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SOLUTIONS D1 UN MODELE DYNAMIQUE LINEAIRE AVEC ANTICIPATIONS RATIONNELLES 

L. BROZE, C. GOURIEROUX, A. SZAFARZ 

RESUME 

Nous présentons une démarche permettant d'obtenir l'ensemble 
de toutes les solutions d'un modèle linéaire à anticipations ration­
nelles quelconque. Cette approche fait jouer un rôle fondamental aux 
processus de révision intervenant dans la mise à jour des prévisions. 
Il apparaît que l'ensemble des solutions peut être décrit au moyen 
d'un nombre de martingales arbitraires, nombre égal au plus grand 
indice des variables à prévoir. Cette approche se révèle particu­
lièrement adaptée à la recherche de solution admettant une représen­
tation moyenne mobile. 

SOLUTIONS OF DYNAMIC LINEAR RATIONAL EXPECTATIONS MODELS 

L. BROZE, C. GOURIEROUX, A. SZAFARZ 

A B S T R A C T 

Linear rational expectations models generally have a large number of 
solutions. It is thus important to describe them exhaustively in order to 
study their properties and subsequently estimate which solution fits 
best the data. 

In this paper, a global approach is suggested allowing a simulta­
neous treatment of all possible cases. The fundamental concepts are: 
the revision processes appearing in the updating procedure of expecta­
tions. It cornes out that the set of solutions is completely described 
by using a limited number of these processes. 

We show how the method may be applied to determine the set of 
stationary solutions admittii:,g'.an infini te moving average representation 
and we give a natural parametrization of this set and discuss the 
exact number of independent parameters. 
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1. IN TROO UCTI ON. 

Linear rational expectations (LRE) models generally 

have a large number of solutions. It is thus important to describe them 

exhaustively in order to study their properties and subsequently estimate 

which solution fits best the data. 

In the li terature various particular models have been analyzed 

and classes of solutions have been described. Sorne authors consider the 

solutions admitting an infinite moving average representation (MUTH (1961), 

SHILLER (1978), TAYLOR (1977)) or an autoregressive moving average one 

(EVANS-HONKAPOHJA (1984)). Sorne others find solutions by using a recursive 

procedure (BLANCHARD (1979), Mac CALLUM (1976), VISCO (1981), WEGGE(1984)). 

For some models, it is also proved that the general solution may 

be expressed in terms of martingales (BROZE, JANSSEN and SZAFARZ (1984), 

BROZE and SZAFARZ (1984), GOURIEROUX, LAFFONT and MONFORT (1982), PESARAN 

(1981)). These techniques give in each case the solution(s),but they are 

not truly general. 

In this paper, a global approach is suggested allowing a 

simultaneous treatment of all possible cases. The fundamental concepts 

are the revision processes appearing in the updating procedure of expec­

tations. 1t cornes out in sections 3 and 4 that the set of solutions is 

completely described by using a limited number of these processes. 
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In section 5, we show how the method may be 

applied to determine the set of stationarv solutions admit­

ting an infinite moving averaqe representation (called linear 

stationary solutions). We give a natural parametrization of 

this set and discuss the exact number of independent oara­

meters. 

In section 6, we consider the solutions admitting an 

infinite moving average reoresentation with time dependent coeffi­

c i e n t s ( ca l 1 e d l i n e a r s o 1 u t i o n s ) • I n t h i s c a s e , i t i s f m p o s s i -

ble to parametrize the solutions. 

The revisi on processes are martingale difference sequences 

It is then natural to link them to the martingales introduced 

by GOURIEROUX, LAFFONT and r10NFORT (1982) when they establish 

the general solution of the homogenous version of the model 

with rational exDectations. This croblem is exa~ined in sec­

tion 7. 

2 • THE GENER AL FOR M OF A DY NA :IJI C L RE ~10 DEL • 

The most qeneral form of a unidimensional LRE 

model describes the evolution of the endogenous variable Yt 

as a function of its lagged values Yt-l'Yt_ 2, ... , of its 

expectations made in the past or the rresAnt and of the 

value ut of an exogenous process 
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K H ... 
( 2. 1) Yt = l l akh Yt+h-kjt-k + ut k=o h=o 

where aoo = 0 

and Yt+h-k I t-k = 

The operator E [. ! . ] refers to the conditional expectation. 

The information It is increasing with t and is composed of the 

current and past observations of the exogenous process u 

= {U , Ta< t} • 
T 

The information set is thus restricted to the exogenous va­

riables. It is however possible to enlarge this set by intro­

ducing other variables, for instance "sunspots". 

The indexes h and k are chosen in order to recognize 

the lead of the expectations (h) and the period in which 

they are made (t-k) 

The condition k > o implies that one cannot make 

predictions using future observations of the variables. There 

is at most, for k = o , a simultaneity between the dates 

and the expectations are deter-at which 

mined . This assumption implies in particular that Yt 

is a function of the variables appearing in It 

Thus we have: E(Yt+h-k 1It-k) = Yt+h-k if h a< 0 • 
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This invariance property allows to consider, without loss 

of generality, only non-negative Vdlues of h • In 

the case h = o , we have 

= Yt-k 

Therefore expression (2.1) covers the case of models con­

taining lagged endogenous variables. 

Finally by imposing a00 = o , we only mean that Yt is 

not expressed as a function of itself. 

Equation (2.1) may be reformulated as follows 

(2.2) 

It is also interesting to introduce another indexation of 

the expectations. Let i = h - k , we may write : 

(2.3} Yt = 

where J = {(k,h-k) with h E {o,l, •.• ,H} k E { o , 1 , • • • , K } } 

Generally, i takes negative as well as positive 

values. The model may contain exrectations of future variables, 

but also expectations of past variables made in previous reriods. 
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3 • EXPRESS ION OF THE SOLUTIONS IN TER :·1 S OF THE SUCCES S IVE 

REVISIONS OF THE EXPECTATIONS. 

Consider successive expectations of the variable 

Yt+j • They are generally different from each other. Let 

El be the difference between the two ex~ectations of 

Yt+j made respectively at tirne t and at time t-1 E:j 
t 

gives the revision of the exoectation of Yt+· between 
J 

t-1 and t 

( 3 • 1) E: j = t E(Yt+j I It) - E{yt+j I It-1) J 
The variable 

; 
EV 

t i s It-measurable and its mean is zero. 

Moreover it is orthogonal to all past· informations : 

E(Ei11t_ 1 ) = o 

Thereforethestochasticprocs(Ej t E 71. ) is a martinqale . t , -
difference sequence(l} (denoted henceforth AM ) 

The prediction errors at any lead may easily be expres­

sed as functions of the revision processes. 

Let vt,h be the errer made in predicting Yt 

over h periods 

(1) An integrable stochast ic process X = is called 

a martingale difference sequence with respect to an 

increasing sequence of informations (It) iff 

( i ) E ( Xt I I t ) = x t V t 
(ii) E(xt1It-l) = o V t 
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(3.2) l .... _v_t_,_h_=_y_t_·_-_E_· (_Y_t_l r_t_-_h_) __, 

l·/e have 

V = 0 IJ t t,o 

vt,1 = Yt E(ytl 1t-1) 

= ·o 
Et 

In the general 

or equivalently 

(J.3) 

IJ t 

case, we decompose 

= 

= 

= 

= 

+ ••••• 

h-1 j 
\ Et . ,l -J J=o 

+ ••• + 

vt,h 

h-1 
Et-h+l 

h > 0 

(h > o) as follows 

Let us now consider the LRE model expressed by (2.2). If we 
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replace each exoectation in terms of the corresoonding 

realization and of the successive revisions, we ohtain 

K H h-1 
ef+h-k-j) Yt = l hrl akh {Yt+h-k - . I k=o J=o 

K 
+ 

krl ako Yt-k + ut 

or 

{ 3. 4) = 

where a ;r = 
k:{Li)EJ 

ak,i+k IJ i :/ 0 1 

a~ = - 1 + 
k:{Lo)EJ 

akk 1 

From now on, we assume that the coefficients akh may only 

be subject to n~lity constraints. We denote respectively 

I
0 

and r1 the minimal and the maximal values of index i 

for which * a. 
1 

is not zero. 

From the definitions of lo and 

* ; and al 0 
0 

Moreover, since i = h - k 
' 

the maximal value Il i s not 

I 1 ' we have 

* :/ al 0 
1 

0 < h < H , 0 < k < K 
' 

larger than H 



- 8 -

Equation (3.4) shows that any solution y verifies a recur-

sive linear equation with constant coefficients * a. 
l 

i = I
0

, ••• ,I 1 • The right-hand side is a function of the 

exogenous process u and of various A~ rrocesses (EÎ) 

The number of these AM processes is equal to H , i.e. 

to the maximal lead of the expectations. 

Formula (3.4) is a n.ec.e.J.>J.>a.Jtu 601tm of the solutions 

y • Converse 1 y w e ma y won der v, h et h e r t h i s f o r rn i s s u f f i c i en t , 

i.e. whether any process verifying (3.4) with arbitrary AM 

processes (ei) does also verify model (2.1). 

As shown below, when H = I1 it is possible to choose each 

(e{) independently from the others. On the contrary, when 

I1 < H it is necessary to impose constraints linking the 

revisiqn processes. In such a case there is a restriction 

on the number of the arbitrary AM processes. We have the 

following general result. 

THEOREM (3.5) Let us consider model (2.1) 

I 1 = max {i : a~; o} 

and let us assume that the coefficients akh 
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may only be subject to nullity constraints • 

• If I1 = H , the reduced form of the 

model entails H arbitrary 6M processes 

and (3.4) is a sufficient form of the 

solution. 

I· If o < I1 < H , the reduced form of the 
1 

1 model entails I1 arbitrary 6~ processes. 
1 i· If I 1 = o the solution is generically 

unique. 

In order to lighten the proof of this theorem, we give it 

in the case H = K = 2 

It is however easy to see that the approach is absolutely 

general. 

4. RESOLUTION FOR H = K = 2 

For H = K = 2 
' 

the initial model i s 

Yt = ao2 E(Yt+2/It) 
+ aol E(Yt+llit) + a12 E{Yt+llit-1~ 

( 4 .1) + all E(ytlit-1) + a22 E(yt I It-2) 
+ alo Yt-1 + a21 E(yt-11 1t-2) 
+ a2o Yt-2 + ut 

The recursive equation containing the revision processes 

becomes : 
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ao2(Yt+2 
0 l ) Yt = E:t+2 E: t+ 1 

+ :aol (Yt+l - e:~+1) + al2(Yt+l 
0 E: 1 ) - ct+l - t 

(4.2) all(Yt E:i) a22(Yt CO 1 + - + - - ct-1) t 

a2l(yt-1 
0 

___ _J + alo Yt-1 + - E:t-1) 

+ a2o Yt-2 + ut 

Therefore we have . . 
* a2 = ao2 

* al = aol + a12 

* ao = - 1 + 

* + a -1 = alO 

* a = a20 -2 

The maximal value I 1 

these 

If * a2 
* al :/ 

( 4. 3) 

coefficients. If 

= 

0 

and 

0 
' Il i s 

, we have I 1 

Equation (4.2) 
1 

( e: t) . They 

= 

= 

all + a22 

a21 

depends on the ootential nullity 

* a2 :/ 0 we have I 1 = H = 2 

* smaller than H . If a2 = 0 

= H - 1 = 1 and so on. 
' 

involves two revision processes 

are respectively defined by 

of 

and 
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if we apply the operator 

we obtain : 

E( .1 It_ 1 ) to both si des of model (4.1) ,. 

E(yt/ It-1) = ao2 E(yt+2I 1t-l) + aol E(Yt+ll It-1) 

+ al2 E(Yt+ll It-1) + all E{ytl It-1) 

+ a22 E(yt/ It-2) + alo Yt-1 

+ a21 E(yt-11 1t-2) + a20 Yt-2 + E(utl It-l) 

Substracting this equation to (4.1), we have: 

= 

+ 

or equivalently 

ao2(E(Yt+21 1t) - E(Yt+21 1t-1)) 

aol (E(Yt+l l 1t) - E(Yt+21 1t-l)) 

(
4

•
4

) l .... _ei __ = __ ao_2_e_f_+ __ a_o_1_E_i __ +_u_t ___ E_(_u_t_l_1t_-_1_) __ 

where (Ef) is given by: 

ef = E(Yt+21It) 

A similar algebra leads to 

E{ytl 1t-1) E(ytl 1t-2) = ao2(E(yt+21It-1) - E(Yt+21It-2)) 

+ (aol + a12) {E(Yt+ll 1t"l'l) .. E(Yt+il 1t-2)) 

+ all (E(yt 11t-1) - E(yt 11t-2}} 

+ alo (yt-1 - E(yt-11 1t-2)) 

+ E(ut1It-l} E(ut1It_ 2} 
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Or equivalently 

= + + + 

( 4. 5) 

where 

= 

Equations (4.4) and (4.5) are useful to show why, in some 

cases, links between the revision processes have to be 

imposed. 

Case I 1 = H = 2 

When E(yt+2 1It) appears in the original model 

the coefficient a2 = a02 is different from zero and 

r 1 = H = 2 • ln this case equations (4.4) and (4.5) 

t · 11 11 
,_

2 and ,_ 3 Th . 1 CO con a1n new processes ~ ~ . ey 1mp y no ns-

traint on E:o and E
1 

Lemma (4.6) When a02 :/- o every process verifying the 

recursive equation (4.2) 
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I Yt 
ao2(yt+2 

0 1 = - €t+2 - Et+ 1 ) 

ao1 (yt+1 €~+ 1 ) a12(yt+1 
0 1 + - + - €t+1 - E:t) 

+ a11(yt - €~) a22(yt 
0 1 + - E - f:t-1 ) t 

+ a1o yt-1 + a21(yt-1 - €~-1) 

+ 

1 where the revision processes € are 

arbitrary ~M processes, is a solution of 

model (4.1). 

Proof Taking the expectation of (4.2) given 1t+1 yields 

(E(yt+2 I 1t+1) 
1 

Yt = ao2 - €t+1) 

+ ao1 (yt+1 - €~+ 1 ) + a12(yt+1 
0 1 - €t+1 - Et) 

+ a11(yt - € ~) + a22(yt 
0 1 - € - E:t-1 ) t 

+ a,o Yt-1 + a21 (yt-1 - €~- 1) + a2o Yt-2 
We compare this last expression with ( 4. 2) to get (since 

ao2 f o) 

( 4. 7) 0 
Yt+2 - E(yt+21 1t+1) €t+2 = 

Therefore we find aga in the initial interpretation of 0 € 

Replacing ( 4. 7) in (4.2), Yt may also be written as 

(4.8) Yt = ao2 (E(yt+21 1t+1) - €t+1) 

E(yt+1 I It) a12(E(yt+1 IIt) 
1 + ao1 + Et) 

+ ut 
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E(ytl It-1) (E(ytllt-1) 
1 + a 1 1 + a22 - Et-1) 

+ a1o Yt-1 + a21 E(yt-11 1t-2) 

+ a2o Yt-2 + ut 

Taking the expectation of (4.8) given It and using the 

condition a 
O 2 t o , we get : 

( 4 . 9 ) = 

Finally, the replacement of 

gives the original model (4.1). 

Case 11 = H - 1 = 

by its expression ( 4. 9) 

Q.E.D. 

Let us now consider the case : a02 = o • It follows 

that : a2 = o 

1
1 

= H-1 = 

Yt = 

+ 
(4.10) 

+ 

+ 

When a1 = a01 + a12 t o , we have 

and model (4.1) reduces to : 

ao1 E(yt+1 I It) + a12 E(yt+1 I 1t-1) 

a 1 1 E(yt I It-1) + a22 E(ytilt-2) 

a1o Yt-1 + a21 E(yt-11 1t-2) 

a2o Yt-2 + ut 

(4.4) and (4.5) become 
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(4.11) 0 
ao1 

1 
ut E(utl It-1) e: t = e:t + 

(4.12) 1 
(ao1+a12) 

2 
e: t = e: t a11 

1 0 + e: t + a1o e: t 
+ E(ut+11It) E(ut+1 I 1t-1) 

We deduce from (4.11) that 0 e: and e: 1 are linked. 

Lemma (4.13) When ao2 = 0 and ao1 + a12 f 0 ' 
every process verifying the recursive equation 

Yt = ao1 (yt+1 - e:~+1) + a12(Yt+1-e:~+1-e:i) 
(4.14) + a11(yt - e: ~) + a22(yt - e:

0
t - e:i-1) 

+ a1o Yt-1 + a21(yt-1-e:~-1) + a2oyt-2 + ut 
where 1 e: i s an arbitrary ti. M process and where · 

0 
ao1 

1 
ut .. E(utl!t-1) e: t = e:t + 

1; s a solution of model (4.10). 

f.!:_oof : We take the expectation of (4.14) given It and we 

substract the result to (4.14) to yield (with a01 + a12 f o) 

(4.15) = 

Replacing (4.15) in (4.14) gives 

Yt = ao1 E(yt+1I It) a12 (E(yt+1I 1t) 
1 

e: t) 

E(y/lt-1) a22(E(ytl 1t-1) 
1 (4.16) + a 1 1 + - e:t-1) 

+ a1o Yt-1 + a21 E(yt-11 It-2) + a20 Yt-2 + ut 
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Now we take the expectation of (4.16) given It_ 1 and we 

substract the result to (4.16) 

= 

(4.17) 

+ 

Using (4.11), (4.15) and the assumption a01 + a12 f O , we 

deduce : 

= 

which is the initial interpretation of 1 
E 

Replacing the last expression in (4.26), we find again the 

original model. 

In this case the revision process 

is the only arbitrary ~M process. 

= 

In terms of this process, the recursive equation becomes 

(4.18) 

(ao1 + a12) Yt = ( 1 - a11 - a22)yt-1 
1 

- a2o Yt-3 + ao1(ao1+a12) Et 

+ (a12+ao1(a11+a22)) E~-1 + (a22+a21ao1) 

+ ao1(ao1+a12) (ut - E(utl 1t-1)) - ut-1 1 

+ ao1(a11+a22) (ut-1 - E(ut-11 1t-2)) i 

+ a 21 a o 1 ( u_t_-2_-_E_( _u _t-_2_1_
1 
__ t_-_3_) _) ______ ._J 

Q.E.D. 
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Case I 1 = H - 2 = O 

Let us finally consider the case: a02 = a01 = 
* * It follows that a2 = a1 = o Since generically 

* a0 = - 1 + a 11 + a22 # o , we have I 1 = H - 2 = o and model 

(4.1) reduces to : 

= 

(4.19) + 

+ 

a11 E(yti 1t-1) + a22 E(yti 1t-2) 

a1o Yt-1 + a21 E(yt-1 I 1t-2) 

a2o Yt-2 + ut 

(4.4) and (4.5) become 

(4.20) = 

(4.21) = 

e: 0 and 1 E: are uniquely determined by these relations 

(when a 11 , 1). 

Lemma (4.22) When a02 = a01 = a12 = o , a 11 , 1 and 

a 11 + a22 # 1 , the process veri fyi ng the 

recursive equation (4.23) 

a11 (yt-e:~) + a22(yt 
0 1 Yt = E: - E:t-1) t 

+ a1o Yt-1 + a21 {yt-1 -e:~-1) 

0 • 
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and 1 
e: are the ti:1 processes 

determined by (4.20) and (4.21), is the unique 

solution of model (4.19). 

Proof : We take the expectation of (4.23) given It-l and we 

substract the result from (4.23) : 

= 

or, using (4.20) and the assumption 1 - a11 - a22 1 o 

(4.24) = 

Replacing (4.24) in (4.23), we get 

(4.25) 

1 
Yt = all E(Ytl 1t-1) + azz(E(Ytl 1t-1) - e:t-1) 

+ alo Yt-1 + a21 E(yt-11 1t-2) + a2o Yt-2 

+ ut 

On the other hand, the difference between the expectations 

of (4.23) given It-l and It-Z leads to : 

E(Yti 1t-1) - E(Ytl 1t-2) = (all+a22) (E(Yti 1t-1) - E(Ytl 1t-2)) 

+ a22 e:!-1 + alo(Yt-1 - E(yt-11 1t-2)) 

+ E(utllt-1) - E(utllt-2) 

and using (4.21), we deduce : 
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= 

Finally we replace (4.26) in (4.25) to find again the original 

model (4.19). Therefore the solution is given by : 

(4.27) 

(l - a11-a22)Yt = (alo+a21)Yt-l + a20 Yt-2 

+ ut - (all + a22) (ut - E(utl 1t-1)) 

a22 
- 1-all (E(utlit-1) - E(utllt-2)) 

~. E. D. 

The three lemmas (4.6), (4.13) and (4.22) cover all possible 

generic cases under nullity constraints. Theorem (3.5) is 

thus proved for H = K = 2 

Remarks 

1) Theorem (3.5) shows that the LRE model (2.1) has in qeneral 

a large number of solutions. This multiplicity has 

two causes. First it results from the natural dynamics of 

the model. The recursive equation allows to choose a finite 

number of initial conditions. The second cause is due to the 

arbitrary choice of the âM processes which determine the 

right-hand side of the equation. 
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This second source of multir:il icity is of. a different kind 

since an infinite number of initial conditions is not 

sufficient to fix a unique path . 

2) Any second order process (yt) , satisfying the condition 
00 

i lim E(yt1It-k) = o may be decomposed as : Yt = l ct-i 
k~oo i=o 
and thus may be determined by a given infinite sequence 

of revision processes ((c~),(ci),(ci), •.. ) . Therefore, 

when such a process is not constrained by a LRE model, one 

needs an ..i..nn..i..n..i..te. numbe.}[ of l\i-'l processes to fix it. 

Our results show that, when a LRE model is imoosed, it 

appears a strong restriction on the number of arbitrary 

âM orocesses. This number is always 6ln..i..te. and equal 

to Il 

In conclusion, even if the nultiolicity of all solutions 

of a LRE model seems quite considerable, it is not compa­

rable to the multiplicity of all second order processes. 

3)When 11 > o , the solutions of the model satisfy a 

recursive equation of the form : 
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(4.28) 
I 1 
I 

H-1 
I 

K . 

t 
i = I 

0 
j=H-I 1 k = k . 

J 

where gt(u) is a known function of the exogenous orocess. 

When the model does not contain expectations of future 

variables, the maximal index r1 is zero. The solution 

is then generically unique and satisfies the recursive 

equation 

(4.29) 
0 

I 
i = I 

0 

= 

where ft(u) is a known function of the exogenous process~ 

This last result might have been directly obtained by a 

projection technique (see e.g, VISCO (1981)). Here it 

has been established using the revision processes in order 

to emphasize the generality of the method. 

It should also be noted that the generic unicity of the 

solution may be tested as soon as consistent estimators 

of the coefficients of the model are available, since the uni­

city may be expressed by means of nullity constraints 

on the coefficients. 

4)Let us now consider the so-called "perfect foresight 

solution" which is the solution of the ryerfect foresight 

vers ion of the model. The cases I 1 = 1-1 and I 1 < H 
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m u s t b e d i s t i n g u i s h e d • i,1 h e n I 1 = H , t h e II p e r f e c t f o r e s i g h t 

s o 1 ut i on " i s a 1 ways a s o 1 ut i on of the m o d e 1 . I t cor r e s p on d s 

= = o for all t 

However, when r1 < H it is no more a solution of the 

original model since (E~) and/or are constrained 

and in general they cannot simultaneously vanish for all t 

In such a case, the model admits no perfect foresight 

solution. 

5}Since the revision processes have a zero mean, the recur-

sive equation giving the evolution of the mean of the 

solutions does not depend on the choice of the 6~ sequences. 

5. LINEAR STATIONARY SOLUTIONS. 

5.1 - The general form of the solutions. 

We assume that the exogenous process is stationary 

and has an infinite moving average representation 

= . • • • • - 8 = 

00 

where is an independent white noise and I I e . 1 < +oo 
. 1 
1=0 

We are interested in the stationary solutions with the same 

kind of representation : 
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= 

00 

with l 
i=o 

1 a. 1 < +oc l 

These solutions are called llnean -0tatlonany -0olutlon-0 ; they 

are obtained from the decomposition involving the revision 

processes j = H-I1' ..• ,H-1 

When I 1 > o , using (4.28), the general solution of model 

(2.1) verifies 

I 1 
( 5. 1 ) l 

i=I
0 

The assumption 

linear in e: t 

THEOREM (5.2) 

Proof : Since 

H-1 K. 
a~ Yt+i = l lJ 

C j k 
j + gt(u) e:t+I 1-k l j=H-I 1 k= k. 

J 

on the structure of (ut) makes gt(u) 

e: t-1 ' ... We wi 11 denote i t n(B) e: t 

The linear stationary solutions are such that 

= t E "ll. 

where the \JI. 
J 

are rea l numbers. 

= 
CO 

I ai e:t-i , the revision processes 
i=o 

are necessarily proportional to e: 

e:{ = E(yt+j1It) - E(yt+jlit-1) = - aj e:t 

Q.E.D. 



- 24 -

Consequently ( 5 . 1 ) becomes 

[ I -1 
Bily t [ H-1 

K. 
Bk+/\, ( B) l 1 o J 

( 5. 3) .I aÎ . = . I I C. k 1/J. 
1=0 1 - 1 J=H-I 1 k=k. J J 

J 

The right-hand side of this expression is a linear function 

of ' ... 
However arbitrary values of the coefficients 1/J • are not 

J 

E:t 

always associated with a stationary solution. To define a 

stationary process (yt) in terms of r1 arbitrary para­

meters, (5.3) must be such that all roots of the characteris­

tic equation 

( 5. 4) * ' i a I . /\ 
1 - 1 

= 0 

lie outside the unit circle. 

If this is not the case, one has to impose conditions on 

the 1/J j . Suppose first that only one root À 1 has a 

modulus smaller than 1 . To obtain stationary solutions 

we must impose that the moving-average polynomial 

H-1 
I 

j=H-I 1 

K. 
.J 
I c.k 

k= k. J 
J 

+ 
I 1 

n ( B) B 

is divisible by (B À 1) . This is done by fixing the 

value of one parameter 1/Ji such that 

H-1 
I 

j=H-I 1 

K. 
.J 
I c.k 

k= k. J 
J 

+ = 0 
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Since this equation is linear in terms of the 

admits qenerically a unique solution. 

tjJ. 
J ' i t 

With the fixed tPi , (5.3) defines a stationary process 

(yt) for any choice of the I 1 - 1 other parameters. 

The same argument is applied when N roots À 1 , À2 
••• ,ÀN (N < r 1) have a modulus not larger than 1 

N parameters must be fixed in order to simplify the recur­

sive equation (5.3) by (B - À1) (B - À2) ••• (B - ÀN) 

The linear stationary solutions are then described by 

I 1 - N arbitrary parameters. 

Finally, if N = I 1 the model admits a generically unique linear sta­

tionary solution. If N > r 1 the model has generically no 

linear stationary solutions. These last cases may appear only 

when I
0 

< o and I
0 

< o respectively. 

THEOREM (5.5) Consider model (2.1) 

= + 

with a
00 

= o 

The characteristic equation associated with 

its reduced form is 

1,~10 
I aj . À i = o 

i=o 1- 1 ( 5. 4) 
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Let N be the number of roots of (5.4) which 

are inside the unit circle ; 

- If I 1 - N > o the general linear sta-

tionary solution involves I 1 - N arbitra­

ry parameters ; 

if 11 = N there is a unique linear sta-

tionary solution ; 

if 1 1 - N < o 

tionary solution. 

there is no linear sta-

We have a natural parametrization of the set of all linear 

stationary solutions of a general LRE model. The dimension 

of this set is 

a simple interpretation. 

. The arbitrary parameters 1jJ • 
J 

have 

1/i· is the coefficient of the re­
J 

gression of the revision process E{ on the prediction error 

of theexogenous process i.e. of E(yt+j1It) - E(yt+j1It_ 1 ) 

on ut - E(utl It_ 1 ) 

This interpretation may be useful to build consistent esti­

matorsof the parameters iµj • So in the estimation proce­

dure, it is possible not only to estimate the structural 

form of the model but also to determine the linear statio­

nary solution corresponding to the observations (CHOW (1983 

p. 361)). 
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5.2 - Examples. 

Examele_(5.6)_:_CAGAN's_model 

( 5 • 7 ) + a -,. o 

The exogenous variable is assumed to have an ARMA (p,q) 

representation 

= 

where the roots of 0 and q, are outside the unit circle 

and where the two polynomials have no common root. 

The general solution verifies 

( 5 • 8) (a - B) Yt = 

The linear stationary solutions are such that 

= 

and using (5 .8) 

(a - B) Yt = B e(B)) 
4'(B) e:t 

or equivalently 

( 5 • 9) l (a - B) l(B) Yt • (a t
0 

1(B) - B e{B)) "t 

For lal > 1 , (5.9) defines a stationary process for any 
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value of tjJO . For 1 a 1 ....; 1 
' the polynomial a - B i s 

not invertible and the value of tjJO must be fixed in order 

to make the MA polynomial a tjJO 4> ( B) - B 0(8) divisible 

by a - B The condition i s 

a 1/Jo <P (a) a e(a) = 0 

or, since <P (a) f 0 : 

tjJO = 
e(a) 
~ 

The linear stationary solution is unique. 

Cons e que nt 1 y, for I a 1 > 1 , 0 (a) -/- o and <P (a) -/- o , the mode 1 has 

an infinity of linear stationary solutions with ARMA (p+1, 

max {p,q+1}) representation, one with an ARMA (p+1,q+1) 

representation (for ,1, = 0 
"'o ) and one with an ARMA(p,max{P-1,q}) 

representation (for ,1, = ~ ). "'o <P\a, 

For I a 1 -< 

lution 

, the model has only one linear stationary so-

and this sol ut ion has an ARMA(p ,max{p-1 ,q}) 

representation. 

Examele_(5.10) 

(5.11) = + 

where (Et) is an independent white noise. 

The general solution of (5.11) verifies 

a -/- o 
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(5.12) 

The linear stationary solutions are such that 

= 1/Jo 

1 
Et = i/J1 Et 

Let À1 and À2 be the roots of the characteristic equation 

a+ b À- À
2 

(5.12) becomes 

= 0 

(5.13) 
[ 

2 - (B-À1 )(B-À2) Yt = (aiµo + (biµo+aiµ1 )B - B ) Et ___ ___, 

As soon as IÀ 1 1 > 1 and IÀ 2 1 > 1 , (5.13) defines a sta­

tionary process for any value of the parameters iµ
0 

and 1/! 1 
, 1/! 1 must be chosen so that 

the factor (B-À 1) appears in the right-hand side of (5.13) 

i . e. 

a 1/Jo + = 0 

Since À1 is a root of the characteristic equation, the 

value of 1/1 1 is given by : 

1/J 1 = -a 
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By deleting the common factor, (5.13) becomes 

(5.14) [_-_(_B_-_À_2_)_yt __ = __ (À_2_w_0 _-_s)~ 

In this case, Yt depends on a single arbitrary parameter 

1/Jo 

When both roots À1 and À2 are inside the unit circle, 

w2 must be chosen so that the factors (B-À 1 ) and 

appear in the right-hand side of (5.13) i.e. 

The corresponding values are 

,1, = 1 ~o 

and the unique linear stationary solution is 

( S. 1 5) [_y t __ = _e::_t _ __, 

Note that it was assumed that À1 and À2 were real numbers. 

However if the characteristic equation has complex roots, i.e. 

if a.b > ¾ 
case I À11 > 

, they are complex conjugate and I À1 1 = 1 À2 i . The 

and IÀ 2 1 < 1 is excluded so that the poly-

nomials appearing in (5.13), (5.14) and (5.15) have real coef­

ficients. 
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Finally we may summarize the results as follows. If IÀ 1 1 > 1 

and IÀ 2 1 > 1 
' the model has an infinity of linear statio-

nary solutions with ARMA(2,2) representation, an infinity 

of ones with ARMA(1,1) representation obtained for 

1/; 1 
À1 

(1-ij;o) 
À2 

(1-1/;o) and one white noise = - or 1/; 1 = -a a 
solution ( 1/Jo = ' 1/; 1 = 0 ) . 
If 

1 À 1 1 < 1 and 1 À2 I > 1 ' the model has an infinity of 

linear stationary solutions with ARMA(1 ,1) representation and 

one white noise solution. If IÀ 1 1 < 1 and IÀ 2 1 < 1 , the 

model has only one linear stationary solution which is a 

white noise. 

Examele_(S.16)_:_a_generalization 

( 5.17) = 

where (ut) is a stationary ARMA(p,q) process. 

= 

e(B) and are invertible and have no common root. 

The solutions of (5.17) satisfy 

( 5.18) rH-1 i Hl .I aH-i B - B Yt l, =o 
= 

H-1 
I 

i=o 

h-1 j-i 
aH-i I Et-J· - ut-H j=i 

The linear stationary solutions are such that: E{ = 1/;j Et 



( 5.18) implies 

(5.19) 
[

H-1 
.l 
l=O 

Bi 
aH . - 1 
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The characteristic equation is 

H-1 
' a 'i - ,H = o 

.L H-i 11. 11. 

1=0 

= 

When all roots are outside the unit circle, equation 

(5.19) defines the set of all stationary solutions in terms 

of H arbitrary parameters i/J
0

,i/J 1 ,. · · ,i/JH-1 

Examele_(S.20)_:_a_generalized_MUTH's_model 

Let us consider a model containing several expec­

tations taken at the same date t-1 

( 5. 21) = 

+ 0 

The general solution is given by : 

Yt = ao(yt-E~) + a,(Yt+1-E~+1-Ei) + a2(Yt+2-E~+2 
1 2 

- Et+1-Et) + Ut 
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where 1 
E ' 

2 
E are arbitrary processes and 

In the particular case where ut= Et is a white noise 

and the roots of the characteristic equation are outside the unit 

circle, the linear stationary solutions satisfy : 

= 

where 1/> 1 ,t/! 2 are arbitrary real numbers. 

Since a2 is different from zero, these solu-

tions have an ARMA(2,2) representation with the same 
a a 

autoregressive polynomial : 1 + - 1 B + __Q_:J_ 82 and with a2 a2 
an arbitrary moving average one MA(2) with innovation Et 

(compare with EVANS-HONKAPOHJA (1984), prop. 2). 

Examele_(S.22)_:_A_model_with_no_stationart_solution. 

( 5. 2 3) [_Y_t _= __ a_E_(_y_t_+_1 _' I_t_)_+_b _Y_t- 1 + Et 

where (Et) is an independent white noise. 

The general solution is 

(a - B + b B2) Yt = a E~ Et_ 1 
The linear stationary solutions are such that 

= 

a.b f o 
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Let À 1 and À 2 be the roots of the characteristic equation 

b À 
2 a - À + = 0 

If 1 À 1 I > 1 and 1 À 2 1 > 1 
' the general linear stationary 

solution i s 

= (a 1/J - B) Ê 0 t 

It depends on one arbitrary parameter iJJ
0 

If 1 À 1 1 > and 1 À 2 1 <1 1/Jo must be chosen so that 

À 2 i s a root of a 1/Jo - B i.e. 
À 2 

1/Jo = -a 

The linear stationary solution is unique and given by 

= 

Note th a t th i s case ma y no t f1 a pp en w h en " 1 and "2 are 

complex roots (having the same modulus). 

If 1" 1 1 < 1 and 1" 2 1 < 1 , there exist no linear statio­

nary solution. 

Finally we may summarize the results as follows. If 1" 11 > 1 

and 1" 2 1 > 1 , the model has an infinity of linear statio-

nary solutions with ARMA (2,1) 

AR(1) solutions corresponding to 

representations 
À 2 

,,, = - and 'l'o a 

and two 

1/Jo = -a 
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If IÀ 1 1 > 1 and IÀ 2 1 < 1 , the model has a unique linear 
stationary solution with an AR(1) representation. If IÀ 1 1 ~ 

and IÀ 2 1 ~ 1 , the model has no linear stationary solution. 

6. LINEAR SOLUTIONS. 

In section 5, we considered linear stationary ~o­
lutions of a LRE model. A similar procedure may be used to 

describe the linear solutions (stationary or not). The follo­
wing results generalize those of section 5 

We assume that the exogenous process (ut) has the following 
representation 

= 

where (Et) is an independent white noise and 

00 

< 00 V t 

We are interested in the linear solutions with time-dependent 
coefficients. 

= 

When I 1 > o , by (4.28), the general solution of model (2.1) 
verifies 



( 6. 1 ) = 
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H-1 
I 

j=H-I 1 

K • 
IJ 

k=k. 
J 

The assumption on the structure of (ut) makes gt(u) linear 

i n with time-dependent coefficients. We will 

The proof of the following theorem is similar to the proof of 

(5.2). 

THEOREM ( 6.2) The linear solutions with time-dependent coef­

ficients are such that 

E:{ = ijJjt E:t 

where the 1jJ j t 

\l t E ZZ 

are 11 

\l j = H-I 1 , .•. ,H-1 

functions of t 

Co nseq uent l y ( 6. 1) be cornes 

( 6. 3) 

K. 
J 

I c.k 
k= k. J 

J 

Arbitrary values of the functions iJ!jt do not always correspond 

to a solution since the following condition is imposed 

00 

( 6. 4) < 00 \l t 

Dropping the stationarity assumption leads to a larger set 

of solutions. This set cannot be described in terms of a finite 
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number of parameters. However the extension of the 

set of solutions has another implication. It emphasizes the 
11 dynamic growth 11 of the multiplicity of solutions. In 

fact, theorem (6.2) shows that the knowledge of the 1/Jjt 

for t < T is not enough to determine the future values of 

the process y 

Therefore at time T , the value yT of the solution may 

be chosen in infinite ways by means of 1/JjT . At 

time T+1 Y may again be chosen in ' T+1 infinite 

ways by means of 1/J· T 1 • And so on. 
J ' + 

Examele_(6.5) 

.___Yt __ = __ a_E_( Y_t_+_1_1_1_t_) ___ + _u_t ' a ,. o 1 

where 

(Et) is an independent white noise. 

The general solution of the model is 

( 6. 6) = -a 

The linear solutions are such that 
0 

Et = 1/JOt Et 

Consequently ( 6.6) becomes 

= and 
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Yt 
1 

( 1/Jot - 1 0t-1 (B) sl = - Yt-1 + E:t a a ) 

and it appears clearly that, knowing YT-1 E:T-1'"""' 
needs a chosen 1/JoT to fix Yr 

7. DIFFERENCE OF TWO SOLUTIONS. 

GOURIEROUX, LAFFONT and ~ONFORT (1979) have cha­

racterized the set of all solutions of some LRE models by 

using arbitrary martingales~ These martingales anpear in 

the expression of the solutions of the homogenous version 

one 

of the model. Therefore it looks quite natural to finrl a 

link between these martingales and the martinqale difference 

sequences appearing in this oaner. 
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7 .1 - The method of GOURIEROUX, LAFFONT and riOMFORT (1981). 

By analogy with the theory of the linear differen­

c e e q u a t i on s , G O U R I ERO U X , L A F F O N T a n d f 10 N F O R T n o t e t h a t t h e 

general solution of the model is the sum of a rarticular 

solution and of the general solution of the homogenous 

equation obtained by excluding the exogenous orocess. 

They consider various homogenous equations. 

i) The simplest one is related to the CAGAN model 

( 7 • 1 ) = 

Its general solution is 
1 

Yt = -;t° ~\ 

where (Mt) is an arbitrary martingale i.e. a stochastic 

process for which the rational expectation co,ncides with 

the naïve one : 

= 

ii) A second order homogenous model, which was considered, is 

= 

Let Àl and À2 denote the roots of the characteristic 



equation 
2 

À 
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Th r e e c as es were d i s t i n g u i s h e d 

= 0 

A1 and A2 are real and A1 i A2 , the general solution 

i s 

1 
i·i 1 t + 1 

;12t Yt = 
~ ~ 1 2 

Àl and À2 are complex conjugate Àl = 
th e g e n e r a 1 s o 1 u t i o n i s 

Yt = 

Àl = À2 = 

= 

1 
U11 t t 

p 

À 
' 

the 

1 ( '1 -:t '1t 
À 

coswt + >12 t sinwt) 

general solution i s 

+ 

À? = p eiw 
l... 

In each case [:::] is an arbitrary bivariate martinqale. 

iii) Finally, they also considered the model 

= 

and showed that its general solution is 
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= 

and depends on the values at t and t-1 of the same arbitrary 

martingale. 

7 .2 - Connection with the revis ion processes. 

We consider the homogenous version of model (2.1) 

K H 
( 7. 1 ) = l l akh E(Yt+h-k IIt-k) k=o h=o 

The solutions of (7.1) are equal to the differences of 

two solutions of the original model (2.1). If 
'ù 
y and 

'ù 'ù 
y 

are two solutions of (2.1), we have, from (4.28} used for 

11 > o (1 1 is assumed to be strictly positive to have a multiple 

solutions model): 

Il H-1 K. 'ùj * }\+i 
j=H~Il kI~ ~ gt(u) 1I1 a. = C j k Et+I1-k + 

l 
0 J 

Il '\, H-1 K • '\, . 
* 1\+1 

j=H~Il 
r-1 'ùJ gt(u) ;I.1 ai = cjk Et+I1-k 

+ 
k=k. 

0 J 
I'\, 

The difference Yt = S' t }t verifies the equation 

Il H-1 K . 
j ( 7. 2) * 

j=H~Il 
I,1 ;I1 a; Yt+i = c.k Et+I1-k k=k. .) 

0 J 

f;j 'ùj '\, . 
'ùj '\, . 

where = "'J i s also él. AM process. Since and 'vJ 
t f;t f;t f; t e: t 
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are arbitrary, the same is true for and ( 7. 2) gives 

the general form of the solutions of the homogenous equation. 

It is equivalent to 

11-1 * H-1 K. a. J c.k j ( 7. 3) 
i ~ I 

1 
+ l 

k~k. 
J 

Yt+I = -*- Yt+i -*- Et+I1-k 1 a I j=H-I 1 a I 0 1 J 1 

This relation can be exoressed with matrix notations : 

= + 
H-1 · K. 
I IJ d vj 

j=H-Il k=kj jk t-k 

where 

Yt 

Yt-1 0 .. -·-- ··-·--······· 

- --
* al 
1 

0 
yt = A = 

Yt+I
0
-I 1+1 0- 0 

j 
Et-k 

v{_k = 0 = 

. 
0 

If initial values Y
0 

are given and if the values of the 

revision process.e:.-s·J:,efo.re- t: = o are fixed to zero:Vf = o IJ t < o , 

we obtain : 

(7 • 4) = + H~l ~j d (Vj ·vj At-1.vj 
l l' jk t-k+A t-k-1+,.,+ 1-

j=H-Il k=kj 
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Since a* t- 0 the matrix A i s invertible. 
Io 

( Mj ) Let us consider the process defined by . 
t . 

( 7 • 5 ) Mj A-t (Vj + A v{_, 
t-1 vj) = + ••• + A t t 1 

Taking the expectation of (7.5) given It_ 1 yields 

Consequently, 

= 

= 

A-t(A Vj 
t-1 + ••• + 

A-(t-1) (Vj 
t-1 + ••• + (t-1)-1 j) A v1 

is a multidimensional martingale with 

zero mean. Its components are all generated by the same tM 

process 

Substituting (7. 5) in (7 .4) gives 

H-1 K . 
At 

1 

At j ( 7. 6) yt = Yo + I f' d j k Mt-k j=H-I 1 k=k. 
J 

The eigenvalues of A are denoted by À. 
1 

; they are equal 

to the roots of the characteristic equation . . 

I 1 i - I 
( 7. 7) l a~ X o = 0 

i=I 1 

0 
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In the simplest case, matrix A has a diagonal representation. 

Let Q refer to the matrix of eigenvectors and A refer to 

the diagonal matrix : 

À 1 ' 0 

A 
À 2 

= 

l 0 
À Ï - I 

1 0 

we have : A = Q- 1 A Q and equation 

(7.6) becomes : 

K. H-1 At IJ -1 At 
MÎ-k yt = Yo + I djk Q Q 

j=H-1 1 

The pro cesses (~j) = Q t 

( 7 • 8) = 

k= k. 
J 

(Mj) 
t are 

H-1 
I 

j=H-I 1 

also martingales and we have 

It is seen from equation (7.8) that the first component Yt 

of the vector Yt is the sum of a deterministic function 

corresponding to the first component of 

combination of terms of type 

and a 
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Where ~j ,·s the Jl th M coordinate of the martingale Jl' • 

Mj . We have exponentially weighted combinations of martin-
gales. 

There are I 1 vector martingales • Each one is 
generated by a scalar ~M process and may appear with lagged 
terms. 

On the other hand, when matrix A cannot be diagonalized, 
it is however possible to replace A by the JORDAN's reduced 
form. The exponential factors l! become products of exponen­
tial functions by polynomials. 

We will now consider some examples to illustrate the previous 
procedure. 

Example (7.9) 

We consider CAGAN's model 

(7.10) = + 

with a! o . Its solutions verify the recursive equation 
= 0 

a Yt+1 - a <\+1 + 
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The solution of the homogenous version of the model are the 

processes satisfying : 

Yt = a Yt+1 
0 - a E:t-1 

or equivalently for t > 0 

0 
Yt = - Yt-1 + E: t a 

= + ••• + + €~) 
a 

1 1 "\, 

= t Yo + t Mt 
a a 

"\, t 0 0 1 
€ ~ ) where Mt = a ( € t + - €t-1 + ... + t-T a a 

is a martingale 

with zero mean. 
"\, 

The difference sequence associated with Mt i s 

= 

It is linked to the 6M process (E~) by means of a non 

stationary function of t 

Example (7.11) 

We consider the following homogenous model 

(
7
.,z) [_Y_t_= ___ a_o_1_E-(y_t_+ __ 1_1_

1
_t_)_+_a1_2_E_(_y_t_+_1_i_It_-_1_)_+_a_1_1_E-(y_t_1_

1
_t_-_1) 
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Inserting the revision processes, we get 

= 

The comparison of this relation with its projection on It_ 1 
yields : 

= 

and 

= 

or equivalently for a01 + a 12 f o 

( 7. 13) 

where 

= + 

in an arbitrary tM process. 

a12+a11ao1 1 
ao1 + a12 st-1 

Let us now introduce the zero mean martingale 

= 
1 1 - a 11 1 [ 1 - a 1 1 l t - 1 1 r a O 1 + a 121 t (st + ---- st-1 + ••• + ---- s1) _1 __ _ ao1+a12 ao1+a12 l -a11 J 
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We have for t > 0 

l 1-·11 r [ 1-a r '\, 

Yt = Ya + 
.ao1+!~2J ao1 Mt ao1+a12 

(7.14) l r, 1 -a 11 a12+ao1a11 '\, 

+ Mt-1 ao1+a12J ao1+a12 

It should be noted that in bath previous examples, the martin-

gale is scalar. is proportional ta and 

may be chosen arbitrarily. Therefore the zero mean martingale 
'\, 

Mt is also arbitrary. 

Example (7.15) 

Consider the model 

a.b t o 

The solutions of the homogenous version verify the relation 

b - a Yt-2 + 

or using the lag operator B 

(a - B + b B2) Yt = a 0 
Et 

Let À 1 and À2 be the roots of the equation a - À + b À2 = 0 . 
If À1 and À2 are real and distinct, we may write, for t > 0 
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is a deterministic function 

zero for t < 0 and equa 1 0 
to E:t for 

and where ~~ is taken equal to 

• (This latter condition gives t ) 0 

to (8 ) - 1 (B ) -1 'v0 a sense - À1 À2 E:t whatever are the 

modulis of À1 and À2) 

Yt = 
[b(À~-À2) 

(8-),1 )-1 + a 
b( À 2 - À 1 ) 

( 8- À2) -1J 'v0 
E:t + f(t,y

0
,y_ 1) 

t-1 1 0 
t-1 1 0 a l a l = b(À1- ~)À1 0 E:t . + b(À2-À1)À2 

--r E:t-i i=o -1 i=o À l 
1 2 

or equivalently 

(7.17) = 
1 

0 1 

+ 

where = 

is a zero mean martingale. 

(7.17) expresses the solution of the homogenous model in 

terms of two martingales (Mi) and (M~) functions of 

the same 6M processes (E:i) 

Example (7.18) 

We consider the homogenous model 

+ f(t,y
0

,y_ 1) 
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(7 .19) [_Yt __ =_a_E_(_y_t_+2_1_I_t~- a >-

The solutions of this model, for t > o , verify 

(7.20) = + 

where (E~) and 1 (Et) are arbitrary L1M processes 

with 0 
0 for t < 0 and 1 = 0 for t < 0 E = Et t 

We also have 

1 

[ 1 

1 1 l (E~ 
1 f(t Yt = 2 + + E t-1 ) + Yo B 1 B 1 - + -1 

la ia:J 
1 

00 

1 1 1 
00 

1 1 = 2 l ---,- (E~ • + Et-i-1) + 2 I (E~ . + Et-i-1) i=o ra, -, i=o (-la), -, 

+ f(t,y
0 'y - 1 ) 

Adding and substracting la 1 we get 2 Et ' 

1 
00 Bi 

/a Et) 
00 Bi 

I ( E ~ 1 I ( E ~ 1 f(t,y
0

,y_
1 Yt = 2 --..- + + 2 - ra Et) + 

i=o la, i=o ( - la), 

(7.21) Yt 
1 M1 + 1 M2 f ( t, Y 0,y _ f' t > o = rat + t (-la)t· :t 

M1 rat 00 Bi 1 where = -y- I ra, ( E ~ + ra Et) t i=o 

M2 (-la)t 00 Bi 1 and = I ( E ~ - ra Et) t 2 i=o (-la), 
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are two zero mean martingales. 

Another form of the general solution might have been obtained by 

introducing the process : 

= + 

and by substituting in (7.20) 

= - + a 

(vt) is an arbitrary process such that 

= = 0 

8. CONCLUDING REMARKS. 

1) Revision processes are particularly adapted to the descrip­

tion of all solutions of the LRE models. In the previous 

sections, we have shown that a finite number of initial 

conditions is not sufficient to single out one solution. 

It should however be noted that final conditions are more 

restrictive. A martingale process M is completely determined by 

a final condition since Mt = E(MT/It) lJ t < T 

Consequently, there is an asymmetry between the impacts 

of initial and final conditions. In the 



- 52 -

case of 1 i ne a r s o 1 ut i on s w i th t i me - de p e.n dent c o e f fi -

cients, the imposition of final conditions cuts off the 

11 dynamic growth 11 of the multiplicity obtained with initial 

conditions. 

2) In section 5, we restricted the study to the linear sta­

tionary solutions in order to emphasize the existence of 

a parametrization. However a large number of other sta­

tionary solutions do also exist. To develop this point, 

we consider CAGAN's model 

= + a > 1 

The general solution is 

= - + a 

where (E~) is an arbitrary âM process. We assume that 

the exogenous variable is an independent white noise. 

= \J t 

It is then clear that the stochastic process defined by 

= 
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is a 6M process. lt leads to the stationary solution 

= -a 

Actually there exista large number of non-linear 

stationary solutions. 

They constitute a set which cannot be described in terms 

of a finite number of parameters. 

3) Finally it can be noted that the general procedure based 

on revision processes,which has been used for determining 

the solutions of a unidimensional dynamic LRE model, can 

be extended to the case of multi-dimensional dynamic 

LRE model and also to some non-linear R.E models, such as 

mean-variance models. 
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