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1. INTRODUCTION 

In this paper, we examine the possibility of testing the 

rational expectation hypothesis from simultaneous observations of 

* some variables y and of their expectations y. Such a direct 

approach has been considered by several authors (see the joint 

references). 

These authors study in general the formation of 

inflationary expectations from the ~ivingstone series. The main 

advantage of a direct approach is that it does not require an 

a priori model connecting the variables to their expectations 

therefore, the tests which will be introduced are model-free 

(or non parametric, in the usual statistical terminology). 

The test procedures are related to the kind of data 

which are available; in particular, a great number of observations 

are oBtained from tendency surveys and are qualitative. 

The definition of the optimal prediction for qualitative 

variaôles and the determination of the associated tests of the 

R.E hypothesis constitute the major part of our contribution. 

Since Muth [196.U, an expectation is said to be rational 

"if it ±.s- the same as the prediction of the theory". This optimal 

prediction is usually defined as the best approximation of y based 

upon an JI information set Il a, in the sense of the minimum mean 

squared error. In the sequel this optimal prediction will be denoted 

by t (y/!i} . 

The question is : are the observed expectations y* 

compat±Ble w-ith the above rationality? To answer this, we have to 

test the null hypothesis 

H = {'3 j * y 
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This hypothesis and the associated test procedures will 
be discussed for different kind of quantitàtive or qualitative 
variables in the following sections; more precisely, in section 2, 
we consider the definition of the optimal prediction~(y/J). In 
general, this prediction is nota conditional expectation (this 
explai'ns the notation t) : in particular, optimal prediction and 
conditional expectation are not the sarne when the variables are 
qualitative. Thi~ is due to the fact that y* have to satisfy sorne 
constraints, for instance to only take the values O and 1. 

Sorne testable characterizations of the hypothesis H are 
given in section 3. 

In section 4, we examine the associated test procedures. 
The data are in general indexed by individual and/or by tirne. In 
the case of serial data, the usual Student's test of a=l in the 

* rnodel: yt = a yt + ut cannot in general be used and we propose 
another test procedure val.id for individual as for serial data. 

An usual underly~ng assurnption is the joint stationarity 
of the processes (y,y *). We show that the proposed test procedure 
is still valid without the stationarity of the rneans. 
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2. OPTIMAL PREDICTIONS 

2a. Definition 

Let us consider a set of knowledge ~ and a problem of 

prediction of a K dimensional vector y= (y1 , ... yK)
1

• A set of 

information1 is a family of random variables with values on ~K, 

obtained from Q : !J = iµ ( 0-) . The set ;f can be interpreted as the 

set of the possible predictions of y when the knowledge is O... 

The optimal prediction, denoted by 'f (y/;}), is defined 

as a solution of the optimization problem 

K 

( 1) Min lly-x 11
2 ) 2 E = E (yk-xk) 

·v 
XE "J k=l 

Such a solution exists and is easily obtained if the information set 

j is of scme pa.rticular forms for instance if 'J is a closed vector 

space (in the sense of the norm /E 11 - Il 
2
}, if :J is a closed convex 

set, or if 1 only contains elements whichare indicator random 

variables. As it will be seen, these particular forms are well 

adapted to the different kinds of available data. 

2b. Quantitative observations 

The simplest case arises when the variable t~ be 

predicted is quantitative. In this case, it is usually assumed 

th~t the information set'J is a closed vector space of square 

integrable random variables. The optimal prediction of y is then 

the orthogonal projection of y onJ. It is characterized by the 

orthogonality conditions: 

(2) E [y - ~ (y/j}Js:x = 0 for all x E j 

Different forms may be considered for the information 

set and are associated with differeht optimal predictions. To 

cast some light on this point, let us assume that the variable 

to be predicted is indexed by time: y= Yt+lJ and let us 



- 4 -

denote 1 = ~t the information set at t. 

(i) if jt is the set of all square integrable functions 

of present and lagged values of y : y t' y b-,l' ... , the information 
sets increase with time and th.e prediction of the theory is the 

conditional expectation given ~t: 

(ii) If ~t is the set of linear combinations of l,yt, 

Y't..,._i · •. , the optimal prediction 't<Yt+l/jt} (l) is the linear 

regression of Yt+l on yt' yt_1 ... 

(iii) If 1t is the set of linear combinations of 

l,yt,Yt-l"""Yt-p' the information sets do not increase with time. 
The information does not contain the observations with a lag 

strictly greater~ th.an p : the order p may be seen as a measure 

of the rnernory. 

(iv) jt may contain variables which are not past values 

of y. An interesting case occurs when 3t is the set of linear 

combinations of Y't andt-iY: the prediction of y t taken at t-1. In 
this case, the optimal prediction is of the following form: 

It corresponds to the adaptative scheme if:a+b = l, a> O, b > O. 

In the case of simultaneous observations of actual and expected 

values indexed oy the time, we assume some regularity for the 

sequence 6f the information sets. More precisely, if ~t is some 

set of variables indexed by t, ~t+l can be deduced from j t by the 
shift of one unit in the index of these variables; this condition 

is in particular satisfied oy the previous examples. 
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2c. R.E. hypothesis on the distributions [Lucas (1972)1 

The variable to be predicted is often qualitative. The 
predictions for such a case depend upon the. constraints on the 
answers. These answers can be probability distributions (in this 
section) or qualitative responses (in the next section). For 
instance, the respondents may not be questioned about the value of 
y ER, but about the expected probability for this variable to 
take a value between ak-l and ak, where the ak' k=O ... K, are 
given values 

a = 0 
-oo < 

The variables to be predicted are in fact the qualitative variables, 
given by: 

( 3' 
otherwise 

for k = 1, ••. , K. 

K 

Since U Ak = IR, and Ak n A'), = 0 for k ~ '),, the random 
k=l K 

variables zk' s satisfy : L zk = 1. 

k=l 

The e~pectations z; (k=l, ... K) of the variables 
zk (k = l ... K} can be regarded as probabilities on the finite 
set { 1, .•• K} : 

( 4) () 

K 

::; z; :s: 1 for k=l, ..• K, and/ 

k=l 
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The formulation of the survey's question imposes in this 

case these constraints on the z;•s. Therefore the information set 

can only contain elements satisfying these constraints . By 

analogy with the quantitative case, it is natural to define 1 by 

(5) J = {x = (xl' ... xK}'';xk E ~ 0 $ $ 1 for k=l, ... K 

K 

L xk = 1 } 

k=l 

where ~ is a closed vector 

such that 1 ';/ ~. This fo~m 

space 

for ·~ -
of random variables on IR, and is 

simply means that the respondent 

has the same information set jas for quantitative response 

but that he must constrain his answer to satisfy (4). 

-
that 1 E j. 

K 

Since xk E j for all k, and L xk = 1, we notice 

k=l 

on y, 

The information set 3 is the intersection of a closed 

vector s-pace and of the simplex and is in part.:i.cular a closed 

convex set. Therefore, the minimization problem : Min El lz.,..x 11
2 

XE'.J 

has a solution. 

t (z/j) = (f (z1/j), ... Ë (zJ!J)} wiich is a.s unique. 

2d. Qualitative prediction 

In the previous example, the prediction Cz{, ... ,z:/;) does not 

take its values in the same set as the variable z :::a ( z1 , ... z K) which 

is to be predicted.This latter constraint can be imposed to the 

answer: this case is particularly important in practice. 

In tendency surveys, for instance, the respondents are 

questioned about the expected direction of change for some economic 

variables. They have to choose a single alternative among answe:Fs 
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of the following type: "the variable is expected to go up", "the 
variable is expected to stay the same", "the variable is expected 
to go down". 

As in the previous section, the variables to be predicted 
are qualitative ones : 

K 

1 if y E Ak 

0 otherwise 

where U Ak = IR and Ak n A Q, = </> for k 'f Q, 
k=l 

-To the closed vector space 1 representing the informati~n set for 
qu~Dtitative response, we can associate the cr-field cr(~) generated 
by ~ . The information set ·~ will be defined by : 

(6' j = {x=(x 1 , ... xJ; x = ~B for k = l, ... K 
k k 

K 
\) Bk = IR, Bk n BQ, = q, for k 'f Q,} 

k=l 

cr ( 1) 

Therefore, a possible answer is such that xk = 1 for k = k0 , 
and xk = O otherwise. Such an answer corresponds to the choice of the 
alternative k

0
• 

In this context, we are now discussing the existence of an 
optimal prediction. 

Property 1 

Let us denote by P[Ak/~] the conditional probability of 
Ak given cr (j) . 

* * *' x = (x1 , ... xJ where 

* { 1 if P[Ak/jl' 

xk =l O otherwise 

Max 
j'fk 

"' P(A./.'.J) 
J 

is a solution of the min.imization problem Min E Il z-xll 
2 

~~ 
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The optimal expectation behaviour consists in choosing the 

alternative which has the greatest conditional probability. It has -
been implicitly assumed that the maximum of the pf Aj/~J was not 

attained for several different alternatives however, property 1 is 

easily modified in such a case{ 2
). 

Proof of property 1: 

K 

We have :E llz-x Il 2 = L E [] - Jl 12 
Ak Bk 

k=l 
K 

= 2 [ 1 - L E ]}A ])B 1 

k=l k k 

Therefore, our problem is equi:valent to the maximisation of 

K K 

~ E ( ]A Jl ) = L E (E (]A ]B /1:J)) . 
L k Bk k k 
k=l k=l 

K 

= L E (JB p (Ak/'5')) 
k 

k=_l 

= 

K 

It i:s easily seen that the variable L 
k=l 

> Max 
jï=k 

-P (A /'J) } 
j 

Q.E.D. 
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3. CHARACTERISATIONS OF HYPOTHESES H 

3 • a A lemma : 

Let us col'fsider the hypothesis H = {3-°j E I : y* = t (y/J)} 
where I is a family of information sets and y*is the observable 
prediction of the variable y . 

. Lemma : If there exists a smallest element 'J (y*} of I, containing 
* y, the three following propositions are equivalent: 

Proo_f 

( i) 3 -1 E I : y* = t (·y /'j) 

(ii) E I IY - y*I 1
2 

s E I IY - xi 1
2 

for all x E~(y*) 
(iii) y* = t [y/ J>.j (y*>: 

~ * J-t * ,2 (i)·9(ii): since .l(y) c·J, we have: Elly-y 1 · = 

Min E IIY - xll 2 
s IIY - xll for all X €51 (y*) 

X E'J 
( . ) ( . ) . E 1 1 Y - y* 1 1 2 

s . 1 1 1 1 2 ii ::;> iii :~Since _ Min E y - x 

XE~(y*) 

and y*€ 1cy*), we deduce that : y* = Ë [y/~(y*>1 

(iii) 7 (i) '. Take 5) = ~(y*) 
Q.E.D. 

3.b Quantitative response 

As seen in section 2b, a natural family I tà be consider~d 
0 

in the quantitative case is the family of the closed vector spaces. 
For expository convenience we assume that y is unidimensional : 

Property·2: 

1 
There exists ~E I

0 
such that y*= e(y/~) if and only if 

E(y - y*) y*= 0 

Proof : 

The smallest closed vector space generated by y* is 
~ (y*) = {À y*, À EIR}, and the orthogonality condition E(y - y*)y*= o 
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is necessary and sufficient for having y*= ~(y/~ (y*)) Q.E.D. 

Therefore, the characterisation simply leads to the 

usual condition of orthogonality of the prediction y* with the 

* forecast error y - y. 

3.c R.E. hypotheses on the distributions 

The expectations are constrained to be probability dis­
,v 

tributions and a natural family !
0 

to consider is 

K 

I)} 
,... 

{ 'j = (x 
"' L I = = ( X 1 , • • • , Xk ) ' , Xk El 9j / 0 ~ xk ~ 1, xk = 0 

where9J E Io k=l 

Property 3 : 

* I such that If the prediction z of z = (zi, .. zK) is 
' I\J 

= l, •.. K, the hypothesis H * ss sup zk=l for all k 

! (z/~)} is satisfied 
= e s:; e::r 

O 
= z * = 

if and only if: 

Proof: 

(i) The smallest element of r
0 

containing z* is the 

closed vector space generated by the components z;, and then, it 

is the set of all linear combinations of thesecomponents. 

Therefore, the elements of~ (z*) are of the fbrm': 
K 

x = (x1 , •.. , xK) with xj = L 
k=l 

the 

0 ~ 

K 

The constraints xj ~ 0 for all j, L 
j=l 

assumption:ess. * sup zk = 1 for all k, imply 
K 

Àjk $ 1 and L Àjk = 1. 

jml 

x. = 1, and 
J 

that for all j, k 
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Conversely, if these conditions on the ).'s 
K !(! K'. K 

L * and L L L * 
Àjk zk ~ 0 x. = Àjk zk J 

k=1 j=1 j=l k=l 

K 

L * 1. zk = 

k=l 

Therefore, the set·-~ ( z *) is given by 

Ip 
1 with ~ 0 and 

{ii) From Lemma 

K 

K 

L Àjk = l for all j, k 

j=l 

are satisfied, 
K K 

L * LÀjk = zk 

k=l j=l 

= 1 ••• K 

His satisfied if and only if: 

(3.a), we deduce that the hypothesis 

z*={(z/~(z*)), that is if the 

optimization problem Min E I lz 11
2 . * - x has a solution x = z. 

X E9J (z*) 

This problem is 
K 

E ( \ ' *> 2 zj - L Ajk zk 

k=l 

r 
0 s Àjk s 1 for all j, k = 1, .•. ' K 

K 
s.t. 

l L Àjk = 1 k = 1 , ••• , K 

j•l 

and is equivalent to the following one : 
K 

= L E cz. -L * L ,:\kj) *>2 Min S(À) Àjk zk - (1 - z . 
À J J 

j:;:l k: k.t j k:k.tj 

s. t. 0 s Àjk :S 1 for all j ;t k 

. .. 
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Since the objective function is a convex function, the 

first order Kühn-Tücker's conditions are necessary and sufficient. 
* = o if j ~ k), and is solution z corresponds to 0 0 0 

À = (À .. = 1, À 'k 
JJ J 

of the problem if and only if 

-, 
: 

éH 'k - J 
S(À)j À= ~o 

for all j ~ k = 1, .•• K. 

E * * E * * or equivalently : zk ( zk - zk) 2: - zk ( zj - zj) for all 
k, j = l, •.. K. Q.E.D 

For instance, in the case of two alternatives, the 
conditions are 

3.d Qua.litative expectations 

In this case, z and z* are qualitative and the probability 
distribution of œ, zi can be summarized in a theoretical contingency 

t!ble (pjk), where pjk is the probability that zj = 1 and 

zk = 1. N 

"' We consider the family I
0 

of the information sets of the 
form: 

r· (x1,•••, xk) ; xk = .1B ' Bk € 0 ('3) ) 

i k 

1 = 
K 

J ,.,, 
U Bk = IR, Bk n B. = 0 for j ~ k, J E I 

k=l J 0 

Property 4 : 

1 There exists J € Y such that z * = t ( z/j) if and only if 
0 
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Max p 
J'k j.ek 

,•-./ 

From Lemma l3.a~ we know that gis satisfied if and only 
if : z* =le (z/'J (z*)), where "J(z*) is the smallest element of Ï

0 
containing z*. Using property 1, it is easily seen that the optimal 
prediction x = tCz/~ (z*» is such that, for all k = 1, ••• K with 

* zk = 1 

x. P(z. * 
( z j ' 

* = 1 if = 1/zk = 1) > Max p = 1/zk = 1) 
J J 

j' ~ j 

x. if P (z. * 1). (z.' = * l} = 0 = 1/zk = < Max p 1/zk = J J J 
j ' ;t j 

( if there exist . several 
* P(zjl = 1/zk = 1) = ••• 

indices j 1 ••• j such that 
* p 

= P(zjp= 1/zk = 1), (~jl'"""' xjp) is any 
0) } • permutation of (l,O ••• , 

Since for all j , k: P ( z j = 1/ z~ = 1) = 
Pjk 

these 
K 

L pjk 
j=l 

* relations can be expressed in terms of Pjk" Finally zk is an optimal 
prediction if and only if: 

for all ~ = 1, .•• , K pkk ~- Max p,k 
--j.ek J 

Q.E.D. 

We can note that these rationality conditions,are different 
from the conditionswhich are intuitively to be suppose~ for Raving 
more often right predictions; these conditions are: 

* * P(zk = 1/zk = 1) ~ Max P(z. = 1 / zk = l} 
j.ek J 

or equivalently : p kk ~ Max p kj 

j .ek 

The concept of rationality implies the comparison of 
the probabilities of a same column, and the idea of right predictions 
implies the comparison of the probabilities of a same row. 
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3.e Testing frorn qualitative observations the R.E. hypothesis 

written for the latent quantitative variables 

The qualitative variable to be predicted is often defi­

ned frorn a quantitative variable. In the sirnplest case, the pos­

sible answers are"go up" and "go down". The observable variable 

is : 

z = { ~ if y> 0 

otherwise 

where y denotes the modification of the latent quantitative varia­

ble. 

In the previous sections, we have considered the RE 

hypothesis on the qualitative variables z : 2 = f (z/~). 

Another rational prediction behaviour of the respondent 

is to optirnaly predict the latent variable by 9.: t(y/~) and to 

z = { 1 if y> 0 

O otherwise 

answer 

This hypothesis can be written as 

N 
{39:JEI, * y= t (y/~) o} a = z = 1 if > 

0 

* z = 0 otherwise 

where I; is the farnily of all closed vector space~ The new 
0 • 

difficulty is that the quantitative variables are only known 

through their signs and it is easily seen that the necèssary 

and suffic~nt condition for the RE hypothesis to be satisfied 

E(y - 9)9~= 0 can not be written in terrns of their qualitative 

counterparts z and z. 
In such a case, it is necessary to transform in:some 

way the qualitative data z and z into quantitative ones. 

, :r..mon:rr the var ious procedures introaucf'd in the li te ra­

ture two are very often used. The first one consists in replacing 

the observations "go up" and "go down" by scaling values. In the 

second one, the quantitative variable associated to a set of 

qualitative individual observations is the "balance" defined as 

the difference between the number of responses "go up" and the 

number of responses "go down". 
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These conversion procedures can be easily criticize, 

but our aim in this section is to study the implication of the 

R.E. hypothesis when these conversion procedures are considered 

to be the right ones and to compare the associated constraints on 

the probabilities with those obtained in the previou9 section 3.d. 

In the sequel, we only condider the case of two alterna­

tives. We assume that the theoretical contingency table at time t 

is: 

~ 0 1 

0 p p 
00,t 01,t 

1 p p 
10,t 11,t 

(i) conversion by scaling technic [ANDERSON (1952)] 

[PESARAN-GULAMINI (1982)]. 

We assume that there exist a. < o and 8 ~ O such that : 

Yit = a. if zit 'l' 0 

Yit = 8 if zit = 1 

* if * Yit = a. zit = 0 

* 8 if * 1 Yit = zit = 

* * The condition: E(yit - yit)yit =Ois equivalent to 

l? 01,t(CY. - /3) /3 +p 10,t(/3 - q)o. = O 

or to p 01, t f3 - P10, t a. = O 
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Therefore, the R.E. hypothesis can be written as: 

,( 

{ :10, t 
01,t 

independent from t} 

and is easily tested from the observed frequencies. 

Independently from the simplicity of the conversion 

procedure, which assumes the existence of the scaling values and 

their time invariance, it is interesting to remark that the 

expression of the R.E. hypothesis only depends upon the crossed 

probabilities. Contrary to the case of qualitative predictions 

considered in 3.d, the only important expectations from a statisti­

cal point of view are the erroneous ones. 

(ii) Conversion by balance( 6 ) 

-If the observed frequency table is (p,. t) the balances, 
1), 

defined as the difference between the proportion of 1 and the 

proportion of O, are 

Bis 

P10,t + P11,t - Poo,t - Po1,t 

Po1,t + P11,t - Poo,t - P10,t 

The R.E. hypothesis written on the quantitative variables 

* * E!Bt - Bt) Bt = O for all t, and is equivalent to 

Asymptotically, when the sample size at time t tends to 

infinity, this condition becomes 

or equivalently { p 10, t 

Pol, t 

= l or p 01, t + p 11, t 

With a completely different conversion method, we find 
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Pol,t again a condition of time invariance of-------, as in the previous 
p 

subsection. 10,t 

4. TESTS OF THE HYPOTHESIS H 

Once the hypothesis H has been expressed in mathematical 
terms, the test procedures are easily deduced. We only have to 
test by classical approaches either equalities for the quantitative 
case or inequalities for the qualitative ones. However we would like 
to insist on two points. 

On the one hand, the data are in general indexed by 
individual and by time. In a first approach, they can be considered 
as individual data or as serial data, and the treatment of the 
disturbances heavily depends upon the kind of dimension which is 
considered. 

On the other hand, for serial data, if the predictions 
are unbiased, the test procedures are valid without assuming the 
j)oint stationarity of the processes (y, y*). 

We will essentially discuss these two points for the 
quantitative case. The test procedures obtained for this case are 
easily transformed for treating the qualitative cases( 3), by using 
classical general results on test of inequalities [see for instance 
CHANT (1974), CHERNOFF (1954), NUSCH(l964), GOURIEROUX-HOLLY-MONFORT 
(1982)]. 

4.a Test of the R.E. hypothesis from individual data 

* In this section, we consider panel data on y ~nd y for 
* a given date t

0 
: (y.t, Y·t) for i = 1, ••• , n and we assume 1 

0 
1 

0 

that th~ individual observations are i.i.d. The R.E. hypothesis at 
the individual level is characterized by the condition: 

* * E(y.t - Yit )yit = O. 1 
0 0 0 

As it is well known, this conditions can be easily tested 
by writing the linear model : 

i = l ••• n 

= O, Vuit 
0 

2 = a 
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and by using the classical student statistic associated with a= 1. 
This test is valid for individual data since under the null the 
disturbances uit are uncorrelated with all the expectations 

* . 1 0 y. t , J = , •• n. 
J, 0 

As we shall see in the next section, this latter condition 
is not general satisfied for serial data, and therefore, contrary 
to the usual practice [TURNOVSKI (1970), FRIEDMAN (1980), BROWN­
MAITAL (1981), LEONARD (1982), PESARAN-GULAMINI (1982)], the student 
statistic can no longer be used. 

4.b Test of the R.E. hypothesis for serial data under the stationa­
rity assumption 

aggregate 

H = {Vt 

The R.E. hypothesis can also be considered for the 
n 

data ( 4 ) 

i=l 

* * E(yt - yt)Yt = O} 
If we assume the joint 

the hypothesis becomes 

n 

* yit and is 

i=l 

stationarity of the process · 

* * : H = {E(yt - yt)Yt = o} and a test 
T 

1 
can be built from the empirical rnean: -

T L 
null, the 

T 

statistic.:,) 
Fr~ 

t=l 

t=l 

* * (yt - Yt)Yt is asymptotically (in T) 

normal with zero mean and with an asyrnptotic variance g1ven by: 
+ 00 

Q = > y (h) where 

h=-00 

This asyrnptotic variance is consistently estimated by 
+oo KT 

replacing the infinite sum L hy a finite one L and the expec-

h=-00 h=-K 
T 

tations by the empirical means [see FULLER (1976)]. Therefore, the 
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T [L 
t=l 

:KT 

LT-~hl 
k=-K 

T 
t=l 
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* * * * 
{yt - Yt)Yt {yt+jhj - Yt+lh!)Yt+lhl 

has asymptotically a x2 {1) distribution. 

2 If~ is greater than the upper o point X
0

{1) of the 

x2
{1) distribution, the R.E. hypothesis is rejected. It is not 

rejected otherwise. 

This test procedure is different fràm the usual one 

which consists in writing the linear model 

* Yt = a Yt + ut, t = 1, ••• ,T 

and in testing the hypothesis H by the student statistic associated 

with a= 1. This procedure is not in general valid in the serial 

case in effect, under the null, the disturbance ut= Yt - y: is 

uncorrelated with y:; it may be uncorrelated with the past 

expectations yt* ., j > 0 if the information sets are increasing -J 
with time{S). But it is in general correlated with the future 

expectations Y:+j' j > 0 therefore, the usual formula for the 
variance of the OLS estimator of a, and the test based on the usual 

student statistic :are not val id. 

4.c Test of the R.E. hypothesis for serial data without assuming 

the stationarity 

The assumption of stationarity is rather strong. However, 
it can be replaced by a weaker assumption, if the expectations are 

* unbiased: we assume that each of the processes yt and yt can be 
decomposed into a deterministic part and a zero mean random sta­
tionary component 

t = l, ... T 
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where (ut, vt) is jointly stationary, Eut= E vt = o. 

(i) Let us first consider the test of unbiasedness 

= { Vt : E y t 

Under~}G, the process yt - y:= ut - vt is stationary and therefore 

the hypothesis ·Jl can be easily tested from the empirical mean : 

l 

T 

T 

L 
t=l 

* (yt - yt) using a procedure similar to that of section 4.b. 

( ii). If the hypothesis ;}g is accepted after this prelimi­

nary test, we have 

= f(t) + ut 

t=l, ••• ,T 

The test procedure developped in section 4.b and based on 

the statistic ~ is still valid in this case. This is a consequence 

of the equality 

and of the fact that the asymptotic results on the empirical means 

can be generalized to the product of a stationary process by a 

deterministic function [see Fuller (1976)). 
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FOOTNOTES 

(1) The condition 1 f"-9J't is equivalent to the unbiasedness 

of the expectations: E(y - y*) = o. This condition is not necessare­

ly to be imposed for testing rationality. 

The presence of a bias simply means that the constant 
variables, that are the deterministic evolutions, do not belong ~o 
1 t· These variables are of course always observables, but it can 
be difficult to take them into account if the transition between Yt 
and the constants (for instance the trend and/or the saisonnality) 
is unknown. 

(2) In the ~ore general case, an optimal prediction 
x* = (x~, •. x;) is defined by : 

* = {01 if 
~k 

if < Max P (A./':\) 
j;tk J 

for k = 1, • • • K 

and if there exist several indices k1 , ... ,kp such that 

~ 

* (xk ' .• ' 
1 

P(Ak /j) =••"= P(Ak /~) 
1 p 

p (A. /'J) ' 
J 

is any permutation of (1 o ' ' .. ' -0) • 

(3) In the case of rational expectations on the distri­

butions, a supplementary assumption is necessary, which cannot be 
tested: ess sup z; = 1, for all k = 1, ••• K. Since z; is observable 
for a particular state of nature w, this assumption can not be 

. . .. ., .. - -

verified from the observations. Howeverthe assumption that for 
some state of nature (with non zero probability) the prediction is 
equal to 1 is rather weak. Under this supplementary assumption, 
Property 3 is applicable, and leads to test the inequalities. 

(4) The rationality at an aggregate level may of course 
be related to the rationality at an individual level. 
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Let us assume that the variable to be predicted can be 
decomposed into: yit =ai+ bt' where ai and bt are independent, 
and such that Eai = O. Similarly we consider a decomposition of the 
information set : 'Ji t = ~ i + ~ t, where the individual and serial 

information set are independent, such that 1 E~t· Furthermore, we 
assume thatJ:}t (resp.9.)i} gives no information on ai (resp. bt}. 

We have : 

n n 
1 1 

L 
1 Lt * * (y i t/j it) Yt = Yit = 

n n n 
i=l i=l 

n 
1 

= 
n L 

i=l 

n 
1 

= 
n L 

i=l 

Under the assumption of independence and equidistribution 
of the individual components {a. /"J.}, we see that : 

l. l. 

1 
lim y~ = t (bt/:\) 

n++co n 

1 
lim Yt = b 

n++co t n 

1 1 
and then lim * = t (lim y t/1\> Yt 

n++oo n n++co n 

The individual rationality implies rational expectations 
at the aggregate level. 

(5) The R.E. hypothesis with increasing information sets 
may be easily tested. In effect, this hypothesis 



- 23 -

-is characterized by the conditions 

vt, Vj <! 0 

Let us finally remark that if-'Jt is generated by the 

present and past values of y, the covariance y(h),hlo is 

Y (h) = E{(y t+h - Y:+h> yt* +h (y - y*) y*] = 0 and the usual Student 
t t t fi 

test is valid. However the assumption on theform of-~t cannot be 

rigorously tested frorn the data. 

{6) It is not in general considered that the balances 

coincide with the latent aggregate quantitative variables. 

However, the cornparison of the Bts with the quantitative observations 

yt obtained frorn other surveys often lead to consider that these 

observations are alrnost linearly related. 

If we assume that this relation yt = a Bt +bis also 

valid for the expectation variables y;= a B: + b, it is easily seen 

·* * 
that the condition?E{yt - Yt)yt = O with the unbiasedness 

condition: E(yt - yt*> = o, is equivalent to: E{B - B*)B* = o 
* t t t 

and E{Bt - Bt) = 0 that is to the same conditions expressed in terrns 

of B and B *. 
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