
(B ¢ 0) normalized by B8 = 1 and satisfying :
j.f-r 10
J
Yy (L) B Ly = v L)y g (L) j=1,...,n1
J j+1 J+1 N
Moreover these polynomials g (L) , j=1,...,n are uniquely
J

“defined.
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The proof of this property is given in Appendix 3 . The result is a direct
generalization of Bezout’s identity.
The normalization condition ?10 = { s satisfied in practice since equation
(4.3) gives the value of the explained variable, for instance x1t , in term
of the present values of the other variables and of lagged values of all
variables.

If the hypothesis of a common factor of degree r is satisfied, each

polynomial ¥ (L) can be decomposed in :
J

Yy (L) = o) « (L) ,
J J
f -r
J
¥ k o
where o (L) = « L is of degree f -r . Since ¥ =1 , it is
J k=o Jjk J 10
possible to retain the decomposition such that u10 =1 . Then from the
uniqueness of g (L) , j=1,...,n in property 4.6, it is directly seen
J
that B (L) is necessarily equal to o (L) . In particular the coefficients
J J
8 are real even if the common factor (L) bhas complex roots.

Jk

1V.3 - The test procedure.

We consider the sets of hypotheses :

H
or

I
—
-

{ the polynomials ¥ (L), j

...,n, have exactly r common roots }
J

s
1t

{ the polynomials ¥ (L), J 1,...,n, have at most r common roots }
J

r

for r=zo,...,f = Min f_ . These hypotheses satisfy H = U H= ,
J r or

j=1,...,n

Ju

=0
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The proposed test procedure is a sequential one. We first test H ¢ against

0
Hf - H ¢ : if H ¢ is accepted the common factor e(L) is considered to
0 o
have degree f ; otherwise we can consider that Hf | is satisfied. Then at
the second step it is possible to test H against H - H and so
o,f-1 f-1 o,f-1
on...until one hypothesis H is accepted.
or

It is necessary at each step to change the general hypothesis H . In effect
r

without the constraint imposed by H , the polynomials ¥ (L) , j=1,...,n

r J

might have more than r common roots and in this case the common factor (L)

of degree r would not be uniquely defined which would imply an identification

problem.

At each step, H will be tested against H - H with a first kind error
or r or

equal for instance to 5 % . It is clear that the probability of error

associated with the whole sequential procedure is difficult to derive and this

problem will not be studied in this paper.

When Hr is assumed to be satisfied, the null hypothesis H can be written

or

under the form of unknown linear restrictions. In effect the necessary and

sufficient condition of property 4.6 is equivalent to :

3lpg k=o,....f , j=1,...,n ,with g =1, Vj= 1,...,n-1
Jk J 10
f f 1~r f. , f-r
J J+ J+ J
— k — 1 ~ K ]
Loy o X g L= Loy X g L
k=o jk 1=0 j+1,1 kzo j+1,k 1=0 j,1
<z==> 3! 8 k=o, ., 3=1, ,n , with g =1
J J
vVi=1, ,n-1 , V1=o, I + f -



Min(1,f ) Min(1,f )
_ J _ J
(4.7) )u vy B = r ¥ 8
k=Max(o,1-f +r) jk j+1,1-k k=Max(o,1-f +r) j+t,k Jj,1-k
g+ J+1
These constraints are linear in the auxiliary parameters B'k , with constant
J

terms which are introduced through the normalization condition 810 =1

Therefore the test can be performed by directly applying the general results

of section II.

The test statistic has asymptotically a chi-square distribution ; the degree of
freedom v is equal to the difference between the number of independent

parameters under the general hypothesis and under the null :

n n
{Z(f,m - 1} - {?:(f,-rm +r - 1}
=t =1

L f -r+l for BJ(L) , r for (L) , -1 for the condition 310 =11
J

This gives :

(4.8) v = r (n-1)

Le% us remark that in system (4.7) the number of equations is equal to
n—

?:1[f_ + f y r + 11 and the number of independent parameters
izt i i+
n
Bjk is ?:1(f_—r+1) - 1 . The difference between these two quantities is :
i=t
n-1 n
L(f +f -1+l - L (f -rel) -
i=t i i+t i=1 i
n-1

e
-
11
=]
S

= }% f +r {with the convention
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It is equal to the degree of freedom v iff n=2 or f =1r ,
i

§=2,...,n-1 . In the other cases some equations in (4.7) are functions of
the other ones and two approaches are then possible : an application of the
test procedure with a generalized inverse of [ or the research of a subsystem

with full rank (see Sargan [131).

1IV.4 - An example.

In the following model containing only one explanatory variable x

+ Y +...+Y + ¥ X +.o..+Y X e
e ' Ty Y 1 Ye-f 20 "t 2f St-f ¢

¥ , Y ¢+ o the two lag polynomials ¥ (L) , ¥_(L) have the
1f 2f 1 2

same degree f . The condition for exactly r common roots between YI(L) ,

y (L) is
2

H = { ERRAN j=1,2 , k=zo,...,f-r , 8 =1 :V1i=zo,...,2fr
jk 10

Min(1,f) Min(1,f)
Z y B Z '] B }
k=Max(o,1-f+r) 1k 2,1-k k=Max(o,1-f+r) 2k 1,1-k

These equations can also be written under matrix form. Let us denote :

h g = Y ,¥Y ,...,y 1 , ¥ = Y ,¥Y ,...,vy 1
1 10 11 If 2 200 21 2f
g =B ,..., 1, = I yee ey 1° and O a vector of s
| 0Py per By = BBy fer s
zeros, the null hypothesis H is defined by :
or

ilp, with = |
ﬁl ﬁ2 . BIO
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-0 0 0 ... 0 0 o ..... 0 -
o0 9% 9 f-r o 1 f-2 ]
Bl
-y -y £ S o 4 A 4 Y e Yy = 0
2 2 2 2 i | 1
BZ
..... 0 0 0 sesen 0
- Of—r Of-r—l f-r-2 0 f-r f-r-1 o L

The first matrix has 2f-r+1 rows and 2f-2r+2 columns. It depends on Vl ,
¥y and it is denoted by ¢ (tv ,v )
2 r 1 2

Then the test of H against H - H can be based on arbitrary consistent
or r or

asymptotically normal estimates ?l , ?2 , of V1 , 72 , whose

asymptotic covariance matrix is Q .

B
1
i) We first derive the asymptotic covariance matrix of ¢ (¢1'¢2)
r
2
The analytical expression of this matrix is easily obtained ; in effect the
B
derivative of ¢ (vI'YZ) . with respect to V1k for instance is simply
r
2
" 0 0 uuuuu 0 T
0 1 f-r
e € eeens e B, where e is a f+1 dimensional
(k+1) (k+1) (k+1) 2 (k+1)
0 0 ..... 0
L f-r  f-r-1 0

th
vector, whose (k+1) element is equal to one and the others are equal to
zero. This covariance matrix depends on Q , B1 , ﬂz and is denoted by

Q.8 .81
Q B‘ 92

i§) Then we look for consistent estimates ﬁ,ﬁ‘,ﬁz of Q,B1,B2 and we deduce

an estimator T = 2[6,31,32]



B
1
{ 31:32 can be obtained for instance by OLS applied to o = ¢ [Y1,Y2] 6 +V
r

2

where Ev=o , Vv=1d ; constrained by BIO =11

111) Finally the test statistic is obtained by considering the SSR in the

linear model :

B A
A AN 1 ~ ”~
o=¢ILY Y1 + Vv , where Ev = o,V?=}:and where
r 1 2 1B
2
the first element of ﬂ1 : 910 is constrained by 310 =1 . This test

statistic has asymptotically under the null a x (r) distribution.

V - IDENTIFICATION OF AN AUTOREGRESSIVE MOVING AVERAGE (ARMA) MODEL.

A real process (Xt)tez has an ARMA representation of orders p and q if

there exists a white noise (¢ ) and ( ) real numb N S )
Ct te7 p+q al numbers w1 mz ]
9 ,0 ,...,8 such that :
1 2 a
d a
(5.1) X = & ¢ X + € - X pe
izt i t-i t j=t J t-j
P a
where lag polynomials ¢(L) =1 - ?—1 p L and 8(L) =1 -?—1 8 LY have
i=1 i J=1t

their roots outside the unit circle.
Such an ‘ARMA process has an infinity of ARMA representations, since it is
always possible to multiply both sides of : ¢(L) Xt = o) et by a same

polynomial. Therefore it is necessary to have a definition of the orders, which
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gives the unfqueness of p and q . This definition is based on the notion of
minimal ARMA (p,q) representation. This ARMA representation is minimal if
(5.1) is satisfied and if moreover : Bq o0 |, wp # 0 and ¢(L) and 6(L)
have no common roots.
In this section, we are interested in the determination of the minimal orders
p and q by a sequential test procedure, whose each step corresponds to the
test of unknown linear restrictions.
We introduce the following hypothesis :

H(p,q) : “the process X has an ARMA(p,q) representation”

Hx(p,q) : “the process X has a minimal ARMA(p,q) representation”.
This last hypothesis is related to the previous cnes by :
(5.2) Hx(p,q) = H(p,q) - [H(p-1,q) U H(p,q-1)1

Conversely, we have :

H(p,q) = U Hx(p’,q’)
p’<p
q’<q
Let us now consider a process X with an ARMA representation. The orders of
this representation can be characterized by some conditions on the autocor-

relation function :

Cov(Xt,Xt h)

+

(5.3) po(h) = h=1,2,...
v Xt

We have the following well-known property :



3

PROPERTY 5.4 :
X has an ARMA(p,q) representation, i.e the hypothesis H(p,q)
is satisfied, if and only if there exists p real numbers

¢ ,...,» such that :
1 p

wMo

o(h) = wi olh-1) h = g+!,q+2...

1

400

Let us remark that it results from the convergence of hz;wlg(h)l that the
coefficients m1,...,¢p are such that ¢(L) has its roots outside the unit
circle. Moreover these coefficients give the autoregressive part of an ARMA
representation of X

These coefficients are not necessarily unique and therefore the previous set of

conditions cannot be directly interpreted as unknown linear restrictions.

However we have the following result.

PROPERTY 5.5 :
Let us assume that H(p-1,q) is not satisfied ; then a
necessary and sufficient condition for H(p,q) to be satisfied
is the condition of property 5.4 . Moreover, if there exist,

the real numbers ¢ ,...,p are unique.
p

Proof : This is a direct consequence of the form of the spectral density, which

allows to characterize the second order properties of the process by the ratio
e

¢



35

The sequence of tests is performed along the following lines :
i) We first test for an ARMA(o,0) representation, i.e for H(o,0) . If this

hypothesis is accepted the minimal orders are p=-o0 and g =0

$1) Otherwise we test H(1,0) . If H(1.0) is accepted the minimal orders are

11i) Otherwise we test H(o,1) . If H(o,1) s accepted the minimal orders

are p=o , q=1
iv) Otherwise we test H(0,2) and so on .

The complete design is summarized below, where the numbers between parentheses

are the orders :

H(o,0) H(o,1) — H(o0,2) H(0,3) —

v

H(1,0)

H(2,0) H(2,1)

H(3,0)
The advantages of this recursive approach are the following :
1) it results from property 5.2 that the first time an hypothesis H(px,qx)

is accepted, then the minimal orders are px and qx

’

i) it results from properties 5.4 and 5.5 that the constraints defining
H(p,q) are linear in parameters wi,...,w and that these parameters are
p ‘
uniquely defined (since H(p,q) is only considered if H(p-1,q) has been

rejected) .
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Let us finally remark that from a practical viewpoint, we can only consider a
p

finite set of restrictions : elh) = ?:1 v, elh-i) , h= q+l,q+2,...,q+1,
i=t i

where r is an a priori given number.

V.2 - Determination of the test statistics.

The “unknown linear restrictions” test procedure can be applied at each step

for testing :

H = { H(p,q) - H(p—1,q)}
)

c
in the context of the general hypothesis H = H(p-1,q) . In fact this is
only possible if p » 1 . For testing M A hypothesis an approach based on

the sample autocorrelation can be directly used.

The null hypothesis can be approximated by :

Mo

1

H = { I e ,...,0 : elh) = ¢ pelh-i) h = g+!,...,q+r }
o,r ! p , i i

The autocorrelations p(h) are estimated by their sample counterpart a(h)
The asymptotic properties of o(h) are for instance given in Anderson [ 11 .
In particular, the asymptotic covariance between /T [o(h) - ¢(h)1 and

VT [E(k) - olk)1 , where T is the number of observations is
(5.6) Cov . { VT [eth) - oty , T tolk) - (k)2 }
a

= X { 0(1) o(1-h+k) + p(1+k) p(1-h) - 20(k) (1) p{1-h)

2
- 2e(h) (1) g(1-k) + 2p(h) olk) @ (1) }
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We can use this formula to derive the asymptotic covariance of

2(h) - ?:1 o @th-i) , h = gq+l,...,q+r under the null hypothesis H
1= 1 0

PROPERTY 5.7

If process (Xt)tez has an ARMA (p,q) representation :
(L) X = e8L)e ,
t t

then the asymptotic covariance matrix of :

p
JT IS - X ¢ B8th-iN
i=t i q+1¢hg<q+r

is equal to the covariance matrix of (Y ) , where
t g+igtgger

2
Y has the following ARMA(p,q ) representation :
2
(L) Yt = el nt , with a white noise nt , such that

e Y2 4

Va o= || = 2
“WoTodw | T
t v(o)

(Say)

Proof : See Appendix.

The previous property shows that for h > g+! the process
p
A~ - 2
elh) - ?—1 wi olh-1) can be asymptotically considered as an ARMA(p,q )
1=
process. In particular it appears to be asymptotically stationary. There exist

several ways to estimate the asymptotic covariance matrix X of section II.

~
X

For instance, we can in a first step consider the solutions ¢ , i=1,...,p
i

of the Yule-Walker equations and then replace the (k,1) element of b {with

k>1 ) by :

~ | q+H p p

Yoo L Y st - Lo 5h-D1 [6thk-1) - = g alhek-1-1)1
k1 H h=qel © =1 Uy © ¢ =1 %5 ©

using the asymptotic stationarity of property 5.7.
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In a recent paper, Glasbey [ 71 proposes an jdentification procedure based on
the notion of generalized partial autocorrelations. As shown in Tuan [151 and
Berlinet [ 33, this approach is related to the corner method of Beguin -
Gourieroux - Monfort [ 21 and to the S. Array method of Gray - Kelley -

MacIntire [101. The generalized partial autocorrelations are defined in the

following way :

i) We first consider the solution m? ,...,ox of the theoretical Yule-Walker
p

equations :
( elg+l) = w>1* el(q) +o..+ px olq-p+l)
D
p{q+2) = w? el{qg+t) +...+ px olg-p+2)
1 P
\ ola+p)

1
<
—

olg+p-1) +...+ ¢x olq)
p

1i) Then the generalized partial autocorrelation is defined as the
discrepancy :

o{g+p+1) - m? olag+p) ... gx plg+t)
p

Under the null hypothesis of an ARMA (p,q) representation this discrepancy is
equal to zero.
Therefore Glasbey [ 71 proposes to test for the significativity of this

discrepancy. All the theoretical derivations are replaced by sample ones :

| ...,u are defined as the solutions of :
P

< &

i)
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Pal & ”~ = B A
( olg+l) = °, e(q) +...+ ¢ olg-p+!)
p
® ”~ = ~
1 E(q+2) = w1 olq+t) +...+ 9 olg-p+2)
. P
\ olg+p) = ;1 2(q+p-1) +...+ o olq)
p
1i) The discrepancy is estimated by :
”~ = Pl ® -~
y = olg+p+1) - o olag+p) ... - o plqg+!)
Pq 1 p
iii) Finally if o denotes the estimated asymptotic standard error of
Yy Y
y the test ggnsists in comparing the student ratio Pa to
pPqg ~
[+
the usual critical level 1.96 . ypq

This approach can be easily related to the "unknown linear restrictions” test
procedure of subsection V.2 . In effect, let us introduce the restrictions

H associated with r = p+1 . The conditions
o,r

H :{3 P o ,evo,p : oh) =9 oth-1) +...+ ¢ e(h-p),h = g+1,...,q+p+! }
o,p+! 1 p ! p

are equivalent to :

H = { In the unique decomposition
o,p+1 ,

( elg+l) = °, e(q) +...+ 9 ela-p+l) + o

. p
o{qg+p) = zp1 o{a+p-1) +...+ o. plQq) + 0

p
\ polq+p+1) = w‘ olag+p) +...+ o9 polg+l) +

p

the parameter p = 0>
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We have seen in 11.1.b that the asymptotic test of H | under the first
o,pt+

form is equivalent to the test of u = o . Moreover it is easily seen that
the G.L.S. estimator of wl,...,wp , u coincides with the OLS one and that
in particular the OLS estimator of u is equal to the estimated discrepancy
y . Therefore we have the following property.

paq

PROPERTY 5.8 :

The test procedure proposed in Glasbey is asymptotically
equivalent under the null to the unknown linear restrictions

test procedure based on r = p+! restrictions.

Moreover, from property 2.9 we immediately deduce the following corollary :

Corollary 5.9 :

An unknown linear restrictions test procedure based on more

than p+! restrictions : r > p+1 is asymptotically locally

most powerful than Glasbey’s test procedure.

V.4 - Comparaison with Box-Pierce test.

An important particular case concerns the pure autoregressive representations
AR(p) .

In this case the estimators Gl,...,G of @ reeen® deduced from the Yule-
p p

Walker equations are under the null asymptotically equivalent to the maximum

likelihood estimators of w!""'w (under the assumption of gaussian white
p

noise).
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Moreover, the process : /T [g(h) - °, oth-1) ... - ¢ E(h—p)]1<hhas asympto-
p

tically an AR(p) representation :

(L) T [oth) - 3 oth-1) ... -9 oth-p)1 = n h»t |,
p
4
a
with Vn =
h 2
I[y(0)]

Therefore this process has also a forward representation :

¢(F) T ro(h) - °, oh-1) ... - » olh-p)1 = Eh h > i
p
4
with Vg = ——
h 2
[vy{o)]

where F is the forward operator.

Then for r sufficiently large the unknown linear restriction test statistic

is equivalent to :

S
T X2 ¥
" 4 h=

~
o]

) ”~ ”~ -~ 2
( ¥(F) oth) - o oth=1) ... - e(h-p)1 )
P

m
1]

2
and is under the null asymptotically distributed as a x (r-p)

It is possible to give an equivalent form for E . We have :
r

Sl & v S’ ) S S’
0 — .
E = T ! L Al = T X - ! ,
r .4 h=t ~ 2 h=1 ~ 4

0 (o) o

T
~ 1 -
where «(h) = X

Since :  #(F) $(L) J(h) = Yu(h) , where Et = o) xt
€ X
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is the residual at time t , it is seen that € coincides with the usual
r

Box-Pierce statistic [ 51.

r
= T Z
E he

~ 2
r €

1

V1 - TESTING FOR CO-INTEGRATION.

V1.1 - Co-integrated processes.

Let us consider a unidimensional process y and a k-dimensional one x ,

with a joint ARIMA representation :

e W) ¢ W | [y ] [0 (1) ]
T 12 t 1

(6.1) (1 -1L1) = €

Ly ¢__(L) X OQ(L)

*21
| 22 ||t !

where (et) ijs a k+! dimensional white noise and the lag polynomials

I IREE o (L) |
it 12 1
det , det have their roots outside the
¢ (L) ¢ (L) o (L)
21 22 L 2
yt
unit circle. Each component of has an ARIMA (p,d,q) representation
X
t

with an integration order d =1
Granger [ 91 has introduced the concept of co-integrated time series, which
transposes in mathematical terms the idea of non stationary processes in

stationary relationship.
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Definition 6.2 :

A1,...,Ak such that the process :

t t 11t k kt t

has an ARMA representation.

zZ =y ~(AX ...-AX ) = y =N x

y 1is co-integrated with x , if there exist some constants

Under the co-integration hypothesis, structural model (6.1) takes the form of

an error correction model (E.C.M.) and the relation yt

i

interpreted as a kind of long term equilibrium [Davidson

[ 611.

VI.2 - Expression of the co-integration hypothesis.

Al

can be

Hendry - Srba - Yeo

Multiplying both sides of (6.1) by [1 : - A1 , we obtain :
_ .,-1 _

(L) ¢ (L) C () |

11 12 1

(1 -L) =z = I - A3
t t

¢ (L) ¢ (L) Cc (L)

21 22 i 2

Therefore (Zt) has a stationary ARMA representation iff the lag-polynomial :

- -1 ;
¢ (LY ¢ (L) Cc )
R 12 1

YLy = 1 : - A3

¢ (L) ¢ (L) c_(L)
| 21 22 2

can be divided by 1 - L , or equivalently iff ¥(1) = o

term effects of (et) on (Zt) are all equal to zero.

»

i

. e

iff the long



4Lt

We have :
_ .}-1 - -

¢ (1) ¢ (1) cC (1

11 12 i
y(1) =0 <= 1 : - A1 o0

¢ (1) ¢ (1) cC (1)

21 22 i 2

ij

Introducing the bloc elements ¢ (L) of the inverse of the autoregressive

matrix, we obtain :

- 11 12 . 7-1 - -
¢ (1) ¢ (1) C1(1)
1 : - A1 = 0
21 22
é (1) $ (1) C2(I)

L . o

- 11 12 1
¢ (1) C‘(l) + ¢ (1) Cz(l)

(=== [t : - A1 = 0
21 22
¢ (1) C1(1) + ¢ (1) C2(|)

L

i 12 21 22
<===> (6.3) ¢ (1) Cl(l) + ¢ (1) Cz(l) - Are (1) C1(1) + ¢ (1) C2(1)] = o

These conditions are expressed as “unknown linear restritions”. The auxiliary

parameter A gives the coefficients of the long term equilibrium relationship.

Since A is of size k and there are k+! relations in the system, the

degree of freedom for the test statistic is equal to 1

To apply test procedure of section II, it is necessary to study the unigueness
of A . Let us assume that there exist two different vectors A and u such
that :

z =y - N xt and

N2
1

<
x
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are both stationary. We deduce that :

zt - ;t = (p* - A xt is also stationary, which means that the
processes component of x are co-integrated. Therefore a necessary and
sufficient condition for A to be unique is that the components of x are
not co-integrated.
To satisfied this additional condition we are now led to a sequential

procedure, which is here given for K = 3

i) Firstly test for co-integration of (x ,x) , (x ,x) , (x_,x_)
1" 2 i 3 2 3

ii) If these co-integration hypotheses are rejected, then test for co-

integration of (x ,x_,x)
1" 2 3

ii1) Finally if this second test rejects the hypothesis, test for co-

integration of (y,x ,x ,x.)
g YiXyaXyrXs

In fact this approach simply consists before examining the possible relations
between y and (x1,x2,x3) to eliminate the possible "quasi-collinearities”

between the exogenous variables.



46

APPENDIX 1

dg
COMPUTATION OF 5;7(6) , 8¢ H0

We have :

-1 -1 -1
g(8) = h (8) - H(8)LH (8)Q (B)IH(8)] H'(s)Q (8) h (8)
‘ 0 0

or

This implies

-1 -1 - -1 -1 -1
dg = dh - dHIH'@ Hl  H'Q h - Hdt(H’Q@ H) H'Q@ h1l
0 0 o
-] _1 -
or, denoting tH'Q HI H'Q@ h by A
: 0
-1 -1 -1
dg = dh - dHA - HdI(H'@ H) H'Q h1
0 0
-1 -1 -1 -1 -1 -1
= dh - dHA - Hdi(H’@ H) 1 HQ h - HWHQ H dH'Q h)
0 (0] 0
-1 -1 -1
or, using d(A ) = - A dAA
-1 -1 -1 -1 -1 -1
dg = dh - dHA + H(H'2 H) d(H'Q H) (H'@ HY HQ h
0 0

-1 -1 -1
- H(H'Q HY dH'Q h)
0
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-1 -1 -1 -1 -1
= dh - dHA + H(H'Q H) [dH’Q@ H + H'd(@ )H + H'Q dHI A
o

-1 -1 -1 -1 -1
- H(H’Q@ H) [dH'Q h + H'd(@ )Yh + HQ dh1]
0 0 0

Since, on H , we have h = Hx , this reduces to :
o 0

dg = dh - dHA + M dHA - M dh ,
o 8 8 o

-1 -1 -1
where Me = H(H’Q@ H) H'Q is the orthogonal projector considered in
I1.1.b.
Finally, on H we have :
o

dg = (I - M) (dh - dHN)
8 0
This implies :

dg 0 oH
a8’
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APPENDIX 2

ASYMPTOTIC EXPANSION OF /v g(‘én )

Let us consider :

vAll-Mm AR = vh g(®)
(0] n

Since, under H , g(8) = o the previous appeniiix gives :
0 v
~ dg ~
Vigl®) = — vn (b - g) + o (1)
n 08 n p

dh

= (I -M)

-_— n (8 -8) + o (1)
o | 20’ v

o8’ n p
or

vh g(8)
n

4]

VAT -M)Y (R -An + o (D
8 (o] D
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APPENDIX 3

PROOF OF PROPERTY 4.6

i) Necessary part

Let us first consider n polynomials ¥ (L) , j=1,...,n with r common

J r

. . ¥ k
roots and le =1 ., There exist polynomials (L) = % Qk L with
=0
e =1 , ¢ #0 and « (L) j=1,...,n with degrees f -r and « =1
o r j J 10

such that :

Y (L)Y = (L) a (L) j=1,....,n
J J

We deduce that :

Y (L) « (L) = o) a (L)« (L)Y = ¥ (L) a (L)
J J+1 J j+1 j+1 J

and we have exhibited a set of polynomials g (L) = a« (L) , j=1,...,n
J J

satisfying the conditions of property 4.6

ii) Sufficient part
Let us now consider a set of polynomials ¥ (L) , j=1,...,n such that
J

there exist g (L) j=1,...,n of degrees f - r satisfying :
J J

Yy (L) B (LY = v (w)y p ) j=1,...,n1
J j+1 j+1 J

a) It is always possible to divide all these equations by the greatest common

factor of the B °'s , denbted by cf[B1,...,B 1 . We then obtained a set of
J n

relations of the same kind : ¥ (LY B (L) = ¥ (LYpgwy, j=1,...,n1
j j+1 j+1 J
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g (L)

with B (L) = of degrees f -+ =f -r-dcfig ,....8 1.
J cf[ﬂi,...,ﬂl J J i n
n

b) It is then possible to prove by a recursive approach that 51(L) is a
divider of ?'(L) . To simplify the exposition, we assume without loss of
generality that FI(L) has no multiple roots.

B (L)
1
. If YI(L) = , where Cf[Fi(L)'FZ(L)] is the greatest
Cf[F1(L)'Fz(L)]

common factor of §1 and Fz , we deduce from the first equation
V1(L) FZ(L) = VZ(L) Fl(L) that 11(L) is a divider of Y1(L)

cf[F1(L).F2(L)]
. If we now introduce v (L) = , we can examine the
fLg (L),g_ (L) ,B (L)
c B" 82 F3

first and second equations :

Yy (L) B_(L) y_ (L) B (L)
1 B.2 2 F1

vy (L) B_(L) y (L) B_(L)
2 F3 3 B-2

From the second one, we deduce that 12(L) is a divider of VZ(L) and, using
2
the first one, that YZ(L) is a divider of YZ(L) FI(L) = W1(L) FZ(L)

This implies that 12(L) divides V1(L)
th
At the J step the same approach is followed introducing

cf[F1(L),...,F.(L)]
vy (L) = and cunsidering the first j equations and

cf(f (L),..., B (LN
Jj+1

1
this for j=1,...,n-1 . This proves that V1(l) can be divided by

11(L),12(L),...,y 1(L.) or, using the assumption of no multiples roots, by
n—.-
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yi(L)yz(L),...,y 1(L) = 31(L) . Therefore, there exists a polynomial

o(L) of degree T such that ?1(L) = (L) Fl(L)
c) From the equations we immediately deduce that :

Vj(L) V‘(L)
—_— =z —— = () vV ,
(L) B (L)
J o
and we have exhibited a common factor o(L) of degree v > r

Finally remark that the assumption of property 4.6 that there exists no more

than r common roots implies that r = r and that the B, are such that :
J

d cft8,....,BY = o
i n

iii) Uniqueness condition

If there were two different sets of polynomials 8 (L) and Bx(L) satisfying
J J

conditions of property 4.6, we would have :

yw g, L) = v ()8 Ly , dp ) = f -r
J J+1 J+1 J J J
and y (L) gx (L) = ¥, (L) px(L) , dpx(L) = f -r , Vi
J J+1 J+1 J J J
Therefore we would have :
Bl,f1—r Bl,f1—r
y (L) g, (L) - ———— px (L) = ¥ (L) g (L) - — px(LN]
J J+1 Bx J+1 j+1 J Bx J
1,f -r 1,f -r
1 1
Bl,f

r
Since 31(L) - E—-———— BT(L) js of degree at most f1 -r -1 , the
b 4



B!,f1-r
polynomials vy (L) = g (L) - — px(L) is of degree at most f -r-1
J B . j

and it results from part ii) that the polynomials vy (L) j=1,...,n have
J

as common factor a polynomial of degree at less r + 1 . This is in

contradiction with the assumption of no more than r common roots made in

property 4.6 .
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APPENDIX 4

PROOF OF PROPERTY 5.7

- - ——— e - — - - -

We denote by

p P
Cov. [vI X o Sth-0) , VT L o otk |
as = i j=o
where ¢ = -1 , the (h,k) element of the asymptotic covariance matrix of
)
p
Sthy - X o oth-1)
\/T_ [ e i=0 q’1' e ! ]q+1<h<q+r

From (5.6) , we deduce that :

p p
Cov [\/T L oo oth-1) , T X o 3(h~j)]
as izo i J=o ' J
p P
= L X p ¢ Cov [\/Tla(h-i) - olh-1)1 , VT (ok-1) - g(k-j)]]
i=zo j=o iJ as
4= p D
= L L X 4y g e(Do(1-heitk-3)
lz-e iz0 j=o i j
+oo p p

+ > ?Z ?: ¢i wj e(1+k-3J)o(1-h+1)
P P
- 2 .Z ?: 0. v olk-§le(Ne(1-h+i)
iJ _

v, v elh-i)o(Nel(1-k+j)
tJ
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= 2
E; wi ?. oth-i)alk-jle (1)

P P
L Y o o olk-olMo(i-h+d)
1z-w i=0 j=0 1 3

+o0 p p
- Y o o(Deli-hti) = g etk-) = o ,
1=-« j=0 i jso
since, from property 5.4 :
p
L o olk-§) = o V k> el
J=o J
In a similar way, we have :
+oo p P
T L L p g oth-idethell-ked) = o
1=-w iz0 j=0 i J
and :
400 p
T T X 4 o eth-Deltk-) ¢ (D = 0
1z-» iz0 j=0 i J
Finally
e PP
L L X g o oll+k-3)e(1-h+d)
1z-w iz0 Jj=0o 1 J
+ 00
is a sum }— o with :
P P
« = T oth1-) g elirk-j)
1 izo i j=o J

From property 5.4 , u] is- null as soon as :
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h-1»q+ 1 or 1+k>»qg+1
But, since h and k are both greater than q
h-1<q+1 === 1>0 === 1+k>q+ 1

Hence q] = o for every 1

Thus :
p p
cov. [vT T e 8th-i) , VT L op otk |
as 1=0 1 J=0 J
400

p p
- r X X 0, 0, ool 1-hei+k-3)

—
il
t
8
e
1]
Q
G
1]
o

Moreover, the asymptotic covariance matrix of

p
VT [ oth) - )N v olh-1i) ] is equal to the covariance matrix
i=zo i g+1¢hgq+r

of (Y ) , where (Y ) is a stationary process whose spectral

t q+ist<g+r t tez
density is defined by :

A L
— - -awm

Fl) = — Z L & ¥ 4 ¢ oMellemi-f e
Y 2w m=—e 1z-e jz0 jzo 1

2
with a = -1
If we note that :

fx(w) | 4o .

- L oee U,
'Y(O) 2“]:-—00

we obtain, by using the following factorisation :

-awm -ajw ajw aw(l+i-m-j) -awl
e = e e e e ,

a factorisation of fy(w)
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f (w) T ()
X X

ow aw
f (w) = ¢e ) ¥e ) 2w
Y y(o) (o)
But, it is known that :
2 aw 2
o | 6 ¢ )|
f (w) = .
X 2w

aw 2
| ¢ (e ) |
2
where o is the variance of the white noise innovation process ¢
Hence :

aw 4
o ! | 6 (e )|
f (w) = ,
Y

2 aw 2
fty(o0)] | ¢ (e ) |

2
which proves that (Yt)t€2 has the following ARMA(p,q ) representation :

2
(L)Y = to(L)T n ,
t t

with Vn =
t 2
fv(0)]
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