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TESTING UNKNOHN LINEAR RESTRICTIONS 

ON PARAHETER FUNCTIONS 

C. GOURIEROUX*, A. MONFORT**, E. RENAULT** 

S U M M A R Y 

We consider test of hypotheses of the form 

h CO) 
0 

= HCO) >.} 

where a is the q-dimensional parameter of interest and h 
0 

H are known 

functions of size (p,1) and (p,k) • The obtained test procedures are 

applied to various problems: test of rational expectation, test for common 

roots, test for the orders of an ARMA process, test for co-integration. 

R E S U M E 

Nous considérons des tests d'hypothèses s'écrivant sous la forme 

h ce> 
0 

= HCe) >.} 

où O est un paramètre de dimension q h et H des fonctions connues 
0 

de tailles respectives (p,1) et (p,k) . Les procédures obtenues sont 

ensuite appliquées à divers problèmes : test de l'hypothèse d'anticipation 

rationnelle, test de racines communes, test sur l'ordre d'un processus ARMA, 

test de cc-intégration. 
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I - INTRODUCTION. 

In the standard theory of hypothes1s testing the null hypothesis about 

the parameter 8 is formulated in an implicit form, g{8) = o , or in an 

explicit form, 8 = ~<1> , where 1 is a parameter whose dimension is 

smaller than that of 8 • However there is a third form, called the mixed 

form, which naturally appears in many problems; in this form the null 

hypothesis is formulated as follows there exists À such that 9*{8,À) = o • 

lt is easily seen that this general form contains, as particular cases, the 

implicit form and the explicit form and a test theory based on this general 

form is developed in Gourieroux-Monfort C 81 • 

In the present paper, we consider the frequent case where the mixed 

form is linear in À . In such a case Q*(8,À) = o becomes h (8) = H(8)À 
0 

where h (8) 1s a p-vector and H(8) a px K matrix. It is clear that, in 

this case, the null hypothesis is also easily formulated in an implicit form, 

for instance g(8) = {1 -H(8) CH'(8) HC8)J-I H'(0>} h
0

(8) = o , and the 

standard theory can, in principle, be used. However we show in this paper that 

it is, in general, awkward to use this implicit form because it destroys the 

linear aspect of the mixed form. More precisely, we propose a test, which is 

asymptotically equivalent to the Wald lest, and whose derivation, from the 

unrestricted estimator of 8 , only necessitates the use of O.L.S. and G.L.S. 

methods. This computational simplicity is appealing since, as menlioned in the 

examples, the computation of the Wald test based on lhe implicit form may be 

very complicated. 
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In section 2 we give the theoretical results and the other sections are 

devoted to var1ous applications : test of rational expectation in section 3, 

test for common roots in section 4, test for the orders of an ARMA process in 

section 5, and test for co-integration in section 6. 

II - THEORETICAL RESULTS. 

11.1 - Description of the hypothesis to be tested. 

11.1.a - Preliminary results on Wald type tests. 

Let us consider an unknown parameter 8 belonging to a , an open subset of 

Rq • We assume that â is a sequence of estimators of 8 such that : 
n 

(2.1} Jn (ê - 8) 
d 

NCo,Q(8)1 
n n -+ °" 

where Q(8) is a q x q non-singular matrix. 

Let us also consider the null hypothesis H
0 

defined by H
0 

= {e : g(8} = o}, 

where gis a G-dimensional function which is continuously differentiable on 0 

and such that the rank of the (G X q) 

denoted by r , for any Il EH 
0 

jacobian matrix 
ôg 
-(0) 
Ôll' 

In this context, a Wald-type test statistic can be defined by 

(2.2) 
w 

f: = 
n 

A r ôg A. A. ôg 
I 

A. J - A 

n g' (0 ) ··-(0 ) Q(e ) ---(8 ) g(ll ) 
n ôe' n n ôe n n 

where A- denotes any generalized inverse of A . Under H 
0 

w 

is fixed, and 

, the 

asymptotic distribution of ~ is a chi-square distribution with r degrees 
n 

of freedom. 
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The following property provides asymptotically equivalent forms of the previous 

test statistic. 

PROPERTY 2.3 

Let f(g,8) be a continuously differentiable function such 

that 

i) f(o,8) = 0 V 8 
ôf ôg 

i i) for any 8 E H , the rank of -(o,8) -(8) is equal to 
0 ôg' ô8' 

ôg 
r , the rank of -(8) 

ô8' 
:tW 

then, under H , the statistic ~ defined by: 

:tW 
~ = n 
n 

o n 
A ,._ ' [Ôf ,.. Ôg ,-. "- Ôg' A Ôf 1 

,. ]-

f(g ( 8 ),8 l -Co,8 > -(8) QC8) -(8 )---(o,8) 
n n ôg' n ô 8 ' n n ô 8 n ôg n 

f[g(ê ) ,ê ] 
n n 

is such that 

:tW W 
~ = ~ + 0 (1) 
n n D 

'l:W 

In particular, the asymptotic distribution of ~ , under 
n 

2 
H , is X Cr) 

0 

Proof: Using the Taylor expansion of fCg(Î ),Î J around 8 we have, for 
n n 

any 8 EH 
0 

vn f[g(Ô),8] - vn fCo,91 -
n n 

[ôf ûf é)g' l (Î + v'n -Co,8) + ----(o 8) --(8) - 8) + 0 ( 1 ) 
ôo' og' , 08 · n p 

From assumption i) we immediately have f(o,8) - o 
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ôf 
Moreover, 1) also implies -(o,8) 

ô0' = 0 and therefore, we get 

f[g(Ô ) ,ê l 
ôf ôg' vn g<ê vn = -(o,8) -(8) - 8) + 0 (1) 

n n ôg' ô8 n p 

ôf 
= -(o,8) vn g(Ô) + 0 (1) 

ôg' n p 

This i mp l i es 

:t:W 
~ = 
n 

ôf' [ôf ôg ôg' ôf' ]-
g' (Ô) -(o,8) -(o,8) -(8) Q(8) -(8)-Co,8) 

n ôg ôg' ô8' ô8 ôg 

ôf 
--(o 8) g(Ô) + o (1) 
ôg' ' n p 

The result follows from ii) and from the well-known property (see Rao-Mitra 

r12l lemma 2.2.5c) : if rank (AB) = rank B , then A'CAB C B'A'J A is a 

generalized inverse of B C B' 

It is clear that if o is replaced by g(Ô) 
n 

in 
ôf 

ôg' 
or, if ê is 

n 

0 

replaced by a consistent est1mator of e in the derivatives or in QCê) 
n 

we still obtain an equivalent statistic. 

Finally the results shown above can be extended ta the case of a sequence of 

local alternatives. More precisely, let us assume that the parameter value is 

ô 
e = e + - where 8 ( H and ô is a fixed vector, and that 
n 0 

vn 
vn (Ô · e ) converges in distribution ta N(o,Q<e» 

n n 
then the asymptotic 

w 
distribution of ~ 

n 

:::-.w 
, or ~ is a non-·c:entral chi-square with r degrees of 

n 

freedom and whose non-centrality parameter is : 

(2.4) V = 
ôg' [ôg ôg' ] ·- ôg 

o · -ce> ---·<a) oc e > --<a) ---- ( e > o 
ao ae· ao - oe· 
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11.1.b - Definition of the null hvoothesis. 

Let us denote by h (0) 
0 

h (0), ••• ,h (0) 
1 K 

K+t p-dimensional conti-

nuously differentiable functions of 0 . We assume 

(At> 

that 

for any 0 there exists at most one vector À
1 

(2.5) h (0) = À h (0) + ••• + À h (0) 
o 1 1 K K 

or in matrix notation: 

h (0) = H(0)À 
0 

=(À, ••• ,À) 
1 K 

such 

The null hypothesis H considered in this paper is the set of the 0's for 
0 

which there exists exaçtlv one À satisfying (2.4). 

Moreover, we assume {A2), for any 0 EH 

to be "redondant" i.e. : 

3h K 3h 
i 

, the constraints are assumed not 
0 

0 

30' 
L À 
i=1 i 30' 

is assumed to be of rank p , which implies p < q 

This null hypothesis will be called an unknown linear restriction on the K+1 

p-dimensional functions h ' .•. 'h 
o K 

Note that, if 0 belongs to H the rank of (px K) matrix HC8) is 
0 

necessarily K which implies K, p and finally, K ~ r ~ q . It is 

useful to note that H can be expressed in several ways by constraints in 
0 

the implicit form g(0) = o and to show that these various forms of H 
0 

provide asymptotically equivalent Wald type statislics. 

Let us denote by MCQ(B),H(8)1 or simply M , the orthogonal projector on 
8 

the space spanned by the columns of H(e) the orthogonality being the one 
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-1 
associated with the symmetr1c positive matr1x Q (8) • The null hypothesis 

H can be expressed as 
0 

M > h C8) = o} 
8 o 

If Q*C8) is another symmetric positive matrix and if M* = MCQ*(8),HC8)1 , 
8 

H can also be expressed by: 
0 

H = {8 : Cl - M*> h C8) = o} 
0 8 0 

We canuse the results of the prev1ous subsection to show that the Wald type 

statistics based on CI - M) h C8) = o and on Cl - M*> h (8) = o are 
8 o 8 O 

asymptotically eQuivalent. ln effect, denot1ng 

we have: 

Cl M*)h (8) = CI - M*>CI M + M )h C8) 
8 o 8 8 8 o 

= Cl - M*)g(O) 
8 

= ftg(8),81 say 

It is clear that f(o,O) = o , V 8 

8f 

Cl - M > 
8 

h (8) 
0 

by gCO) 

Moreover -Co,O) = I - M* whose kernel is the space spanned by the 
89' 8 

columns of HCO) and it can be shown Csee appendix 1) that, for any O EH 
0 

é)h K ah 
89 

[ao ~ · 
L i] = CI - M) À -- this implies that the space spanned 

ao· 0 i=1 i é)O' 

the 
8g ar 

columns of - has a zero intersection with the kernel of in 
é) 8 ' ôg' 

other words, for any O EH 
0 

rank [
é)f é)g ] 
--(o,O) -(O) -
ag' ao' 

rank [~-~( 0 >] 
30' -

P - K 

by 
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Applying property 2.3, it is clear that the Wald statistics based on the two 

forms of H 
0 

(1 - M )h (8) = o and Cl - M*)h C8} = o , are 
8 o 8 o 

asymptotically equivalent under H and under a sequence of local 
0 

alternatives. 

Another characterization of H is the following. 
0 

Let us assume that there exist p - K p-dimensional vectors, denoted by 

h C8), .•• ,h C8) , such that the Cp x p) matrix 
k+1 p 

Ch C8), ... ,h (8), h C8), ..• ,h C8)l = CH(8),H (8)1 
1 k k+ 1 p * 

is invertible. 

In this case, there is a unique decomposition of h (8) on the columns of 
0 

HC8) and H (8) given by 
* 

h (8) = HC8) X + H (8) µ 
0 * 

Moreover, 8 belongs to H if, and only if, µ = o 
0 

Denoting by M the projector whose range is the space spanned by the columns 
8 

of H(8) and whose kernel is the space spanned by the columns of H (8) , we 
* 

have : 

H (8) µ = Cl - M) h C8) 
* 8 0 

= g(8) say 

and µ can be wr1tten, for instance 

-1 -1 -1 
µ = CH'C8) Q C 8) H c 8 > J H' < 8 > Q C 8} g(B) 

* * * 

= f[g(8}, 81 say 

where QCB} is the matrix appearing in 

M 
e 

-1 -1 -1 
= H(B) CH(8}' Q (8) H(8)J H'(8) Q (0) 
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af 
It 1s clear that fco,81 = o , V 8 

-1 -1 -1 

and that -Co,8} is equal to 
3g' 

CH'CO) Q CO) H (8)1 H'CO) Q (8) whose kernel is the space spanned by the 

* * * 
columns of H(O) the intersection of this space with the space spanned by 

8g 
the columns of - is zero for any 8 EH , for the same reason as above. 

ae· o 

Therefore a Wald-type statist1cs based on µ is asymptotically eQuivalent to 

that based on g(O) = (1 - M) h (8) where, from the previous equivalence, 
8 o 

M may be any projector on the space spanned by the columns of H(O) 
9 

11.2 - Computation of the test-statist1cs. 

In the previous section we have seen that asymptotically equivalent Wald-type 

tests can be based on : 

CI - M > h Ce) = o 
9 o 

-1 -1 -1 
where M = H C e > CH C e > ' Q C 8 > H C e > 1 H' ( 8 > Q C e > 

9 

and Q(8) is any symmetric positive matrix. 

Since the choice of Q(O) is free, we shall choose Q(9) in order to make the 

computation of the test statistic as simple as possible. Let us first give 

useful asymptotic results. 

THEOREM 2.6 

Denoting respectively by A, h 
0 

A the matrices 

M h (0) HC9) in which 9 is replnced by ê 
9 o n 

vn c1 A> fî is asymptotically equivalent to 
0 

vn CI M > Ch - fi .>d , wher-e >,. is defined by 
8 o 

h Ce> - HCB) >,. 
0 
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Proof see appendix 2. 

It is clear that, under H vn Ch - A À> has a normal asymptotic 
0 0 

distribution whose mean is zero and whose covariance matrix is 

[(8) = [ 

ôh 

a/ - K ôh l 
L -

1 
À oc0> 

1=1 ô8' i 

ôh' 

[ au" -
K ôh' 

L _ _2 À l 
1=1 ô8 1 

From assumption (A2) , the rank of [(8) is equal to p for any 8 EH 

Therefore we deduce immediately the following corollary: 

Caro llary 2. 7 

Under H , the asymptotic distribution of 
0 

0 

vn n - A> h 1s Nt o, CI - M > [(8) Cl - M')J , and the 
0 8 8 

rank of CI - M > [(8) Cl - M') 1s P - K 
8 8 

The Wald-type stat1st1c associated with CI - M) h (8) = o can be written. 
8 o 

w ~ 

t < Q > = n h' c I - A' > t < I - A> r CI - fl' > 1 < I - A> l1 
n o o 

where Î 1s obtained from [(8) by replacing e by Î and À by 
n 

~ ~ is any consistent estimator of À , for instance the O.L.S. 
n n 

estimator obtained by a regression of h on the columns of A 
0 

From the previous results we deduce: 

Coro llary 2 .8 
w 

Linder H , the asymptotic distribution of t (Q) is a 
o n 

chi-square distribution with p - K degrees of freedom. 
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w 
~ (Q) 1s part1cularly simple if Q(8) is equal to r(a) because in this 

n 

case, 1t is eas1ly seen that a generalized inverse of 

-1 w 
(1 - M > r ( I - M ' > i s s i mp l y r and that ~ <r> 

n 

becomes 

w 
n h' ( I - A'> 

-1 
A> fi ~ = f (1 -

n 0 0 

n Ch' 
,._-1 

h fi' A' 
,._-1 

A fi = r r 1 
0 0 0 0 

w 
The computation of ~ is then straightforward: 

n 

w 
, denoted by ~ 

n 

::: 
i) first compute À , by the O.L.S. method based on h and fi 

0 
, and 

deduce f 

ii) compute n times the "sum of squared residuals" of the G.L.S. method 

based on h 
0 

fi and the matrix Î 

II.3 - Properties of the test procedures. 

Up to now, the only assumption which has been made about ê is the 
n 

asymptotic normality assumption (2.1). 

If, in addition, we assume that ê is a maximum likelihood estimator, the 
n 

test obtained in the previous subsection is a genuine Wald test. Therefore the 

test procedure proposed is asymptotically equivalent, under H and under a 
0 

sequence of local alternatives, to the Lagrange multiplier test or to the 

likelihood ratio test. This also implies that the test procedure proposed has 

the optimality properties of these three classical tests, in particular it is 

asymptotically locally more powerful than any Wald type test based on a 
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consistent asymptotically normal (C.A.N.> estimator of 8 . In effect, if 

-1 
I (8) and Q(O) are the asymptotic covariance matrices of the maximum 

likelihood estimator and of the C.A.N. estimator respectively, the associated 

Wald test statistics are asymptotically distributed, under a sequence of local 

6 
alternatives 8 + - o f H 

0 
as a chi-square with p - K degrees of 

vn 
freedom and with non-centrality parameters (see 2.4) 

V* = 6' é)g' (Q) [ é)g (Q) J-1cQ) é)g' (Q) ]- é)g (8) Ô 

ao ae' ao ao' 

V 
a ' a 

= 6' ~( 8 ) [ ~( 8) 
ao ao' 

a ' a 
Q (8) ~(8) ]- ~(8) ô respectively 

ao ao' 

where g(O) = o is any implicit form of H 
0 

-1 
Since I (8) << Q(O), we have v* ~ v and, therefore, the asymptotic power 

of first test is greater than that of the second one. 

Another property will be used in the applications considered in the following 

sections. 

Let us come back within the general framework of the previous subsections, but 

::: 

let us consider a Wald type statistic only based on p (< p) equations of 

(2.4) ; in other words, we consider a Wald-type test statistic based on the 

::: 
hypothesis H , included in H , defined by 

0 0 

K 
::: {a/ 3 >. 

::: I: h /o>} H = unique h { 0) = À 

0 0 i=1 i 

::: ::: 

where h i = o, ... ,K , is obtained from h by suppressing p - p 
i i 

::: ::: 

terms (for instance the last p . p ones >. We necessarily have p ~ K , and 



::: 
ah 

0 
- -
a0' 
::: 
h ( 8) 

0 
::: 
HC 8 > = 

K 
L À 
i=1 

::: 
ah 

i 

i 88' 

·12 

is of rank p This null hypothesis 

belongs to the space spanned by the columns of 

= ~ 
Ch (8), ••• ,h (8)1 

1 K 

::: 

H means that 
0 

PROPERTY 2.9 
li: 

When testing H , the Wald type procedures based on H 
0 0 

are asymptotically locally less powerful than those based on 

H 
0 

Proof: An implicit form of H can be obtained by imposing that p - K 
0 

determinants Cof size CK+1)x(K+1)l are equal to zero, that is 

(2.10) 

where g is 

for 8 EH 
0 

::: 

g( 8) = o 

P - K dimensional vector, such that 

::: ag 
is of rank 

38' 
P - K 

Similarly, an implicit form of H can be obtained by adding to (2.10) p - p 
0 

conditions imposing the nullity of CK+1)x(K+1) dimensional determinants ; in 

other words H can be written as 
0 

< 2. 11 > g(8) = o 

::: 

where g is a p - K dimensional vector, whose p - K Cfirst) components are 

g , and such that 
ôg 

38' 
is of rank P - K for 9 E H 

0 

The general results of the previous sections show that the test statistics 

:::w ::: 2 "" 
( based on H are asymptotically distributed, under H as X (p -, , 
n 0 0 

ô 
and that, under a sequence of local alternat ives 9 + ' 

8 E H . they 
0 

Jn 

!u 
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lt 

are asymptotically distributed as a chi-sQuare with p - K degrees of freedom 

and with non centrality parameter 

~ :: 

V = li ' 
39 

' ( 8 ) [ 
39 

( 8 ) 
aa ae' 

lt 

3g' ]-1 
Q (8) -(8) 

aa 

lt 

3g 
-(8) li 
38' 

Since g is a subvector of g , it is easily seen that v 1s smaller than 

itW 

the non-centrality parameter associated with ( i.e. 
n 

V = li' 
39 , ( 8) [ 

39 ( 8) 

ae a0' 

itW 

Finally, since the asymptotic distribution of ( , under a sequence of local 
n 

alternatives, has less degrees of freedom and a smaller non centrality 

itW w 
parameter than that of ( 

n 
, the test procedure based on ( is 

n 
w 

asymptotically locally less powerful than that based on ( 
n 

III - TEST OF THE RATIONAL EXPECTATION HYPOTHESIS. 

[J 

In macromodels the dynamics is often introduced by means of expertat.ions 

of some economic variables. Faced with unobserved expectations, economists have 

to specify the way expectations are formed. In this section we consider a 

unidimensional dynamic linear model with current expectation of the end111enous 

variable and, following the same approach as in Wallis [161, Pesaran ri 1 l. we 

derive the constraints on the reduced parameters impliell by some gene10i 

methods of modelling expectations, essentially perfect for-esight mf,th:)cl 'L 

rational method. Since these constraints take the form c1f some 

restriction~,; beh-if:en functions of lhe reduced pararnc!lcr·:,, the t pi 
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developed in section Il can be directly applied for determining the kind of 

expectation scheme. 

111.1 - Derivation of the reduced forms. 

111.1.a - The structural form. 

The model with current expectation of the endogenous variable can be written 

as : 

( 3. 1 } + b' X 
t 

+ u t = 1, ••• ,T a t- o 
t 

where 
A. 

t-lyt stands for the expectation of yt held at time t-1 

x = (x , ••• ,x }' for the values of K exogenous variables and u for 
t 1 t Kt t 

2 
the dfsturbance with variance o • We assume that the expectation does have 

an influence on yt , i.e. a t- o . Moreover the error process is assumed to 

be an (independent} white noise and to be independent from present and past 

values of the exogenous. 

Since the predictions 
A. 

t-,Yt are in general unobservable the structural form 

has to be completed by an expectation scheme. 

111.1.b - Reduced form associated with rational expectations. 

Under the rational expectation hypothesis 
A. 

t-1\ 
is formed as the expectation 

of y conditional on the available information at time t-1 : 
t 

(3.2} = E<y /1 > 
t t-1 
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Replacing in the structural form, we obtain 

Yt = a E(y /1 ) + b' x + u 
t t-1 t t 

and taking expectations of bath sides of this equation conditional on 

we derive the expression of y in terms of the exogenous and of their 
t 

predictions 

ab' 
(3.3) y = E (x /1 ) + b' x + u 

t 1 - a t t-1 t t 

I 
t-1 

Therefore we have passed the problem of expectation formation of the endogenous 

variable on to the expectation formation of the exogenous variables and, to 

continue the derivation of the reduced form, we have to precise the expression 

of E (x /1 ) . We assume that this prediction is linear in some observable 
t t-1 

variables z which may contain lagged values of x 

(3.4) E Cx /1 > = C z 
t t-1 t 

and that the prediction error 

(3.5) V : X 
t t 

E <x /1 > 
t t-1 

Cwhere C is a (K,L) matrix) 

is an independent white noise with a covariance matrix denoted by L . Since 

v is a function of past values of y and of present and past values of x 

it is easily seen that v and u are uncorrelated. 
t t 

Taking into account (3.4) and (3.5), we obtain the reduced form 
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b'C 
yt = --z + u + b' V 

1 - a t t t 

(3.6) 
X = C z + V 

t t t 

2 

with V (::] = ( : :J 
III.1.c - Reduced form associated with perfect foresight. 

In the case of perfect foresight 

= 

u 
b' t 

we directly obtain by replacing in the structural form: y ::-x +­
t 1-a t 1-a 

Taking into account the evolution of the exogenous process the reduced form 

i s : 

u 
b'C t b' 

yt = --z + -- + V 

1 - a t 1- a 1 - a t 

(3. 7) 

X = C 2 + V 
t t t 

2 

with V r:i (: ~ l 
III.2 - Constraints on the reduced form pdrameters. 

The two previous reduced forms are naturally compared with the unconstrained 
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reduced form 

yt = 1T z + UJ = 1T z + ••• +lT z + UJ 

1 t 1 t 11 1t 1L Lt 1t 

(3.8) 

X = 1T z + UJ = 1T z + ••• +lT z + UJ 

2 t 2t 21 1t 2L Lt 2t 

where 1T and 1T satisfy no a priori constraints and where the elements of 
1 2 

the covariance matrix 
V (:::) 

= [:, 1 :,2) x are only submitted to the 

21 22 

usual conditions of symmetry and non negativity. 

When z' = Cx' , ••. ,x' ; y' , ••• ,y' ) this model is simply the usual 
t t-1 t-Q t-1 t-Q 

unconstrained autoregressive time series model. 

III.2.a - Case of rational expectations 

The reduced parameters 1T , 1T2 , Q , Q 
' 

Q are related to the 
1 11 22 12 

2 
structural parameters a ' b ' C , a r by 

b'C 
1T = C 1T = 
2 1 1 - a 

(3.9) 
2 

Q = a + b' r b Q = b' r Q = r 
11 12 22 

The parameters a, b , C are first order unidentifiable. 

However all the structural parameters are second order identifiable. 

KCK+1) 
The unconstrained reduced form depends on: L + LK + -- + 1 + K 

2 

independent parameters and the R.E. constrained reduced form depends on 

K C K+ 1 > 
K + LK + 1 + --- + 1 independent parameters. 

2 

Therefore the R.E. hypothesis can be expressed by imposing L-1 independent 

constraints on the reduced parameters. It may also be writtP.n as unknown linear 

restrictions. Two formulations are possible 
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(3.10) H = { 3 µ E R - <1> 
0 

-1 } Q Q n = µ n
1 12 22 2 

or 

(3.11) H = { 3 " ·····" E R 
0 1 K 

1,1 E R-<1> 

Q = ()\ , ... , ") Q and (" , ••• , À ) Il - µ Il = 0 } 
12 1 K 22 1 K 2 1 

<The condition µ E R - <1> is equivalent to a '# o ) 

111.2.b - Case of oerfect foresiaht. 

The relations between reduced and structural parameters are 

b'C 
Il = -- Il = C 

1 1 - a 2 

(3.12) 
2 

a b' L_b_ b' L L 
Q = + -- Q = Q = 

11 2 1 - a 1 - a 12 1 - a 22 
(1-a> 

The perfect foresight model 1s first order observationally equivalent to the 

R.E. model and in particular a, b, c are first order unidentifiable. 

Then in order to distinguish between the two expectation schemes it is 

necessary to carefully examine the second order properties. 

ln the case of perfect foresight the structural parameters are also second 

order unidentifiable. The identifiable parameters are simply the functions of 
2 

b 
C 

' t - a 

0 

2 
( 1-a) 

and r 

Therefore it will be necessary for estimation to impose an identification 

constraint, for instance to fix the structural parameler a to a given value 

a . The appropriate choice of a is discussed in the next subsection. 
0 0 
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111.2.c - Seoaration of the two hvoothesis 

Before considering the problem of test, we have to examine if the two previous 

hypotheses have an intersection. For this purpose, we have to look for 

solutions of the system 

C = C" 

b'C 6'C" 
= 

1 - a 1 - a 

2 
0 + b' Lb = 

b' L = 
6' 

1 - a 

L = t= 

_2 
0 

2 
c 1-a> 

L 

+ 
6' 

1 - a 

- 6 t=_ 

1 - a 

where a, b, C, L 2 L _2 
• 0 [resp a. 6. C". • 0] 

R.E. Cresp with perfect foresight). 

b' 6' 6' 

are associated with 

This system implies : = and b' = -- and therefore a= o 
1 - a 

1 - a 1 - a 
which is an impossible value for the structural parameter a 

PROPERTY 3. 14 

lhe R.E. model and the perfect foresight model are disjoint. 

Moreover if parameter a 

6 = b r = r C = C 

were equal to zero, we would have i ~a= o 
_2 2 
o = o . This means thal the perfect 

foresight model is observationaly equivalent to a R.E. model computed with 

a = o which is equivalent to µ = 1 

In summary if the general hypothesis corresponds to the unconstrained reduced 



form 

H 

20 

Q unconstrained} 
12 

the union of R.E. and perfect foresight models is obta1ned by imposing 

(3.15) H~ = { 3 À€ RK, µ E R À'ff - µ ff : a Q - À'2 : O} 
2 1 ' 12 22 

and the perfect foresight model corresponds to 

(3.16) Hu = H* 
0 0 

Since H** c H* c H , the two expectation schemes can be tested by a stepwise 
0 0 

procedure. 

111.3 - Test stat1stics. 

It is now possible to develop some test procedures along the line of section 

II. We denote î î Q Q 
1 ' 2 ' 12' 22 

the usual least squares estimates of ff 
1 

2 computed on the unconstrained model. lt is well known that 
22 
and ( ~ ~ ) are asymptotically uncorrelated. 

12 ' 22 

111.3.a - Test of H* against the general hvpothesis. 
0 

We first have to derive the expression of the asymptotic covariance matrix of 
,. ~ 

ff' À - ff' 
2 1 µ 

"" 
This is a bloc diagonal matrix, which will be denoted by 

Q 
21 

~-
L- = Then this matrix has to be consistently estimated 



under H* 
0 

21 

is such an estimate J and the test 

statistic 1s simply n t1mes the S.S.R. associated with the linear model 

= 

" - 1J' 
2 

0 

and 
V [~:] = 

Introduc1ng the following notations 

<Î ,î > = 
2 1 

-. .-..-1 " 
1J s lJ' 

2 1 1 

" 0 " .p.-1 " <n ,11 > = n ~ lf' 
1 2 1 1 2 

and similarly: 

A ?-1,,._ 
= Q ::, Q 

22 2 22 

A .p.-1,,._ 
= Q ::, Q 

12 2 21 

,,.._ ,_ A ,P.-1"'-
(Q ,Q > = Q ::, Q 

22 21 22 2 21 
= (Q ,Q > 

21 22 

"A-1"" = 1J s lf' 
2 1 2 

"Â- 1,. 
= 1r s n' 

1 1 1 

it can be seen that the test statistic is given by n SSR* with 
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(3.16) 
,. 2 

= 1122111 
,. A { ,-. 2 ,. A A 2 -1 A A 

(Q , 2 > 11 ll 1 1 - <ll , 1l > < 11 ll 1 1 > <ll , n > 
12 22 2 2 1 1 1 2 

+ l 1~2211
2
} <~ .~ > 

22 21 

111.3.b - Test of H** against the general hvpothesis. 
0 

We now have to consider the asymptotic covariance matrix of 
,.. ,. 
ll' À - ll' 
2 1 

which is directly deduced from [ by imposing µ = in 

~ " 
Q - Q À 

21 22 

particular Î is also a consistent estimate of this matrix under H** 
0 

The S.S.R. is associated with the linear model : 

= À + 
0 

and 

The test statistic is given by 

V [ ~: ] = 

n SSRu with 

---------------·-----· 

SSRu = + 
,. " " /\ c<n ,n > + <Q ,Q >J 

1 2 12 22 

(3.17) " ;,. ,. ,.. 
l<U ,lT > + <Q ,Q >1 

2 1 22 21 
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III.3.c - Test of oerfect foresight against rational expectation. 

This 1s the test of H** against H* - H** A simple procedure is directly 
0 0 0 

obtained by considering the difference between the two previous statistics : 

IV - TESTING FOR COMMON ROOTS TO A SET OF POLYNOMIALS. 

IV.1 - The "dynamic specification problem". 

ln two papers C13J , C141, Sargan and Sargan-Mehta have examined the 

possibility of factoring out an autoregressive error specification from a 

general lag structure. This specification problem can be easily presented in a 

single equation context. Let us consider the dynamic linear equation : 

C 4. 1 > a' (l) X t = ut t = 1, ••• ,T 

where xt 1s an n x 1 vector of variables in period t and aCL) is an 

n x vector of polynomials in the lag operator L • If the error process u 

has an autoregressive representation 

(4.2) o<U u = e 
t t 

where o<U 1s a scalar polynomial of degree r and e is a white noise, 

obtain replacing in (4. 1 ) : 

(4.3) 'I'' (L) X = o<U a' CU X = e 
t t t 

If we now consider the unconstrained autoregressive representation : 

'l''(L) x = e , it is interesting to develop some test procedures to 
t t 

we 

determine, if it is possible to factorize IIJ' (L) into g(L) a' CU . This is 

equivalent to test the existence of a common factor o<L) of degree r ta the 

set of polynomials If (L) 
j 

j = 1, ••• ,n , where If ( L) 
j 

denotes the 
th 

j 
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component of 'l'CL) 

Such a test can be performed along three different lines depending on the 

form under which the null hypothesis is expressed. To illustrate this point 

let us consider the simplest case of two polynomials of degree one and of the 

hypothesis H of one common root. These polynomials are : 
0 

'I' CL) = 'I' + 'I' L 'I' CL> = 'I' + 'I' L 
1 10 11 2 20 21 

il The null hypothesis can be written under a parametric form. Under H 
0 

there exist some parameters 'Y 
0 ' 'Y 1 ' 'Y 2 such that : 'I' (L) = 'Y 1 Cy +U 

1 0 

'I' CU = 'Y2 
(y +L) . Therefore we have 

2 0 

C4.4) H { 3 "'o' 'Y 1 ' 'Y2 
'I' = 'Y 'Y 1 'I' = 'Y 1 

0 10 0 11 

'I' = Y2 Yo 'I' = 'Y 2 } 
20 21 

If Î = (Î î î î ) ' 
10' 11 ' 20' 21 

is a consistent asymptotically normal estimator 

of 'I' , with an asymptotic covariance matrix estimated by Ô , we can 

A A A 

determine consistent estimates y
0 

, Y
1 

, Y
2 

of 'Y , y , y
2 0 1 

under H by 
0 

solving the optimization problem 

Min s c'Y ,'Y ,'Y ) 
T o 1 2 

= c, - 'Y 'Y ' - 'Y 
10 o 1 ' 11 1 

~ 

'I' - 'Y ) 
21 2 

A 

'I' 'Y ·y 
10 0 1 

f - 'Y1 -1 11 
ô 

,A 

'I' - ·c, 'Yo 20 L.. 

A 

'I' - 'Y 
?1 2 
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and then we can base the test on the statistic T S (y ,l ,l ) 
T o 1 2 

11) Another possibility is ta express the null hypothesis under an implicit 

form: 

C4.5) H 
0 

= ,, ,, 
10 21 

and ta use Wald criterium, i.e ta compare 

= T 
(

A A ,I'. ;\ )2 ,, ,, _,,,, 
10 21 20 11 

~cî î - î î 1 
10 21 20 11 

2 
to the critical level x

951 
(1) 

'I' 'I' = a} 
20 11 

iii) Finally the hypothesis of common root can also be written as an unknown 

linear restriction : 

H 
0 

- { 3 À = À 

and be tested by the procedure introduced in section II. 

It is easily seen that these three procedures are asymptotically equivalent 

under the null. 

In the general context of several polynominals ,, 
j 

of any degrees and of the 

hypothesis of a common factor of degree r , the approach based on the 

parametric form of H leads to the application of complicated nonlinear least 
0 

squares procedures. 

The implicit formulation has been followed by Sargan [131 . The required 
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constraints can be expressed by stating that a certain matrix has a given rank 

or equivalently that a set of determinants are all zero. The test procedure 

obtained is rather complex and in particular it is necessary to use numerical 

approximations of Wald statistic Csee Sargan C131 for the description of an 

algorithmic approachl. 

As seen below the interpretation of the constraints in term of unknown linear 

restrictions leads to the application of linear least squares method and 

therefore has the advantage of s1mplicity. 

IV.2 - A necessary and sufficient condition for a common factor of 

degree r 

PROPERTY 4.6 f 
j 

k 
Let If CU 

j 
= I: 

k=o 
'I' 

jk 
L j = 1 , ••• , n be n polynomials 

of degree f , j = 1 , ••• , n ( 'I' f. 0 V j ) , normalized 
j j.f. 

by 'I' = 
10 

Let us assume 
J 

that these polynomials may have 

at most r common roots. 

A necessary and sufficient condition for these polynomials ta 
r 

possess as common factor a polynomial 
~- k 
L [I I of 
k=o k 

degree r Q f. 0 is the existence of n polynomials 

13 (L) 
j 

= 

Cl3j,( -r 
J 

f -r 
j 

I: 
k=o 

f. 0) 

r 

k 
13jk l j = 1, •.• ,n 

normalized by 13
10 

= 

of degree f - r 
j 

and satisfying 

'I' (L) 13 (l) 'I' {l) 13 (l) 

j j+ 1 j+ 1 j 
j - 1 , ••• , n- 1 

Moreover the se polynomial s 13 ( U 
j 

defined. 

j = 1 , .•• ,n are uniquely 
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The proof of this property is given in Appendix 3. The result is a direct 

generalization of Bezout's identity. 

The normalization condition 'Y 
10 

= 1 is satisfied 1n practice since equation 

(4.3) gives the value of the explained variable, for instance x 
1t 

in term 

of the present values of the other variables and of lagged values of all 

variables. 

If the hypothesis of a common factor of degree r is satisfied, each 

polynomial 

'Y (l) 
j 

'Y (L) 
j 

= 

can be decomposed in 

g(l) a (L) 
j 

f -r 
j 

where a (l} = L a Lk is of degree f -r 
j k=o Jk j 

possible to retain the decomposition such that 

Si nce 'Y = 1 , i t i s 
10 

a = 1 • Then from the 
10 

uniqueness of p (l) 
j 

j = 1, ••• ,n in property 4.6, it is directly seen 

that p (L) 
j 

is necessarily equal to a (L) 
j 

• In particular the coefficients 

pjk are real even if the common factor g(l) has complex roots. 

IV.3 - The test procedure. 

We consider the sets of hypotheses 

H = { the polynomials 
or 

'Y (l), j = 1, ... ,n, have exactly r common roots} 
j 

H 
r 

= { the polynomials 'fj(L), j = 1, ••• ,n, have at most r common roots} 

for r = o, ..• ,f 

H = H 

= Min f 
. j 
J=1, ..• ,n 

0 00 

These hypotheses satisfy H -
r 

r 
U H ::: 

::: or 
r=o 
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The proposed test procedure is a sequential one. We first test H against 
of 

H - H if H is accepted the common factor p(L) is considered to 
f of of 

have degree f ; otherwise we can consider that H 
f-1 

is satisfied. Then at 

the second step it is possible to test H 
o,f-1 

on ••• until one hypothesis H 1s accepted. 
or 

against H - H and so 
f-1 o,f-1 

It is necessary at each step to change the general hypothesis H 
r 

In effect 

without the constraint imposed by H , the polynomials , (L) , j = 1 , •.. ,n 
r j 

might have more than r common roots and in this case the common factor p(l) 

of degree r would not be uniquely defined which would imply an identification 

problem. 

At each step, H will be tested against H - H with a first kind error 
or r or 

equal for instance to 5 i . It is clear that the probability of error 

associated with the whole sequential procedure is difficult to derive and this 

problem will not be studied in this paper. 

When H is assumed to be satisfied, the null hypothesis H can be written 
r or 

under the form of unknown linear restrictions. In effect the necessary and 

sufficient condition of property 4.6 is equivalent to 

3 ! fljk k=o, ••• ,f 
j 

j = 1, ••• ,n with f3 = 1 
10 

î/ j -- 1, ... ,n-1 

f f -r f f -r 
j 

k 
j+1 j+1 j 

L L L K i: 1 
'I' L f3 • L - 'I' 1 f3 . 1 L -

k=o jk l=o J+ 1, l k=o j+1 ,k l=o J' 

<===> 3 fljk k = 0, ••• , f. j :: 1 , ••• , n with 13
10 

-
' 

-
J 

"v j = 1 , ••• , n-1 î/ 1 = o, ... ,f + f - r 
j j+1 
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MinCl,f > 
j 

C4.7) L 
' f3 = k=MaxCo,1-f +r) jk j+1,1-k 

j+1 

L 
k=MaxCo, 1-f +r} 'j+1,k 

13
J, 1-k 

j+1 

These constraints are linear in the auxiliary parameters f3 
jk 

, with constant 

terms which are introduced through the normalization condition f3 = 1 
10 

Therefore the test can be performed by directly applying the general results 

of section II. 

The test statistic has asymptotically a chi-square distribution ; the degree of 

freedom v is equal to the difference between the number of independent 

parameters under the general hypothesis and under the null : 

n n 

{ L Cf + 1 ) - 1 } - { ~ Cf . -r+ 1 ) + r - 1} 
j= 1 j J= 1 J 

C f -r+1 for p CL) 
j j 

This gives : 

r for oCU - 1 for the condition p = 1 1 
10 

C4.8) v = r C n-1) 

Let us remark that in system (4.7) the number of equations is equal to 
n-1 

L Cf + f - r + 11 and the number of independent parameters 
i=1 i i+1 

1s 

n 

L cf -r+ 1 > - 1 . The difference between these two quantities is 
i=1 j 

n-1 
L Cf + f 
1=1 i i+1 

n-1 

= L f + r 
i=2 i 

- r + 1) [ 
n 

L cf -r+ 1 > 
i = 1 i 

(with the convention 

1 
L f - 0 -

i=2 i 
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It is equal to the degree of freedom v iff n = 2 or f = r 
i 

i = 2, .•• ,n-1 • In the other cases some equations in (4.7) are functions of 

the other ones and two approaches are then possible an application of the 

test procedure with a generalized inverse of r or the research of a subsystem 

with full rank (see Sargan C131). 

IV.4 - An example. 

In the following model containing only one explanatory variable x 

Yt + 'f y + ••• +'f y + 'f X + .•• +'f' X 
11 t-1 1f t-f 20 t 2f t-f 

= e 
t 

'f # 0 
1f 

'I' # o the two lag polynomials 'I' (l) 
2f 1 

'I' (l) have the 
2 

same degree f • The condition for exactly r common roots between 'f (l) 
1 

'I' (l) is 
2 

Hor = { 3 ! pjk j = 1,2 

Min(l,f) 
L ,, 

k=Max(o, 1-f+r) 1k 

k = o, •.. , f-r p10 = 'ï/ 1 = o, ... ,2f-r 

~2, 1-k = 

Min(l,fl 

k=Max~. 1-f+r) '2k ~1, 1-k} 

These equations can also be written under matrix form. Let us denote 

'f' 
1 

= ('f' ,'f , ••• ,'f ]' 
10 11 1 f 

'I' 
2 

['I' , 'f , ••• ,'!' ]' 
20 21 2f 

~, = [p , ... ,~ ]' 
10 1, f-r 

p2 = [~ , .••• ~ ]' 
20 2,f-r 

and O a vector of s 
s 

zeros, the null hypothesis H is defined by 
or 

3 
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0 0 0 0 0 0 0 
0 1 2 f-r 0 1 f-2 

13 1 
-If' -If' -If' -If' ,, ,, ,, = 

2 2 2 2 1 1 1 
13 2 

0 0 0 0 0 0 ..... 0 
f-r f-r-1 f-r-2 0 f-r f-r-1 0 

The first matrix has 2f-r+1 rows and 2f-2r+2 columns. It depends on If' 
1 

If' and it is denoted by + (If' ,If') 
2 r 1 2 

0 

Then the test of H against H - H can be based on arbitrary consistent 
or r or 

asymptotically normal estimates 

asymptotic covariance matrix is 
' 1 ' 2 

of If' 
1 

,, 
2 

, whose 

Q • 

i) We first derive the asymptotic covariance matrix of+ c, ,, ) 
r 1 2 [131321 l 

The analytical expression of this matrix is easily obtained in effect the 

[131321] derivative of + (If' ,If') with respect to If' for instance is simply 
r 1 2 1 k 

0 
0 

0 

e e 

1 

(k+1) (k+1) 

0 0 
f-r f-r-1 

th 

0 
f-r 

e 
(k+1) 

0 
0 

13 , where e is a f+1 dimensional 
2 (k+1) 

vector, whose Ck+1) element is equal to one and the others are equal to 

zero. This covariance matrix depends on Q, 13
1 

, 13
2 

and is denoted by 

rcQ, 13 1 ' 1321 

ii) Then we look for consistent estimates Ô,Î ,Î of Q,13 ,(3 and we deduce 
1 2 1 2 

an estimator 
A. [ = 1't A. A. 

n\J,13 ,13 1 
1 2 
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c 1:1
1

,1:1
2 

can be obtained for instance by OLS applied to o 

where E v = o , V v = Id constrained by f3 = 1 1 
10 

= + ['I' ,'I' J [f31] + V 
r 1 2 f3 

2 

iii) Finally the test statistic is obtained by considering the SSR in the 

linear model 

n 
,,,,.. 

"' "' 1 "' 
A 

V "i L 
0 = • (If , ,, ] + V where E V = 0 = and where 

r 1 2 f3 
2 

the first element of 131 1310 is constra1ned by 13
10 

= 1 • This test 

2 
statistic has asymptotically under the null a x (r) distribution. 

V - IDENTIFICATION OF AN AUTOREGRESSIVE MOVING AVERAGE (ARMA> MODEL. 

V.1 - The hypothesis and its specification in terms of unknown linear 

restrictions. 

A real process (X) has an ARMA representation of orders p and Q if 
t tEZ 

there exists a white noise (c) 
t tE7 

and (p+q) real numbers cp ,cp , ••• ,cp 
1 2 p 

8 , 8 , ••• , 8 such that : 
1 2 Q 

q 

(5.1> X = 
t 

p 

L 
i=I cpi \-; + E I~ 0 E 

j=1 j t-·j t 

p 

L 
; 

where lag polynomials ,t,(l) - 1 -· 1.p. L 
i=t l 

their roots outside the unit circle. 

q 

_L Lj and 0 (L) - e have 
j::1 j 

Such an·ARMA process has an infinity of ARMA representations, since it is 

always possible to multiply bolh sides of : ,t,(L) X = 0(l} e: hy a same 
t t 

polynomial. Therefore it is necessary to have a definition of the orders, which 
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gives the uniqueness of p and q . This definition is based on the notion of 

minimal ARMA (p,q) representation. This ARMA representation is minimal if 

(5.1) is satisfied and if moreover: 8 # o 
q 

have no common roots. 

~ # o and +CL> and eCL) 
p 

In this section, we are interested in the determination of the minimal orders 

p and q by a sequential test procedure, whose each step corresponds to the 

test of unknown linear restrictions. 

We introduce the following hypothesis 

HCp,q) "the process X has an ARMA(p,q) representation" 

"the process X has a minimal ARMA(p,q) representation". 

This last hypothesis is related ta the previous orn,,s by : 

(5.2) H*Cp,q) = HCp,q) - CH(p-1,q) U HCp,q-1)1 

Conversely, we have 

HCp,q) = U H*Cp' ,q') 
p'<p 

q' <q 

Let us now consider a process X with an ARMA representation. The orders of 

this representation can be characterized by some conditions on the autocar­

relation function : 

(5.3) p(h) = 

Cov(X ,X ) 
t t+h 

V X 
t 

h = 1,2, •.. 

We have the following well-known property 
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X has an ARMA(p,q) representation, i.e the hypothesis H(p,q) 

is satisfied, if and only if there exists p real numbers 

~ , .... ~ such that 
1 p 

p 

g(h) = L 
~i g(h-i) h = q+1,q+2 ••• 

i=1 

+• 

Let us remark that it results from the convergence of L lg<h>I 
h=--

that the 

coefficients ~ , •••• ~ are such that +(L) has its roots outside the unit 
1 p 

circle. Moreover these coefficients give the autoregressive part of an ARMA 

representation of X 

These coefficients are not necessarily unique and therefore the previous set of 

conditions cannot be directly interpreted as unknown linear restrictions. 

However we have the following result. 

PROPERTY 5.5 

Let us assume that H(p-1,q) is not satisfied; then a 

necessary and sufficient condition for HCp,q) to be satisfied 

is the condition of properly 5.4. Moreover, if there exist, 

the real numbers ~ , ...• ~ are unique. 
1 p 

Proof : This is a direct consequence of the form of the spectral density, which 

allows to characterize lhe second order properties of the pr·ocess by the ratio 

e 

• 0 



The sequence of tests is performed along the following lines : 

i) We first test for an ARMA(o,o) representation, i.e for HCo,o) . If this 

hypothes1s 1s accepted the minimal orders are p = o and Q = o 

i 1) Otherwise we test HC1,o) • If H(1.o) is accepted the minimal orders are 

p = q = 0 

110 Otherwise we test H(o, 1) • If H(o,1> is accepted the minimal orders 

are p = 0 q = 1 

1v) Otherwise we test HCo,2) and so on •.. 

The complete design is summarized below, where the numbers between parentheses 

are the orders 

H<o,o) H(o,1)--+ H(o,2) H(o,3)--+ 

l / / / 
HC1,o) H(1,1) H(1,2) 

// HCr/,11 
HC3,o) 

The advantages of this recursive approach are the following : 

1) it results from property 5.2 that the first time an hypothesis H(p*,Q*) 

is accepted, then the minimal orders are P* and Q* 

ii) it results from properties 5.4 and 5.5 that the constraints defining 

HCp,q) are linear in parameters ~ , ..• ,~ and that these parameters are 
1 p 

uniquely defined (since H(p,q) is only considered if H(p-1,q) has been 

rejected) • 
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Let us finally remark that from a practical viewpoint, we can only consider a 
p 

finite set of restrictions g{h) = L ,. g{h-i) h= q+1,q+2, ... ,q+r, 
i = 1 1 

where r 1s an a priori given number. 

V.2 - Determination of the test statistics. 

The "unknown linear restrictions" test procedure can be applied at each step 

for testing 

H 
0 

= { H{p,Q) - HCp-1,q>} 

C 

in the context of the general hypothesis H = H{p-1,q) • ln fact this is 

only possible if p ~ • For testing MA hypothesis an approach based on 

the sample autocorrelation can be directly used. 

The null hypothesis can be approximated by 

H = { 3 ! , , ... ,, 
o,r 1 p 

g(h) = 
p 

L 1n n ( h- 1' } } ,., ., h = q+ 1 , ••• , q+r 
i = 1 i 

The autocorrelations p(h) are estimated by their sample counterpart Z<h) 

The asymptotic properties of i<h> are for instance given in Anderson C 11 • 

In particular, the asymptotic covariance between vf" Cg(h) - g(h)J and 

vl" Cg(k) - g(k)l , where T is the number of observations is 

(5.6) Cavas { vl" Cg(h) - g(h)l , vf" Cg(k) - p(k)J } 

+oo 

= L 
1=-oo 

{ g(l) g(l-h+k) + g(l+k) g(l-h) - 2g(k) p(l) 

- 2g(h) p(l) g(l-k) + 2p(h) g(k) g
2
(1)} 

g(l-h) 
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We canuse this formula to derive the asymptotic covariance of 
p 

-;;-<h> - L ,n -;;-<h-1·> , ~ ~ ~ h = q+1, ••. ,q+r under the null hypothesis H 
i =1 i 0 

PROPERTY 5.7 

If process (X} has an ARMA (p,q} 
t tEZ 

representation 

+CL> X = e<L> e 
t t 

then the asymptotic covariance matrix of 

p 

vr cQ<h> r:: 1P Q<h-1>1 
i=1 i q+1<h<q+r 

is equal to the covariance matrix of (Y} 
t q+1<t<q+r 

2 
Y has the following ARMA(p,q} representation: 

2 

where 

+CU y = c ecu 1 '\ with a white noise \ , such that 
t 

~:r 4 
0 

V 11 = = (Say} 
t 2 

'Y ( 0} 

Proof See Appendix. 

the process The previous property shows that for h) q+1 
p 

2 
can be asymptotically considered as an ARMA(p,q) g(h} L 1P gCh-n 

i = 1 i 

process. In particular it appears to be asymptotically stationary. There exist 

several ways to estimate the asymptotic covariance matrix L of section II. 
::: 

For instance, we canin a first step consider the solutions 1P , i = 1 , •.. ,p 
i 

of the Yule-Walker equations and then replace the (k, 1) element of L (with 

k ) l by : 

A 

1 
q+H p p 

L L c'g<h> L ::: 
[g(h+k-1) L ::: g ( h+ k- 1- i) 1 = - IJI • g(h-i)J - 1P • 

kl H h=q+1 i=1 1 i=1 1 

using the asymptotic stationarity of property 5.7. 
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V.3 - Comparison with an approach proposed by Glasbey. 

In a recent paper, Glasbey C 71 proposes an identification procedure based on 

the notion of generalized partial autocorrelations. As shown in Tuan C151 and 

Berlinet C 31, this approach is related to the corner method of Seguin -

Gourieroux - Monfort C 21 and to the S. Array method of Gray - Kelley -

Maclntire C101. The generalized partial autocorrelations are defined in the 

fa 11 ow i ng way : 

i) We first consider the solution ~* , ...• ~* of the theoretical Yule-Walker 
1 p 

equations : 

Q ( Q+1) 

g(q+2) 

g(q+p) 

= ~* g(q) 
1 

= ~* g(q+1) 
1 

+ ••• + ~* g(q-p+1) 
p 

+ ••• + ~* g(q-p+2) 
p 

= ~* g(q+p-1) + ••• + ~* g(q) 
1 p 

ii) Then the generalized partial autocorrelation is defined as the 

discrepancy: 

g(q+p+t) ~* g(q+p) 
1 

~* p(q+1) 
p 

Under the null hypothesis of an ARMA (p,q) representation this discrepancy is 

equal ta zero. 

Therefore Glasbey C 71 proposes to test for the significalivily of this 

discrepancy. All the theoretical derivations are replaced by sample ones 

i) , , ... ,, are defined as the solutions of 
1 p 



Q(q+1) 
:t 

Q(q) = 1P 1 + ••• + 

Q(Q+2) 
:t 

Q( q+ 1) = 1P 1 + ••• + 

:t 

Q(q+p-1) ê<q+p) = 1P 1 +e- •• + 

1i) The discrepancy is estimated by 

y 
pq 

= Q(q+p+1) 
:t 

- 1P g(q+p) 
1 

39 

:t 

1P p 
:t 

1P p 

:t 

1P p 

Q(q-p+1) 

Q(q-p+2) 

Q(q) 

:t 

- 1P 
p 

ê< q+ 1 > 

iii) Finally if ; 
y 

denotes the estimated asymptotic standard error of 

y 
pq 

the test ~~nsists in comparing the student ratio 

the usual critical level 1.96 

y 
pq 

A 

0 
y 

pq 

ta 

This approach can be easily related ta the ''unknown linear restrictions" test 

procedure of subsection V.2. In effect, let us introduce the restrictions 

H associated with r = p+1 • The conditions 
o,r 

H = { 3 ! 1P , ••• ,IP g(h) = q,
1 

g(h-1) + ••. + IPPQ(h-p) ,h = q+1, ••• ,q+p+1 } 
o,p+1 1 p 

are equivalent ta : 

H = < In the unique decomposition 
o,p+1 

g(q+1) 

g(q+p) 

g(q+p+1) 

= 1P g(q) 
1 

= 1P 1 g(q+p-1) 

= 1P 1 g(q+p) 

the parameter µ = 0 } 

+ ••• + 1P g(q-p+1) + 0 
p 

+ ••• + 1P g(q) + 0 
p 

+ ••• + 1P g(q+1) + µ 
p 
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We have seen 1n 11.1.b that the asymptotic test of H under the first 
o,p+1 

form 1s equ1valent to the test of µ = o • Moreover it is easily seen that 

the G.L.S. estimator of ~ , •••• ~ , µ coïncides with the OLS one and that 
1 p 

in particular the OLS estimator of µ 1s equal to the estimated discrepancy 

y • Therefore we have the following property. 
PQ 

PROPERTY 5.8 

The test procedure proposed in Glasbey 1s asymptotically 

equivalent under the null to the unknown linear restrictions 

test procedure based on r = p+1 restrictions. 

Moreover, from property 2.9 we 1mmediately deduce the following corollary 

Corollary 5.9 

An unknown linear restrictions test procedure based on more 

than p+1 restrictions : r > pi1 is asymptotically locally 

most powerful than Glasbey's test procedure. 

V.4 - Comparaison with Box-Pierce test. 

An important particular case concerns the pure autoregressive r·epresentations 

AR(p) 

In this case the estimators i , ... ,i 
1 p 

of ~ , .... ~ deduced from the Yule-
1 p 

Walker equations are under the null asymptotically equivalent lo the maximum 

likelihood estimators of ~ , ...• ~ Cunder the assumption of yaussian white 
1 p 

noise). 



-4·1 

Moreover, the process : vî CQ(h) - ~, g(h-1) •.• - ~ g(h-p)J has asympto-
P 1 (h 

tically an AR(p) representation 

+CU vî CQ(h) - ~ g'(h-1 > 
1 

4 
a 

with V Il = 
h 2 

C y(o) 1 

~p p(h-p)] = llh 

Therefore this process has also a forward representation 

+<F> vî Cg(h) - ~ p(h-1) 
1 

4 
0 

with V t = 
h 2 

Cy{o)J 

where F is the forward operator. 

h ;> 1 

h ;> 1 

Then for r suffic1ently large the unknown linear restriction test statistic 

is equivalent to 

2 
and is under the null asymptotically distributed as a x {r-p) 

It is possible to give an equivalent form for t . We have : 
r 

1(0) 
2 r A 

z: c+(F) 
f: = T 
r A 4 h=1 

0 

T 

'.y(h) 
1 z: where - --
T t=h+1 

Since A "( A +CF> +,U y(h) 

A Â 

+CU y(h)J 

'.y(o) 
2 

X X 
t t-h 

= '.y,.(h) 
E 

2 r ,.. 
~ 

r- [ + (F) + ( L) 
- T -

h=1 ,.._ 4 
a 

where ; - +(l) X 
t t 

,.. 2 
-y(h)] 



is the residual at time t , it is seen that ~ coïncides with the usual 
r 

Box-Pierce statistic [ 51. 

r 

~ = T 
r 

r A 2 
'- [ '1A(h)] 
h=1 e: 

VI - TESTING FOR CO-INTEGRATION. 

VI.1 - Co-integrated processes. 

Let us consider a unid1mensional process y and a k-dimensional one x 

with a joint ARIMA representation 

C 6. 1 ) (1 - L) 

+ (L) 
11 

+ (L) 
21 

+ (L) 
12 

+ (L) 
22 

X 
t 

= 

0 ( 1.) 
1 

0 (L) 
2 

e: 
t 

where ( e: ) 
t 

is a k+1 dimensional white noise and the lag polynomials 

• 11 

det 

• 21 

(L) 

(L) 

• (L) 
12 

+ (L) 
22 

det 

unit circle. Each component of 

with an integration order d = 1 

0 (l) 
1 

0 (l) 
2 

[ 
Yxtt ] 

have their roots outside the 

has an ARIMA (p,d,q) representation 

Granger C 91 has introduced the concept of co·-integrated time series, which 

transposes in mathematical terms the idea of non stationary processes in 

stationary relationship. 



Def in it ion 6 .2 

y is co-integrated with x , if there exist some constants 

>.. , ••• ,>.. such that the process 
1 k 

Z = y - (>.. X 
t t 1 tt 

À X ) 
k kt 

has an ARMA representation. 

Under the co-integration hypothesis, structural model (6.1) takes the form of 

an error correction model (E.C.M.> and the relation yt = can be 

interpreted as a kind of long term equilibrium CDavidson - Hendry - Srba - Yeo 

C 611. 

VI.2 - Expression of the co-integration hypothesis. 

Multiplying both sides of C 6. 1 > by [ 1 : - À'] we obtain 

-1 
+ (l) + (l) C CU 

1 1 12 1 

( 1 - l) z = [ 1 - À'] € 

t t 
+ (L) + (l) C CU 

21 22 2 

Therefore (z) has a stationary ARMA representation iff the lag-polynomial 
t 

- -· 1 
+ (L) ~ (L) C CU 

11 12 1 

'f (l) = [ 1 - À' J 

+ (L) + (l) C (U 
21 22 2 

can be divided by 1 - L , or equivalently iff 'f(1) = o 

term effects of (E ) on (z) are all equal ta zero. 
t t 

i.e iff the long 



L,.4 

\Je have 
-1 

• ( 1 ) + ( 1 ) C ( 1 ) 
11 12 1 

If( 1) = 0 <==> [ 1 - À'] = 0 

+ ( 1 ) + (1) C C 1 > 
21 22 2 

Introducing the bloc elements + ij(L) of the inverse of the autoregressive 

matrix, we obtain : 

11 12 -1 
+ ( 1 ) • ( 1 ) C C 1 > 

1 

[ 1 - À,] = 0 

21 22 • ( 1 ) + ( 1 ) C ( 1 > 
2 

11 12 
• ( 1 ) C C 1> + + C1> C C1) 

1 2 

<===> [ 1 - À'] = 0 

21 22 

• ( 1 ) C Ct> + + ( 1 ) C ( 1 > 
1 2 

11 12 21 22 
<===> (6.3) + (1) C (1) + + C1) C (1) À

1 C+ (1) C C1> + + C1) C (1)1 - o 
1 2 1 2 

These conditions are expressed as "unknown linear reslritions". The auxiliary 

parameter À gives the coefficients of the long term equilibrium relationship. 

Since À is of size k and there are k+1 relations in the system, the 

degree of freedom for the test statistic is equal to 

To apply test procedure of section II, il is necessary lo study the uniqL1eness 

of À • Let us assume that there exist two differenl vectors A and µ such 

that : 

Z = y - A' X 
t t t 

and Z = Y · p X 
t l t 
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are both stationary. We deduce that : 

Il: 

z - z = {p' 
t t 

À
1

) x is also stationary, which means that the 
t 

processes component of x are co-integrated. Therefore a necessary and 

sufficient condition for À to be unique is that the components of x are 

not co-integrated. 

To satisfied this additional condition we are now led to a sequential 

procedure, which is here given for K = 3 

i) Firstly test for co-integration of {x ,x) , (x ,x) , Cx ,x) 
1 2 1 3 2 3 

ii) If these co-integration hypotheses are rejected, then test for co-

integration of {X ,X ,X ) 
1 2 3 

iii) Finally if this second test rejects the hypothesis, test for co-

integration of (y,X ,X ,X ) 
1 2 3 

In fact this approach simply consists before examining the possible relations 

between y and (x ,X ,X ) 
1 2 3 

to e 1 iminate the possible "quasi-co 11 inearit ies" 

between the exogenous variables. 
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APPENDIX 1 

ag 
COMPUTATION OF --< 8 > a E H ao· o 

We have : 

-1 -1 -1 
g(8) = h (8) - H(8)CH'{8)Q (8)H(8)1 

0 

H' {8}Q (8) h (8) 
0 

or 

-1 -1 -1 
g = h - HCH'Q H1 H'Q h 

0 

This implies 

-1 -1 
dg = dh - dHCH'Q H1 H'Q 

0 

-1 -1 
or, denoting CH'Q H1 H'Q 

0 

-1 
h - HdCCH'Q 

0 

-1 
h by À 

0 

-1 -1 -1 
dg = dh - dHX - HdC{H'Q H> H'Q h 1 

0 0 

-1 - 1 
H) H'Q 

-1 
h ] 
0 

-1 -1 -1 -1 -1 -1 
= dh 

0 

-1 

HdCCH'Q H) 1 H'Q h - HCH'Q H) d{H'Q h 
0 

-1 -1 
or, using d(A ) = A dA A 

-1 -1 -1 -1 -1 -1 
dg = dh dHX + H CH' Q H) d CH' Q H) CH' Q H) H' Q h 

0 
O 

-1 -1 -1 
- HCH'Q H} d(H'Q h 

0 

0 
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-1 -1 -1 -1 -1 
= dh dHÀ + HCH'Q H> CdH'Q H + H'd{Q >H + H'Q dHJ À 

0 

-1 -1 -1 -1 -1 
- HCH'Q H> CdH'Q h + H'd{Q )h + H'Q dh J 

0 0 0 

Since, on H , we have h = HÀ this reduces to 
0 0 

dg = dh dHÀ + M dHÀ - M dh 
o 8 8 o 

-1 -1 -1 
where M = HCH'Q H) H'Q is the orthogonal projector considered in 

8 

II. 1.b. 

Finally, on H we have : 
0 

dg = Cl - M) Cdh - dHÀ) 
8 o 

This impl ies 

3g 
= CI - M > 

ae' e 
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APPENDIX 2 

>SYHPTDTIC EXPANSION OF vn g(~ ) 
n 

Let us consider: 

vn c 1 - A> h = vn g<ê > 
o n 

Since, under H 
0 

g(O) = o the previous appen,J-ix gives 

or 

vn g<ê > = 
n 

ag vn cê - e> + o et> 
ae' n p 

= CI - M) 
8 

vn cê - 8) + 0 ( 1) 

n P 

vn g < ê > = vn < I - M > Ch -- Ax > + o < 1 > 
n 8 o p 
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APPENDIX 3 

PRDOF OF PRDPERTY 4.6 

i) NecessarY part 

Let us first consider n polynomials f Cl) , j = 1, .•• ,n with r common 
j 

roots and ' = 1 • There exist polynomials eCU = 

Q = 
0 

such that 

Q 

10 

r 
# 0 and a CU 

j 

f Cl) = eCL) a CL) 
j j 

We deduce that : 

j = 1 , ••• , n with degrees 

j = 1, ••• ,n 

r 
L 

Qk L 
k=o 

f - r 
j 

f CU a CU = eCU a CU a CU = f CU a CU 
j j+1 j j+1 j+1 j 

and we have exhibited a set of polynomials 

satisfying the conditions of property 4.6 

ii) Sufficient part 

p CU 
j 

= a CU 
j 

k 
with 

and a 
10 

j = 1, ••• ,n 

Let us now consider a set of polynomials f CL) 
j 

there exist p CL) 
j 

j = 1, .•. ,n of degrees f 
j 

- r 

j = 1, ..• ,n such that 

satisfying : 

f CL) P (L) = o/ CL) p Cl) j = 1, •.. ,n-1 
J j+1 j+1 j 

= 

a) It is always possible to divide all these equations by the greatest common 

factor of the p 's , denoted by cfCP , ... ,pl . We then obtained a set of 
j 1 n 

relations of the same kind : o/ CU - (L) 
j pj+1 = , cu ~.eu 

j+1 J 
j = 1 , ••• , n-1 



0 

wf th J CU 
j 

= 

p (l) 
j 

cfc p , ••• , p 1 
of degrees f - r = f - r - d cfcp , ... ,p 1 

j j 1 n 
1 n 

b} It is then possible to prove by a recursive approach that J CL} is a 
1 

divider of 'I' (L} . To simplify the exposition, we assume without loss of 
1 

generality that J
1

CL} has no multiple roots. 

J (L} 
1 

• If l <L> = 
1 

where cfCJ CU ,J (L}J 
1 2 

is the greatest 

cfcJ CU ,J CUJ 
1 2 

common factor of J and J , we deduce from the first equation 
1 2 

'I' CL} J CL} = 'I' CL} J CL> that 
1 2 2 1 

'Y CL} is a d1vider of 'I' CL} 
1 1 

cfcJ CU,J CUJ 
1 2 

• If we now introduce l CL) 
2 

= , we can examine the 

cfCJ CL>,J CL>,J CL}J 
1 2 3 

first and second equations : 

'I' CL) J CL} = , CL} J CL} 
1 2 2 1 

From the second one, we deduce thal 

2 

'Y (L} 
2 

the f1rst one, that 'Y CL} is a divider of 
2 

This implies that 'Y (l} divides 'I' (l} 
2 1 

th 

is a divider of 'I' CL} 
2 

'I' (L} - (L} 
2 p1 

At the j step the same approach is followed introducing 

cflJ CL>, ••• ,J (L}J 

and, using 

'Y CU 
j 

= 
1 j 

and considering the first j equations and 

cfCJ (l}, .•• ,J (l)J 
1 j+1 

this for j = 1, ..• ,n-1 . lhis proves that 'I' (l) can be divided by 
1 

'Y CU,'Y (l),.,.,'Y (U or·, using the assurnplion of no mult·iples roots, by 

1 2 n-1 
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, CL>, CL}, ••• ,, CL} = J CL} . Therefore, there exists a polynomial 
1 2 n-1 1 

pCL} of degree r such that , CL} = pCL} j CL> 
1 1 

c} From the eQuations we immediately deduce that : 

f CU f CU 
j 1 

= = p(L} V j 

JCU JCU 
j 1 

and we have exhibited a common factor p(L} of degree r ) r . 

Finally remark that the assumption of property 4.6 that there exists no more 

than r common roots implies that r = r and that the P. are such that 

0 

d cfCJ , ••. ,J 1 = o 
1 n 

ii1} Unigueness condition 

If there were two different sets of polynomials 

conditions of property 4.6, we would have 

f3 (L} 
j 

0 

' (L} f3 . 1 CU = ' (L} f3 (L} d f3 .<U = 
j J+ j+1 j J 

0 

and '(l} Pj+1 
(l} = ' (l} f3~(L} d f3~(L) = 

j j+1 J J 

Therefore we would have 

f3 
1 f -r 

' 1 
' (l} [ f3 (l} - 13~ 1 (l}] = ' 

(l} c13 .eu 
j j+1 13* J+ j+1 J 

1 f -r 
' 1 

13
1 , f 

1-r 
Since 13 (l} - f3*(l} is of degree at most 

1 13* 1 
1 f -r 

' 1 

J 

satisfying 

f - r 
j 

f - r 'r/ j 
j ' 

13 
1 f -r 

' 1 
13~ CU l 

13* J 
1 f -r 

' 1 

f - r - 1 the 
1 



p 
1 f -r 

J 1 
polynomials l CL) = p CL) - ---

j J P* 
1 f -r 

J 1 
and it results from part ii) that the 

is of degree at most f -r-1 
j 

polynomials , CL) j = 1, ... ,n 
j 

have 

as common factor a polynomial of degree at less r + 1 . This is in 

contradiction with the assumption of no more than r common roots made in 

property 4.6 . 



We denote by 

where q, = -
0 

1P Q(h-i) 
1 
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APPENDIX 4 

PROOF OF PROPERTY 5.7 

p 

'-1T" .r: q,J Q<k-J>] 
J=o 

, the (h,k) element of the asymptotic covariance matrix of 

p 

0 [ Ô(h) - L 1P o<h-o ] 
i=o i q+1<h<q+r 

From (5.6) we deduce that 

p 

1P g(h-i) 
1 

0 L 1P o<h-J> ] 
j=o j 

p p 

L L [ ] = i=o j=o 11'
1 

IPj Cavas 0 CÔ(h-1) - g(h-01 , ft cg'(k-j) - g(k-j)1 

+oo p p 

: l=L-oo L L IPl. q,j g{l}g{l-h+i+k-j) 
i=o j=o 

+oo p p 

+ L L }: q, q, gCl+k-J>gCl-h+i> 
l=-00 i=o j=o i j 

+oo p p 

- 2 L L L 1P. 1P • g(k-j)g(l)p(l-h+i) 
1:-oo i=o j=o l J 

+oo p p 

- 2 L L L 1P. 1P • p(h-i)g(l)g(l-k+j) 
1:-oo i=o j=o l J 
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+oo p p 

L L L 2 
+ 2 l=-• i=o j=o cpi cpj p(h-i)p(k-j)p (1) 

But 

+oo p p 

L I: L IP. 1P p(k-j)p(l)p(l-h+i) 
1:-oo i=o j=o 1 j 

+oo p p 

= I: L 1P p(l)p(l-h+i) L 1P p(k-j) = 
l=-- i=o i j=o j 

since, from property 5.4 

p 

I: • o<k-J> = o 
j=o j 

V k) q+t 

In a similar way, we have 

+oo p p 

L I: I: • 1P p(h-i)p(l)p(l-k+j) 
l=-- i=o j=o i j 

and 

+oo p p 

I: L )= 2 
1P. 1P • p(h-i)p((k-j) p ( 1) 

l=-- i=o j=o 1 J 

Fina lly : 

+oo p p 

z: L L 1P. 1P • g(l+k-j}p(l-h+i} 
1 =-- i=o j=o 1 J 

+oo 

is a sum L Cl with 
1=-- 1 

p p 

Ci 

l 
:: I:: cp ti<h-1-n r: lP p( l+k··J> 

i=o i j=o j 

From property 5.4 a is null as soon as 
l 

= 0 

= 

0 

0 
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h - 1 > q + or 1 + k > q + 

But, since h and k are bath greater than q 

h - 1 < q + ===> 1 > 0 ===> 1 + k > 

Hence a = 0 for every 1 
1 

Thus 

p p 

Cov [ vr L cp. Ô( h-1) vr L IP, Q(k-j) 
i=o j=o 

= 

as 1 

+oo p p 

L L L cp cp gCl>gCl-h+i+k-j> 
l=-00 i=o j=o i j 

J 

Moreover, the asymptotic covariance matrix of 

p 

q + 1 

] 

vr [ g<h> L cp Ô(h-i)] is equal to the covariance matrix 
i=o i q+t<h<q+r 

of (Y) where CY) is a stationary process whose spectral 
t q+1<t<q+r t tEZ 

density is defined by: 

f {w) = y 2 li' 

2 
with a = 

If we note that 

f {w) 
X 

"{ ( 0} 
= 

+oo +• p p 

L L I:: L cp. 
m=- 1=-- i=o j=o 1 

L e<l> 
2 1r 1=--

-cxlw 
e 

1P • Q C 1) g C 1 +m+ i - j } 
J 

we obtain, by using the following factorisation 

-awm -aiw ajw aw(l+i-m-j} -awl 
e = e e e e 

a factorisation of f Cw) 
y 

-cxwm 
e 
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f c111> r <111> 
aw a111 X X 

f Cw) = +Ce ) îCe ) • 2 w 
Y ,Co) 1<0> 

But, it is known that 

2 
0 

f Cw) = 
X 2 w 

2 

aw 2 
8 Ce > I 

a111 2 
+ Ce > I 

where o is the variance of the white noise innovation process t 
t 

Hence 

4 
0 

f Cw) = 
Y 2 w 2 

Cy(o)l 

aw 4 
8 Ce ) I 

aw 2 
+ Ce > I 

2 
which proves that CY) has the following ARMACp,q) representation 

t t€Z 

2 
+eu Y = c a eu 1 ri 

t t 

4 
0 

w1th V ri = 
t 2 

Cy{o)J 
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