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CAPITAL MARKET AND LABOUR CHOICE IN A DYNAMIC MODEL OF THE 

FAMILY : A SPECIAL CASE 

ABSTRACT 

This paper extends the analysis of a previous study of a dynamic model 
of the family where the number of children per family was restricted 
to integer values. The discontinuities which appear in the phase line 
destrayed the existence, uniqueness and stability of the steady state. 
We now try to smoothe the production function by introducing a capital 
mark~t or another variable input. Sorne discontinuities disappear but 
the properties of the steady state remain. 

MARCHE FINANCIER ET ARBITRAGE ENTRE TRAVAIL ET LOISIRS DANS 

UN MODELE DYNAMIQUE DE LA FAMILLE: UN CAS PARTICULIER 

RESUME 

Cet article poursuit l'analyse d'une autre étude sur un modèle dyna­
mique démographique où le nombre d'enfants par famille était un nombre 
entier. Les discontinuités ainsi introduites dans la ligne de phase 
détruisaient l'existence, 1 'unicité et la stabilité de l'équilibre. 
Il s'agit ici d' 11 applanir 11 la courbe de production par l'introduction 
d'un marché financier ou d'un autre facteur de production à niveau 
variable. Certaines discontinuités disparaissent mais les conséquences 
pour les propriétés de 1 'équilibre demeurent. 



CAPITAL MARKET AND LABOUR CHOICE IN A DYNAMIC MODEL OF THE 

FAMILY : A SPECIJ\_ CASE (*) 

Daniel Léonard 

I - INTRODUCTION 

This note is a direct extension of Lêonard [1984]. In that 
model the technology available to each family was ctescribed by a func· 
tion of capital which exhibited increasing and decreasing returns in 
that order. There was no explicit mention of labour input and capital 
markets were absent. The analysis focused on the consequences of the 
discontinuities introduced in the model by restricting the number of 
children a typical family chose to have to integer values. In this 
note we investigate the possibility of 11 smoothing 11 the outcome by 
introducing either capital markets or labour choice. 

We show that although some results are drastically altered, 
the discontinuities remain and so do their implications for population 
dynamics. 

In the next section we present two modifications of the tech­
nology available to the families. In Section 3 we derive the behaviour 
of the typical family. In Section 4 we present the dynamic path. The 
basic model is succintly presented ; for a more detailed discussion the 
reader is referred to the work cited above. 

(*) The impetus for this analysis \.'1as given by comrnents by Gary Becker 
on some aspects of Léonard [19841. The paper was written while 
the author was on leave at the CEPREMAP, Paris. 
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II - TECHNOLOGIES 

There are many identical families in each generation. 

Each family was assumed to earn the income f[b(t - l)J, where b(t - 1) 

was the inheritance received from the adult's parents and f was a 

production function of the shape represented in Figure 1. I had been 

shown that a necessary and sufficient condition for ruling out un­

desirable outcomes was that marginal product exceed average product 

for small b, and the reverse for large b. 

The point at which average product is maximized is b* where 

f'[b*J = f[b*J/b . If each family receives b ~ b* it would be advan­

tageous for some families to pool their resources to create firms with 

capital b*. More formally suppose there are N families with capital 

b ; ; f 

capital 

trading) 

N is large enough it is always possible to form I firms with 

(bN/I) ~ b*, with a suitable choice of I. The incarne (after 

of each family is : 

Î(b) ~ max {f(b + t.) - R t. i 
~ 1 1 

t. + b, O} 
1 

where R is the 

of capital. When 

optima 1 . Either 

competitive interest factor and t. is the transfer 
1 

b < b* it is easy to show that two outcomes are 

t. = - b (for N - I families) or t. + b = b* (for 
1 1 

I families). In 

R and yields : 

the latter case we have f'(b*) = R which defines 

f(b) = f(b*) - f'(b*)(b"'·- bj = f'(b*) b. 

In the former case we have f'(O) < R and 

f(b) = f(O) +Rb= f'(b*) b. 

It is therefore a matter of in difference as ta which family lends 

or borrows. The new addition to the technology is reprented in 

Figure 1 by a li ne segment from the od gin to the point of coord inates 

(b*, f(b*)). It is presumed that there cannot be more firms than 

families (perhaps because there is a fixed resource such as a plot 

./. 
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of land for each family). Therefore f(b) and f(b) are identical 
* ·-for b ?~ b . Note that f i s the conove u pper contour of f. 

This is the result of optimizing on the capital market by individual 
families. We are familiar with such results from dual ity theory. 

In the previous analysis no explicit mention was made of 
labour or other variable input. We now introduce this concept in a 
very restrictive fashion. Our airn is to show that optimization in 
regard to the choice of a variable 11 smoothes 11 the production fonc­
tion in the same way as did the hypothesis of a cornpetitive capital 
market. The input is taken to be free ; it will shown at the end of 
this section that a costly input would yield similar results. 

Let t be the input level and with it is associated a 
productivity index per unit of capital p(t), which rises from zero 
to a maximum at 1* and then decreases. Given a capital stock b, 
the family must use an input level t? b. The linear form of this 
constraint is not restrictive since the scale of measurement of t 

i s arbitrarY. The i nequa li ty refl ects the need to man so many 
machines or tend to many heads of cattle for instance. The product 
which is to be maximized is thus b.p(t) and the production func­
tion is ~efined as : 

4>( b) = max{ b. p ( t) 1 t ;~ b} 
l 

The outcome is obvious : if b s ,, * we choose . -· ~ -· 

* * q,(b) = b.p(t ) if b ~ t we choose t = b and 

* , , hence 

q,(b) = b.p(b). 

We now show that the restrictions imposed on p( .) are 
compatible with those imposed on f( .) so that q;(b) has the same 
shape as f(b). Suppose that the functional forms p and f are 
such that p(x) = f(x)/x so that p is some average product. 
Since p reaches a maximum we have : 

p' (x) = f' (x) .x
2
- f(:<J_. < 0 

X . /. 
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below the maximum and positive above it. This indicates that the 

average product of x exceeds its marginal p(·oduc.t from the 

origin up to the maximum of p and the reverse L true aftervidrd~:. 

These restrictions, it will be recalled; are exact1y those imposed 

on the function f. The <t> fonction then takes the following forrn 

(note that t* = b*) 

cp ( b) 
= rb. p( b *) = 

h.p(b) = 

b.f(b*);b·); 

f(b) 

- b.f' (b*) ., if b 

if b 

b *' 

·k 

b . 

Ther~fore cp and f are identical if we take p(x) = f(x)/x. Thus 

given a production function such as f(t)/t which represents the 

output per unit of capital with t units of labour we can define 

<P(b) by choosing the labour input that maximizes the productivity 

of labour, subjects to a constraint, and we obtain a function which 

is the concave upper contour of f. (If the constraint is t = b, 

then <t>(b) = f(b).) 

We now briefly çonsider the case where the input is costly. 

Suppose that the unit cost of input in terms of the capital good is w. 

cp(b) = ma'x{bfi(t) - wJ ' 
,', b} and . t ' 

1 tf' (b*) - wl, if b " b* 
qi(b) = 

f(b) - w b • if b b* 

Therefore it is as if we were dealing with a net production function 

f(b) - w b which exhibits a maximum, but we again obtain its concave 

upper contour. A similar occurence would have foilowed the impcsition 

of transaction costs in the capital market version. 

./ 0 
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III - FAMILY CHOICE 

In peri od t the typi cal f ann 1 y chooses i ts cons umpt ion 
c(t), the number of its children n(t) a~d the bequest to each of 
these b{t) so as to maximize its utility given by: 

V = u[c(t)J + v[n(t). f!b(t)JJ 

subject toits budget constraint 

f [ b ( t - 1)] = C ( t) + n ( t) . b ( t) 

Let us first ignore the integer restriction on n. 
Denoting income by î and skîpping all time arguments, the first­
order conditions are : 

f = C + n b 

v1 [n f(b)Jf 1 (b) = u1 [cJ 

v'[n f(b)Jf(b) = b u'lcJ 

The last two conditions yield ?1 (b) = Î(b)/b. Whereas in Léonard 
[1984] where the production function had no flat segment this relation 
defined b*, here we are free to choose any b ~ b*. What the equation 
indicates is that for the relevant interval the production function 
has for equation f(b) = f'(b*) b and substitutio-n of this form 
into the first-order conditions shows that there is an indeterminacy 
in the choice of band n, only their product being well defined. 

However in this situation (n real) there is no reason why a capital 
market should develop since b*, which is optimal, can always be 
chosen whithout it. This is definitely true if there is the slightest 
cost. Indeed since N b/I is only an approximation of b*, 
families do better by choosing b* on their own. It is true that if 

all families jointly decided the value of b, they could find N 

./. 
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values which yield the optimum exactlv; they are b. = i b*/N, i ,= l ... N. 
l 

However if some individuals depart fr'jlTI this stra:egy they bear no ccst and 

every one else is worse off. Therefore we will as~.ume tnat b*is always chosen 

parents always choose the smallest optimal number of children this also 

guarantees the highest income to each of their children. 

Given this assumption the first-order conditions determine the 

optimal values of n and c, say n and c, given income î. It was shown 

in Léonard [1984] that if n is restricted to integer values, it is optimal 

to choose the integers n+ and n- as close as possible to ~ with 

n- s ~ s n+ and to use the optimality conditions ta determine the two 

triplets (c+,n+,b+) and (c-,n-,b-), one of which is the 11 discrete optimum". 

The argument hinged upon the shape of f around b*. In the case of n , 

values of b above b* are selected9 hence the argument applies. Note that 

the solution (c-,n-,b-) cannot best (~ ;~,b*). 

The value of b+ on the other hand is below b* where f and f 

differ. Consequently we must analyze this case anew. Since b+ b* we take 

Î(b) = f'{b*) band at the optimum we have f = c+ + n+ b+ and 

v' [n+ f'{b*) b+J f'(b*) = u;t:c+l 

These conditions are identical with those defining the smooth 

optimum. Therefore they yield the same level of utility and (c- ,n- ,b-) 

is never chosen. Note also that the integer restriction causes no loss 

of welfare in this case. 

+ 
There is of course again an indeterminacy in the choice of n 

and b+. We can take n as large as we wish (but not below the~ value 

associated with b* in the smooth optimum). 

./. 
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The optimum value of consumpt:on is unique and sois that 01 

nb with the additional restrictions that n be an integer and b ~ b*. 

There are therefore countably many optimal values of b if the capital 

market can operate firms with exactly b* units of capital. However in 
this case, there is a clear incentive to choose b+ as large as possible 
as we now show. The value of nb is fixed, say n+ b+ = ab*where ais real, 

then after choosipg n+ the approximation to b* is giventy N ab*;n+ I 
where I is also can integer. We can have a better approximation if n+ 

is small as illustrated in the following example. 

N = 2000 a= 3 = 1.732 ... 

Choose n+ = 2 (the smallest feasible) then I should be close to 1000 13 

and 1732 and 1733 are good approximations. If we choose n + = 2000 (the 

largest feasible) then I should be close to 1.732 and 1 or 2 are very 
poor approximations. 

Furthermore si nce soP'le f am-ïl i es may be 1 eft out ( i t bene fi ts 

the others to get to b* exactly) there is an additional incentive to choose 

the largest possible b+ value obtain a high average product. 

To sum up, 

smooth optimum values 
+ - - + and b = {f - c)/n . 

the optimal procedure is as follows. Find the 
-· - * + {c, n, b). Select the smalllest integer n ~ n 

There are of course some incarne levels for which ri is an 

integer already. An increase in incarne from that point yields a slightly 
- + -larger value for n hence n = n + 1. Consider the optimality condition 

corresponding to the choice of b at this switch point. 

v 1 [n b* f 1 [b*JJ f'[b*J = u'[~] 

./. 
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Their ratio is 

Suppose (n + 1) b+ > i b* then the left-hand side is less than 

unity and sois the right-hand side; therefore c+ > c but both 

choices must be available at the same income, a contradiction. 

We can show that the reverse inequality also yields a contradiction 

and we conclude that c+ = c and (n + 1) b+ = n b* . This shows 

that there is no drop in family consumption when family size increases 

and that the new bequest is exactly b* n/(n + 1). It therefore 

becomes closer to b* as n increases. 

With regard to the switch between n = 0 and n = 1, note 

that in the smooth case we would always select n b* > 0 if incarne was 

positive. In the discrete case (and when the optimal value of n is 

less than .unity) we can duplicate the level of uti1ity by choosing 

n = l and b accordingly but we cannot doit with n = O" 

îherefore the latter is never chosen and if income is positive fami­

lies h?ve at least one child. 

Proposition 1 

The emergence of capital markets leads to larger and poorer 

families, although chi1d1ess families are now ruled out. Family consump­

tion now rises continuously with income but discontinuities in bequests 

persist although the jumps are narrowed. The size of bequests never 

exceeds b*. When a family swithches from n to (n + 1) chi1 

the new bequest is exactly n b*/(n + 1). No loss of welfare is 

incurred by restricting n to integer va 1 ues" The specific shape ,f f 

is irrelevant execept for the values of b* and f'(b*). 
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The results of Proposition 1 are illustrated in Figure 2 where the 
arrows indicate the rise in incarne. 

The optimizing process which yields this incarne expansion 
path can be described in a simple way. The first step is to equate 
the marginal utilities of (c) and (n b) 

u'[cJ = · v'[f'(b*) n bJ f'(b*) 

This yields an increasing function c = g[n bJ where the form of g 
depends on u, v and f'(b*). We can then plot the graph of c = g[bl 
for O ;,; b $ b* and the graph of c = g[2bJ for b* /2 < b ;,; b* 
In general we plot the graph of c = g[n bJ for : n~"T b* :-::; b ::, b*. 
n = 0, 1, 2 .... Note that when the switch from n to n + 1 occurs, 
the slope changes from n g'[n t*J to (n + 1) g'[n b*J . However we 
cannot claim that the slopes of the.higher segments are larger because 
we do not know the overall shape of g[bJ. Indeed any increasing func­
tion going through the origin is acceptable as g. We only need to choose 
g[bJ and a.value for b* to generate the whole incarne expansion path. 

IV - DYNAMICS 

From the budget constraint f'(b*) b(t - 1) = c(t) + n(t) b(t) 
and the above analysis we can derive the equation of the phase line 

f 1 
( b *) b ( t - 1) = g [n { t) b ( t) J + n ( t) b ( t) 

· h · 1 · · n b* b (' ' b* Once aga,n we draw t 1s ,ne, for g1ven n, on n+l s t, '.:. , 

n = 0, 1, 2 ... The relevant portion of the space is therefore a 
square including the origin and of side length b*" Because the shipe 
of g is largely arbitrary it is not possible to derive further 
restrictions. In particular the first nontrivia1 steady state (if there 
is one) need not be unstable because the slope of f near the origin 
is now irrelevant. 
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Proposition 2 

(i) After one period, all bequests are less than or equal to b*. 

(ii) There may be no non trivial steady state. All steady states that 

do exist may be stable or unstable including the trivial one. 

~ii) Possible outcomes include ~xtinction in finite time, chaotic 

behaviour or cycling. 

The main effect of the introduction of a capital market has 

been to lower the level of bequests. Discontinuities remain and with 

them the possibility of erratic behaviour for which the analysis of 

the smooth case is irrelevant. 

One possible phase line is represented in Figure 3. 

University of New South Wales, Austra1ia. 
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