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ABSTRACT 

This paper develops an example in which persistent determinis

tic business cycles appear in a purely endogenous fashion under fal.,).,~e~ 

oaÂ.Jte. These cycles are not attributable to exogenous 11 shocks 11 nor to 

any variation of policy since there are none in the model. Markets clear 

in the Walrasian sense at every date, and traders have perfect foresight 

along the cycles. 

The origin of these cycles is the potential conflict between 

the wealth effect and the intertemporal substitution effect that are 

associated to real interest rate movements. Business cycles appear in 

particular when the degree of concavity of a trader's utility function is 

sufficiently higher for old agents than for younger ones. The techniques 

employed to study the occurrence and the stability of such business cycles 

are borrowed partly from recent mathematical theories that have been cons

tructed by using the notion of the 11 Hopf 1 s bifurcation" of a dynamical system 

in order to explain the emergence of cycles and the transition to turbulent 

(
11 chaotic 11

) behaviour in physical, biological or ecological systems. 

The equilibrium level of output is shown to be negatively rela

ted to the equilibrium level of the real interest rate, A similar 

relation exists (but in the opposite direction) between equilibrium 

real money balances and real interest rates. These relations hold both 

in the long run, i.e. along business cycles, and in the short run, i.e. 

on the transition path. and whether movements of the real interest rate 

are anticipated or not. The basic ingredient there is the condition that 

older agents have a higher marginal propensity to consume leisure. 



Monetary policy by means of nominal interest payments is shown 

to be extremely effective, A permanent change of the rate of growth of 

the money supply by these means will be superneutral, Yet, there exists 

a very simple deterministic countercyclical policy that enables monetary 

authorities to stabilize completely business cycles and to force the eco

nomy back to the unique (Golden rule) stationary state. Due to the non

linearity of the model such a policy affects not only the variances of 

real equilibrium magnitudes but also their means. 



R E S U M E 

Cet article développe un exemple dans lequel des cycles 

économiques déterministes apparaissent de manière purement endogène. 

Ces cycles ne sont dus ni à des 1thocs 11 exogènes ni à des changements 

de politique économique puisqu'il n'y en a aucun dans le modèle. Les 

marchés s'équilibrent au sens Walrasien à chaque date et les agents 

prévoient correctement l'avenir le long des cycles. 

L'origine de ces cycles est le conflit potentiel entre 

l'effet de richesse et l'effet de substitution intertemporel associés 

à une variation du taux d'intérêt réel. Des cycles apparaissent en par

ticulier lorsque la concavité des fonctions d'utilité des agents est 

plus prononcée lorsqu'ils sont jeunes que lorsqu'ils sont plus agés. 

Les techniques utilisées pour étudier l'existence et la stabilité de 

ces cycles sont empruntées à des théories mathématiques récentes qui 

ont été développées en employant la notion de "bifurcation de Hopf" 

afin d'expliquer l'apparition de cycles et la transition vers la tur

bulence (le "chaos'') dans les systèmes physiques, biologiques ou 

écologiques. 

Le niveau de production d'équilibre est dans ce modèle relié 

négativement au niveau d'équilibre du taux d'intérêt réel. Une relation 

analogue existe (mais dans la direction opposée) entre niveaux d'équi

libre des encaisses monétaires réelles et du taux d'intérêt réel. Ces 

relations sont valables non seulement dans le long terme, c'est-à-dire 

le long des cycles, mais aussi dans le court terme, c'est-à-dire le 

long du sentier de transition, que les mouvements du taux d'intérêt 

réel soient anticipés ou non. L'hypothèse principale ici est que les 

agents plus agés aient une propension marginale à consommer du loisir 

plus importante. 
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Il est montré que la politique monétaire au moyen de paie

ments de taux d'intérêts nominaux est très efficace. Un changement 

permanent du taux d'intérêt nominal est bien sûr superneutre. Cepen

dant, il existe une politique contracyclique très simple qui permet 

aux autorités monétaires de stabiliser complètement cette économie 

et de la ramener à 1 •unique état stationnaire correspondant à la 

Règle d'Or. Etant donné le caractère nonlinéaire du modèle, cette 

politique altère non seulement la variance des quantités réelles 

d 1 équilibre mais aussi leurs moyennes. 
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The belief that the long run equilibrium of a competitive mone

tary economy that does not experience any exogenous shocks - whether 

originating from the external environment or from policy - should be 

modelled as astate that is stationary or perhaps growing at a constant 

rate, seems to be deeply rooted in the mind of economists. 

The most outspoken believersin the market's invisible hand go 

indeed as far as claiming that any departure from a long run Walrasian 

equilibrium should be regarded as purely transitory and that accordingly the ba

sic tendencies of a competitive economy may be represented adequately 

by such a 11 Classical 11 stationary equilibrium. The most recent reformu-

lation of the Classical approach has been to model economic fluctuations 

by adding random shocks to the deterministic stationary state and to 
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underscore the role of incomplete (and asymmetric) information in the 

influence of economic policy on real equilibrium variables. The outcome 

of this reformulation is a model that preserves very cleverly stationarity 

while incorporating in the analysis something that looks like business 

cycles (Barro (1981), Kydland and Prescott (1982), Lucas (1972, 1975, 1977, 
1 

1980, 1981), Sargent and Wallace (1975)) . An important implication of 

many, but not all, of these models is that the systematic (deterministic) 

component of economic policy can have no real effect whenever it is anti

cipated by the private sector. 

The arguments put forward by the opposing (Keynesian) school appear 

often, by contrast, almost exclusively defensive. Proponents of this school 

seem to accept in effect the th~onili~al validity of the claim accor-

ding to which the long run equilibrium positions of a competitive econo-

my may be described by (deterministic or stochastic) stationary states. 

They tend to question primarily the p1tac.ti~al relevance, for the descrip

tion of short run and medium run phenomena, of the mere notion of a long 

run stationary equilibrium and of its underlying assumptions. The list 

is long : prices cannot move fast enough to clear markets, anticipations 

adjust only slowly, New Classical macroeconomic models rely upon extreme-

ly specific assumptions concerning the distribution of information, the 

Classical stationary state may be unstable or convergence toit may be so 
2 

slow that it becomes practically irrelevant in calendar time, and so on 

The purpose of this work is to demonstrate that, by contrast to 

currently accepted views, a competitive monetary economy of which the 

environment is stationary may undergo persistent and large deterministic 

--~--~--~--~--~-----~--------~--~--~~ 
1 

See also Grandmont and Hildenbrand (1974), 
2 

For an excellent account of the long feud between Keynesian and (Old, 
Neo - or New) Classical economists, see e.g. Tobin (1980). 



- 3 -

fluctuations under laiôJ.ieA 6ai.Jie, That these cyclical fluctuations may 

display moreover the sort of correlations that recent Classical macro

economic models have seeked to incorporate, without having to make the 

ad ha~ assumption that cycles are due to exogenous shocks, And finally, 

that the Government, in the face of such autonomous deterministic fluc

tuations, has indeed in principle the power to stabilize the economy by 

implementing simple deterministic - and publicly known - countercycli

cal policies. 

Although one of the goals of the present work is to develop 

concepts and methods that can be applied, it is hoped, to a larger class 

of situations, the analysis will proceed by studying a particular example, 

i.e. an overlapping generations model very much alike the model developed 

by R.J. Lucas in his seminal paper (1972), with the noticeable difference 

that we shall assume that the economy is na~ subjected to any shock of 

any sort. Business deterministic cycles will be shown to appear in a 

purely endogenous fashion under la,u.,1.ieJt 6a,i..~~. Markets will be assumed 

to clear in the Walrasian sense at every date, and traders will have 

perfect foresight along the cycles. 

The origin of these endogenous deterministic cycles will be 

seen to be the potential conflict between the wealth effect and the 

intertemporal substitution effect that are associated to real interest 

rate movements. Business cycles will emerge in particular when the 

degree of c0ncavity of a trader's utility function - which we shall 

measures although there is no uncertainty in the model, by the 

the so-called Arrow-Pratt "relative degree of risk aversion" 

is sufficiently higher for old agents than for younger 
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l 
ones. An important outcome of the analysis will be that cycles of 

different periods will typically coexist - in some cases, there may 

be a countable number of these. The techniques employed to study the 

occurrence and the stability of such business cycles will be borrowed 

partly from recent mathematical theories that have been constructed 

by using the notion of the 11 Hopf 1 s bifurcation'' of a dynamical system 

in order to exolain the emergence of cycles and the transition to tur

bulent ( 11 chaotic 11
) behaviour in physical, biological or ecological systems 

The equilibrium level of output will be shown to be negatively 

related to the equilibrium level of the real interest rate. A similar 

relation exists (but in the opposite direction) between equilibrium real 

--------------------------------------
1 The idea that endogenous deterministic cycles may emerge in an over-

lapping generations model is already present in the literature. For 
instance David Gale (1973) presents a numerical example of a cycle of 
period 2, while David Cass (1980) discusses graphically the possibi
lity of their occurrence. Moreover, the deterministic business cycles 
that are the subject of this paper may be assimilated to what has been 
called recently 11 sunspots 11 equilibria. The analysis of sunspot equili
bria has been started by Karl Shell (1977) and later developed by 
C. Azariadis (1981) and D. Cass and K. Shell (1981, 1983). Indepen
dently of the present work, a forthcoming paper by C. Azariadis and 
R. Guesnerie (1983) that I have not yet seen, establishes that there 
are sunspots equilibria if and only if deterministic cycles exist. 

Finally, a recent paper by P. Diamond and D. Fudenberg (1983) 
provides an example of an endogenous rational expectations business 

2 

cycle in a search equil ibrium model, in an otherwise stationary environment. 

2 
One important mathematical reference in this field is Collet and 
Eckmann (1980). For a stimulating review of various applications of 
the theory, see May (1976). Part of this theory has been already 
applied in economics or game theory, in particular by Benhabib and 
Day (1981, 1982), Dana and Malgrange (1981), Day (1982, 1983), 
Jensen and Urban (1982), Rand (1978). The results of this theory that 
seemed (tome) relevant and useable by economic theorists are reviewed 
in Grandmont (1983b). 
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money balances and real interest rates. These relations hold both in the 

long run, i.e. along business cycles, and in the short run, i.e. on the 

transition path, and whether movements of the real interest rate are 

anticipated or not. The basic ingredient there will be the condition 

that older agents have a higher marginal propensity to consume leisure. 

Finally, monetary policy by means of nominal interest payments 

will be shown to be extremely effective. A permanent change of the rate 

of growth of the money supply by these means will be seen to be superneu

tral. Yet, it will be shown that there exists a very simple deterministic 

countercyclical policy that enables monetary authorities to stabilize 

completely business cycles and to force the economy back to the unique 

(Golden rule) stationary state. Due to the nonlinearity of the model, 

such a policy affects not only the variances of real equilibrium magni

tudes but also their means. The central point here is that there are 

typically many long run periodic equilibria that coexist under lalô~eJt 

0we, and that policies may be designed which force the economy to 
l 

settle at only one of these - here the stationary state 

The paper is organized as follows. We specify in Section 1 

the structure of the model and study there the traders' microeconomic 

behaviour. The dynamic system describing the evolution over time of 

the economy as well as long run periodic equilibria are defined in 

Section 2. The issue of the stability of these periodic equilibria 

is partly analysed in Section 3. The existence, the multiplicity, and 

l 

The idea that there may be a large number of 11 rational expectations 11 

or perfect foresight equilibria in a monetary economy and that accor
dingly, one possible role of policy is to select one of these, is also 
already present in the literature. In particular, this fact has been 
well known by theorists who worked with the overlapping generations 
model. The point has been most forcedfully reiterated recently by 
F. Hahn (1982). 
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the bifurcations of periodic competitive equilibria are investigated 

systematically in Section 4. The long run and short run relationships 

between equilibrium output or real balances, and anticipated or unanti

cipated real interest rate5are established in Section 5. Finally, the 

impact of monetary policy through deterministic money transfers is 

dealt with in Section 6. A few concluding remarks are given in 

Section 7, while some proofs are gathered in a separate Appendix. 

Section 4 is the most technical, and although it is in some 

respects the most interesting one, the nonmathematically oriented 

reader may skip it on a first reading. Section 5, and to a large extent, 

Section 6, can be read right after the first two sections of the paper. 
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1. BEHAVIORAL ASSUMPTIONS. 

We shall use the simple structure of an overlapping generation 

model, with a constant pupulation and without bequests, in which agents 

live two periods only. For simplicity we shall assume that all agents 

are i.dentical, or equivalently that there is a single member in each 

generation. There will be accordingly two agents in every period, one 

11young 11 and one 11 old 11
• The model involves one perishable consumption 

good, which is produced from the labour that is supplied by consumers. 

There is no production lag, and producing one unit of output requires 

one unit of labour. Young consumers have the opportunity to save part 

of their income in each period by holding a nonnegative money balance. 

For the most part of the paper. the money stock will be assumed to be 

constant over time. It will be denoted M > 0 . 

At each date t , there are competitive spot markets for the 

consumption good, for labour and for money. The money price of the good 

and the money wage rate will be denoted Pt and wt, respectively. However, 

in equilibrium, a positive amount of the good is consumed and therefore 

produced (think of the old agent who has a positive money balance to 

spend on the good market at every date). Profit maximization in the 

production sector implies then the equality of the equilibrium real 

wage and the equilibrium marginal productivity of labour, which is 

unity, This fact allows focusing attention on the case in which Pt= wt 

for all t, without any loss of generality. 
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An agent's intertemporal characteristics may then be described 

as follows. Consumption c in each period T of his life (T = 1,2) must 
T 

be nonnegative. On the other hand, it is assumed that the agent has a 

labour endowment in each period of his life, l*, and that his· labour 
T 

supply l , or equivalently his consumption of lei sure l* - l , must T T T 

satisfy O; l: - lT; l: for T = 1,2 . The agent's intertemporal tastes 

are represented by the utility function 

* which is defined on the set of c and l -l that satisfy the foregoing T T T 
feasibility constraints. We shall assume 

(1.a) li> 0 and l; > 0 

( 7. b) U ( c ,l* -l ) )/2· c.on.:Unuow.i, inctLe.Mi.ng in e,ac.h CVLgu.me.n.t and T T T T 
~:tluc.illf c.onc.ave. 60~ T = 1,2 

We consider now the decision problem that a young agent has 

to salve at an arbitrary date. Let p > 0 be the money price of the good 

that he observes in the current period and let pe > O be the price that 

he expects for the next date (the reader is reminded that current and 

expected money wages are taken to be equal top and pe respectively). 

The agent's problem is then to choose his current consumption c1 , his 

current labour supply l 1 , his demand for nominal money m, and to plan 

for the next date his future consumption c2 and labour supply l 2 . 

Formally, 
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Choo.6e c1,t1 ,m,c2 ,.t2 1.io M ta maXA..Yn,tze u1(c1,ii-.t1) + u2(c2,.t;-t2) 

1.>ubje.c;t to cT; 0 , 0; .tT; .e: (T=l,2) , m > 0 and the eWULevit 

( L 1) and expec;ted budget corl/.ibuùnx.b 

It is routine to verify that under assumption (1.b), this problem 

has a unique solution. It is moreover clear that the optimum values of 

(c -.t) for t=l,2 are unchanged whenever current and expected prices 
T T 

are changed proportionnally -· in other words they depend only on the 

ratio e = p/pe , or equivalently on the consumer's expected real inte

rest rate P = e - 1 (absence of money illusion). We shall denote them 

z1(B) and z2(6) , respectively. Since one unit of labour yields one 

unit of good, we may interpret these values as the trader 1 s current 

and expected exc.eM dernand6 for the good. On the other hand, the optimum 

value of m that arises from (1.1) the trader I s demand 6oJt money -

is clearly a function of p and of pe that is homogenous of degree 1 

with respect to these variables. The trader's demand for money md(p,pe) 

is in fact linked to the excess demand functionsz1(6) and z2(8) by the 

following identities, which are consequences of the budget constraints 

of ( 1.1). 

( 1. 2) 

(L3) 

for every p,pe and e = p/pe . These identities imply of course 
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( 1.4) 

One may note that the demand for 11 real balances", md/p is then 

It is convenient to decompose the decision problem (1.1) into 

two subproblems. Let us rewrite the budget constraints of (1.1) under 

the following form 

( 1. 5) 

(1. 6) 

Then it is clear that the consumer may solve (1.1) in two steps. First, given 

an arbitrary m satisfying O ~ m ~ plj , he may choose the consumptions 

of good and of leisure in each period of his life that maximize each 

utility function U under either the budget constraint (1.5) when T=l , 
T 

or (1.6) when T=2 . Having achieved this, the trader may then choose the 

optimal level of m. This motivates considering the following problem. 

Glven a > 0 , ~hoo~e c and l*-l , wilh c > 0 , 
T = T T T T = 

( 1. 7) 
0 < l* - l < 1* , ~o M to maxim,Lze U (c ,l*-l) ~ubjed to = T T = T T T T T 

C + (l*-l ) = a T T T T 

Under assumption (7.b),(1.7) has a unique solution. In fact, 

this problem determtnes the agent's optimum consumptton cT(aT) and his 

optimum labour supply l (a) in each period of his life as a functton 
T T 

of his "real wealth 11 a . These functtons are linked by 
T 



(1.8) * c (a)+ l - l (a)~ a 
T T T T T T 

for every a > 0 . 
T"' 

Let V (a) be the maximum of U that is obtained in (1. 7). It 
T T T 

is quite easy to verify that under assumption (7.b),V is continuous, 
T 

increasing, strictly quasiconcave. Let us consider finally 

t: Given µ > 0 , p > 0 , c..hoO.ôe a1 ~ 0 , a2 > 0 and m ~ 0 

-00 a.6 to maxhn,lze v1(a1) + V2(a2) -0u6jec..t to 

( 1. 9) 

By comparing the budget constraints of (1.9) with (1.5) and 

(1.6), it is clear that the optimum values of a1-ti , of a2-i; and of 
d e m that result from (1.9) coïncide indeed with z1(e) , z2(e) and m (p,p ), 

respectively. 

Note that problems (1.7) and (1.9) admit a very simple graphi

cal representation as shown in Fig. 1.a and Fig. l.b. The first Figure 

i s a direct des cri pti on of ( 1. 7) and need; no comment. Fig. 1. b, whi ch 

represents (1.9), is drawn in the plane (a1,a2) . The two constraints 

become there the intertemporal budget constraint 

which is obtained by adding the two budget constratnts of (1.9) and 

by dividing the result by the expected price pe , and the liquidity 

constraint a1 ~ ti which expresses the fact that money balances 
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cannot be negative. 

Fig. l.a Fig. l.b 

The mafn advantage of going through (1.7) and (1.9) is that 

such a procedure will enable us to state our assumptions compactly and 

more transparently by using the indtrect utility functions V (a ) instead 
T T 

of deriving them from the original functi.ons U - which would have 
T 

1 
been in some cases quite tedious. 

We have seen that under assumption (7.b),each indirect utility 

function V is continuous, strictly concave and increasing. We shall make 
T 

in fact the stronger assumption : 

( 7. c.) Fotc. e..ac.h T = 1,2 , ;the ,i,ncLiJc.e..c.;t u;til,Uy 6unc.tion V ),}., c.on;t,i,nuow., on 
T 

[0,+00 ) and ;tw,i,c.e.. c.on;t,i,nuow.,fy cü66etc.e..n;t,i,a,bfe.. on (0,+00 ), wUh V'(a ) > 0 
T T 

2 
limV'(a) =+oo, V11 (a) < Q. 

a-+OT T , , 

T 

1 -

2 

Going through (1.7) and (1.9) shows incidentally that considering a 
variable production model like this one is formally very similar to 
looking at an exchange economy (i.e. without production) in which 
every agent is endowed with the quantity f* of the good in each period 

T 

of hi s li fe. 
It is possible to derive such differentiability properties under appro
priate (differentiability) assumptions involving the original utility 
functions U only, provided that 11 corner 11 solutions are prevented to 

T 

occur in (1.7). Such is the case for example if each U is continuously 
T 

differentiable and if the marginal rate of substitution between consump-

tion and leisure, U1 /U' o* 0 , is 
TC T ,{_ -,{_ 

' * and to +00 whenever c = 0 ,f - f 
T T T 

* equal to O whenever c > 0 .,f - f = 0 , 
T T T 

> 0 or whenever f* = f - f* (see Fig.1.a). 
T T T 



0 

- 13 -

... ~ + 
a1'I 

j 

~("O* ,.._ 

-1----r--~!E,~-7----------_i t> 

~-.... o.N •••••• 
~ ,...._ 
4l) ....., 



- 14 -

We end up this section with a brief analysis of a few elemen

tary facts about the excess demand functions z1 and z2 that will be 

used repeatedly in the sequel. 

* * LEMMA 1.1. Ao-6ume, (7.a) and (7.c.) and let e = V1(t
1
)/V2(t

2
). The,n z

1
(e) and 

z2{e) Me c.ontinuol14 on .the, open in.teJLval (O,+oo) . Mo!teoveJL, 

JJ z1 (e) = z2(e) = 0 wheneveJL e 

z2(e) > O wheneveJL e > ë 

-ZJ 6011, eve,11,y e ~ e , one, hM 

(1.10) 

We shall not give a formal proof of this statement, which follows 

from elementary considerations, but rather give the intuition behind it by 

looking at Fig. l.b. The parameter ë is indeed the inverse of tha marginal 

rate of substitution V2(a2)/V1(a1) at the endowment point (ti,t2) . If 

e ~ ë , the liquidity constraint a1 ; ti is binding. The demand for 

money then vanishes and z1(e) = z2(e) = 0. Ife> ë , the liquidity 

constraint is no longer binding - the demand for money is positive 

in which case z1(e) < 0 and z2(e) > 0 , and the optimum of (1,9) 

requires a1 > 0 (since v1(0) = + 00 ) , thus z1(e) > - lÎ . Therefore 

at the optimum of (1.9), one must have v1(a1) = ev2(a2) , hence (1.10). 

Note that in view of (1.4), the relation (1.10) may take the equivalent 

form 

(1.11) 
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This brief argument implies that a consumer will have a posi

tive demand for money if and only if e > ë . We shall be concerned in 

the sequel with mone:taJLy competitive equilibria, where the agents have 

to hold the outstanding money stock, which is positive. ln order to 

ensure the existence of such equilibria, it will be particularly impor

tant that the traders have enough incentives to save when the price of the 

good is constant (and is expected to be constant) over time. This case 

corresponds tope= p and thus to e = 1 . We shall need accordingly 

that 1 > ë . Formally, 

The next fact gives more information about the variation of 

z1 and z2 with e . 

LEMMA 1.2. AMume. ( 7 .a) and ( 7 .c.). The.n the, ltV...tMc.lioYI}., o~ .the. e.xc.V...6 de.mand 

6unc.lion6 z1(e) and z2(e) ta .the ùu:eAvat r:ë,+oo) Me. c.on.t,ù1.U0Miy di66e.-

-ne.nti.,abie.. Fon e.veAy e ~ e 

in w~c.h ô = Vï(fÎ + z1(e)) + e2 v2(t2 + z2(e)) < 0 . In p~c.ufaJL 

z2(e) > 0 6on e.ve.ny e i;; e . Mane.aven z2(e) cllve.1tge6. .to +oo whe.ne.veA e 

.te.nd-6 .to +oo • 
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The first part of this statement is obvious by differentiating 

(1.10) or (1.11) and by using (1.4). On the other hand, the fact that 

2 2(0) diverges to +oo whenever 6 increases without bound is not difficult 

to verify. Indeed, we get from (1.4) that when 6 tends to +oo, 2 1(0) 

must tend to O if 2 2(0) remains bounded. But in that case, the left 

hand side of (1.10) is bounded while the right hand side diverges to +00 • 

This is a contradiction which shows that lim 22(0) = +00 • 

6*00 

The foregoing analysis gives some insight about the consequen

ces upon a trader's behaviour of a variation of 6 (or of his "expected 

real interest rate 11 which is given by e-1) . A change of e generates an 

,i,n,tvr.,tempo!ta.l ~ub-6.t.i.;tu:t,é_on - through the variation of the relative 

price of future and current consumption - as well as Inc.orne. oit we.al..:th 

e.66e.c.t.6 - in particular because intertemporal incarne in (1.9) is equal 

to 6lÎ + t 2 .Lemma 1.2states that arise of 0 induces always an increase 

of 2 2(0) . Loosely speaking, this is because intertemporal substitution 

and incarne effects do work then in the same direction. On the other 

hand, the induced variation of 21(0) is ambiguous. We know indeed from 

Lemma 2 that - 2z(e)/21(Ëi) = Ëi, Therefore 21(0) < 0, and thus by 

continuity 21(0) < 0 if e is larger than but close enough to ë . However, 

the sign of 21(0) is a priori indeterminate for large values of e , 

because income and substitution effects are working in opposite direc

tions in such a case. As a mat ter of fact the. oltigin 06 the. bMine.Mi 

c.yc.1.~ :tha;t Me. g oing ta be. analy-6 e.d ln :the. p1te.s e,n,t pape.Jt ,u.;_ p1te.w e.ly 

:tw pote.n.:ttal c.on6Ud be.;twee.n ,i,n,tvr.,te,mpo!ta.l ~u.b4Wution and we.aUh 
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Examination of the expressions of z1(e) and z2(e) suggests 

that an important role in this regard should be played by the so-called 

R ( a ) = - V 11 
( a ) a /V 1 

( a ) 
T T T T T T T 

which are well defined whenever a > 0 . These expressions measure in effect 
T 

the degree of concavity (curvature) of each V . We shall stick throughout to 
T 

the usual terminology and speak of 11 risk aversion 11
, although it is slightly 

ackward in the present context, which involves no uncertainty. We shall use 

the following assumption 

For a justification of such an assumption (in a context involving uncertainty) 

see Arrow (1970, Ch. 3). It is then easy to get the following fact. 

LEMMA 1.3. k5-6u.me, (1.a) and (1.c). The,n {iOff. eve.Juf e;:: e, z1(e) < 0 if) and 

* l oni.y io R2(t; + z2(e)) < (l2 + z2(e))/z2(e). Accond,[ngly, 

e > e 

2) i6 ( 7. e,J hold/2 and i6 thvui e-><Mt-6 a2 > 0 J.iu.ch that R2 ( a2) > 1 , 

then th~e, ew:tô a u.n,[qu.e, e * > ë -0u.ch that z1 ( e) < O 6on e..v~y 

- * * * e; e < e ,z1(e ) = 0 and z1(e) > 0 6on e,v~y e > e . 

The claim that z1(e) < 0 if and only if 

R2(t2 + z2(e)) < (l2 + z2(e))/z2(e) is immediate to verify by looking 

at the expression of z1(e) in Lemma 1.2.Then if R2(a2) ~ 1 for all 

a2 > 0 , the left hand side of this inequality never exceeds 1 , 

-------------------------------~---1 -We a 11 ow the value +00 when e = e 
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shows 1). If ( 7 .e) holds, 
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-is always greater than 1 whenever e ~ e , which 

the left hand side of this inequality 

is a non-decreasing functton of e . When e tends to +oo , z2(e) tends 

also to +00 and thus under tfie assumptions of 2), R2(,t~; + 22(0)) exceeds 

1 fore large enough. On the other hand, (li+ 22(e))/22(e) decreases 

from +00 to 1 when e rises from ë to +oo. There is thus, Ely continuity, 

a unique e* > e such that 

- * * and it is clear that 2i(8) < O whenever e: e < e , 2i(B) = O and 

* z1(B) > o when e > e . 

It may E>e useful to illustrate our findings Ely drawing in the 

plane (a1 ,a2) a consumer's o66VL c.wwe, that is, the locus of all points 

of coordinates a1 =li+ 21(0) , a2 =li+ 22(0) when e varies. The 

result is shown in Fig. 2 below. According to the previous lemmas, 

the offer curve is smooth and goes through the endowment point A= (lÏ,l;) 

- this corresponds to e ~ ë . Its normal there is the vector (ë,1). The 

curve lies below the 45° li.ne AB when ë < e < 1 , and above when e > l. 

Figures 2.a and 2.b are drawn under the assumption that ë < 1 . Of 

course, if ë ~ 1 , the curve would lie entirely above AB. Fig. l.a cor

responds to the case considered in 1) of Lernma 1.3, in which R2(a2) ~ 1 

for al 1 a2 > 1 . The curve is then 11 monotone 11
, i.e. it has no critical 

point. Fig. 1.b corresponds to the case in which (7.e) holds and in which 

R2(a2) > 1 for some a2 > 0. The offer curve has then a unique critical 

point corresponding to the value e = e* , 

Fig. 2.a Fig, 2, b 
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R~maJz.k. The preceding lemmas have been stated by employing the excess 

demand functions 21 and 2 2 . The implications of these results on the 

demand for real balances 

are obvious. Finally, note that the elasticity of the excess demand 

function 22 , i.e. 022(0)/22(0) , is greater than 1 if and only if 

21(0) > O . 
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2. PERIODIC COMPETITIVE EQUILIBRIA. 

The preceding Section was devoted to rather elementary and stan

dard considerations about the 11 microeconomic 11 behaviour of a consumer. We 

turn now attention to the study of the dynamics of the economy and to the 

definition of periodic equilibria. 

Since there are competitive spot markets for output, labour and 

money at every date, the evolution of the economy is described by a se

quence of temporary competitive equilibria. Agents are assumed to forecast 

at every date future prices through a given learning process, during the 

adjustment of the economy toward 11 steady states" - which will mean here 

periodic sequences of temporary competitive equilibria. It will be postu

lated however that along such periodic sequences, traders have 11 rational 11 

expectations, i.e., that they forecast correctly the periodic sequence of 

prices. This way of proceeding cornes from the fact that learning processes 

belong in our view to the important characteristics of the traders on the 

same level as preferences, endowments and the like, and that perfect fore

sight must be modelled as a property of those learning processes in rela

tionship to specific environments. In particular, perfect foresight appears 

to be a plausible outcome of learning when a trader's environment is 

repetitive enough (here periodic), but seems to be far less acceptable 

out of such special circumstances. An other reason that justifies our approach 

is that we shall study later on the stability of a long run periodic equili

brium, and that for that purpose, taking into account that traders are lear

ning on the transition path is important. 

Let us consider the economy at some date t. We look first at 

the 11 old 11 consumer living at t . This consumer holds the outstanding 

stock of money M. If the price quoted at t is pt> O, his problem is 

* * * then to maximize U (c,f2-f) subject toc~ 0 , 0 ~ 1
2 

- f ~ 1
2 

and 
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(we have taken advantage here again of the fact that the nominal wage 

rate wt must be equal to Pt in equilibrium). In view of the problem 

(1.7), the result will be c2(ti + M/pt) and l 2(li + M/pt)) . But the 

important point to note at this stage is that, since one unit of labour 

yieldsone unit of output, the old consumer's exeu~ demand 0oh the good 

may be descri.oed by c-l , and that this quantity is equal to the real 

value of his money stock M/pt 

Consider next the 11young 11 consumer living at t, This consumer 

observes the current price Pt , and we assume that he knows past prices. 

To simplify, we shall postulate that the consumer processes only the 

current price Pt and the past (positive) prices Pt-l , ... , pt-T to com

pute the (positive) price p:+l that he expects to prevail at the next 

date. In what follows, we shall think of Tas finite, but "large". We 

describe this 11 learning 11 process - which may be a simple rule of thumb 

or a complicated statistical technique - by an expe&ation 0unc;ûon 

We assume that the lag Tas well as the function iµ are independent of 
1 

time. Thus, in view of the analysis of the preceding section, the 

young trader's excess demand for the good is given by 

2 1(Pt/w(Pt , Pt-l , ... , Pt-T))while his demand for money is 
d 

m (Pt 'w(Pt ' Pt-1 ,. · ·' Pt-T)) . 

------------------------------------1 The assumption that a trader's information about the pastis composed 
only of prices is innessential. The arguments of this paper all go 
through without any alteration if young traders were informed of past 
quantities as well. 
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A te.mpona11.q eompe.:tLtlve. e.quili6tu,um at t is then defined as a 

price Pt> 0 such that all markets clear at that date. For the good mar

ket, this yields 

(2.1) 

As for money, we get 

(2.2) 

Of course, in view of the young trader 1 s current budget cons

traint (1.2), the two equations are equivalent. This is in fact Walras 1 s 
1 

Law 

The next assumption on the expectation function is made to 

guarantee the existence of a solution Pt to the above system of equations, 

when past prices are given. It is there essentially to ensure enough in

tertemporal substitution when the current price Pt varies. 

(2.o) The. e.xpe.c.ta.lion nunc.lion iJJ L6 eoritlnuoMllJ cliooVte.n.:Uable.. The. 

da1i:ücitq o0 iJJ wdh nupe.et :to the. eunne.nt ptu,ee. L6 be;twe.e.n O and l , 

tha,t ,{,6 
2 

O ~ iJJ~(pt,Pt-1'··· ,Pt-T)pt/iJJ(Pt,Pt-1'···,Pt-T); l 

Mone.ove.n, the. na:üo iJJ(Pt,···,Pt-T)/pt te.nd6 to O whe.n Pt goe.J.i :to +00
• 

1-----------------------------------
We have not to write down of course the equilibrium condition for 

2 

labour since it has been already taken into account by assuming that 

wt = Pt and that output was equal to the traders• labour supply. 

The notation iJJj(Pt,~··,Pt-T) stands for the partial derivative of iJJ 

with respect to pt . for j =0,1, ... ,T. 
-J 
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We may then 3tate 

PROPOSITION 2.1. A6~u.me (1.a) and [7.c). Then unde.Jt M~u.mpûon (2,6), the.Jte 

ew.t6 a unique tempo!taJuJ compe;t:i,t,i,ve eqc.uûblUilm p11.,,fre Pt , given the 

pMt pfl.icu Pt-l, ... , Pt-T . The tempo1ta1ty Wa.hr.Mian eqc.uû6Juu.m 6w1cilon 

~o de6lned Pt= W(pt_ 1, ... ,Pt-T) -ù.:i conilnuoMfy eü,66e.Jtenilabfe. 

The proof of this claim is simple. By virtue of Walras 1 s Law, 

we may focus attention on the good market equation (2.1) alone. Then 

when Pt toes to O , the real balance M/pt goes to infinity while the 

young consumer 1 s excess demand for the good is bounded below by -fi , 
Thus we are sure that aggregate excess demand goes to +oo on the good 

market when Pt decreases to O . This is due to the real balance effect, 

which operates on the old trader alone. 

We wish now to show that an excess supply of the good appears 

when its price increases without bound. Or equivalently again by 

Walras 1 s Law - that an excess demand for money appears in such a cir

cumstance. But that is easy if one considers the money equation (2.2) 

which can be put in the following equivalent but more convenient form 

by using the young trader 1 s expected budget constraint (1,3) 

(2.3) 

Under assumption (2,6),~ and pt/t are nondecreasing functions of Pt 

Moreover pt/~ tends to +00 when Pt increases without bound. In view of 

Lemma 1.2,the left hand side of (2.3), that is, the young trader 1 s demand 

for money, is nondecreasing and goes to +00 (and thus exceeds the money 

supply M) when Pt tends to +00 , which proves our claim. Here, it is the 
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intertemporal substitution effect that acts upon the young trader which 
1 

plays a central role 

We may therefore conclude that by continuity, (2.1) admits a 

solution. Unicity follows readily by considering (2.3), which is equiva

lent, as we said, to (2.1). We showed that the left hand side of (2.3) 

is nondecreasing. This implies either that it is positive for all Pt, 

or that it is equal to O whenever Pt~ ~t for some ~t > 0 and positive 

otherwise. When it is positive, we may meaningfully consider its partial 

derivative with respect to Pt , which is given by 

Pti/J~ 
1/J

1 z + z'(l - --) 
0 2 2 1/J 

(we have suppressed here the arguments of the functions involved for 

notational simplicity) and which is positive under assumption (2. 0). 

The left hand side of (2.3) is therefore increasing whenever it is 

positive, which proves uniqueness. Continuous differentiability of 

the temporary Walrasian equilibrium function W is then a consequence 

of the implicit function theorem by the same sort of argument. Partial 

derivatives of W can be easily computed for instance by differentiating 
2 

(2.3) 

-----------------------------------1 

2 

For a further discussion of the respective roles of wealth and intertem-
poral substitution effects in a competitive monetary economy see 
Grandmont (1983a). 
The fact that the equilibrium price Pt at t depends only on past prices 
is due the simplified structure of the model. For instance, if there were 
several different consumers, the current equilibrium would depend also on 
the initial distribution of money holdings. If utilities were not separa
ble over time, it would depend also on past consumptions. In general, 
current equilibrium prices would depend on past equilibrium states (prices, 
consumptions, money holdings and so on). See, e.g. Grandmont and Hildenbrand 
(1974), Grandmont and Laroque (1973). 
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It may be noted in addition that undVt the M-6wnpilon6 on the 

P1topo-0,i;ûon, the unique tempolta!l.!f equ.,ilibJuwn pJUc.e Pt L6 -0:table in any 

Wal!ta.J.iian tatonnement pltoc.u.o at date t in whic.h p!tic.u ltUpond p0-0iilvely 

to exc.U-6 demand. 

We proceed now to the definition of periodic competitive equilibria, 

po-6,i;ûve p!UC.U (pt) tha,t SatL6oiU (2.1) and (2,2) nolt ail t, .ouc.h 

that Pt+k = Pt 001t ail t and suc.h tfurt k i-6 the .omailut pe!Ùod on the 

.oequenc.e (i.e. thVte i-6 no k' < k -0uc.h that Pt+k' = Pt &01t ail t) . 

On gets of course as a particular case a -0tailona11.y equilibrium 

when k = 1 . We may and we shall often identify a periodic competitive 

equilibrium with the 01tbil of the periodic sequence (pt) , i.e, with the 

k consecutive values (PÎ,··. ,pk) that (pt) takes. This identification 

supposes of course that the two orbits (Pi,, .. ,p;) and (p~, ... ,p;,PÎ,··· ,P;_1) 

are considered as equivalent. 

Note that the above definition involves only the functions 
d zl'z2,m and ip which describe a trader's behaviour - it does not use 

assumption (Z. 0J. If (Z. 0) is postulated, the temporary equilibrium map 

w is well defined and one may view a periodic competitive equilibrium 

as a periodic solution of 

(2.4) 

In fact, it is more convenient to look. at (2.4) as defining a dynamic 

system in a space of larger dimension. For any qt-l = (pt_1, .•. ,Pt-T) , 
-let us consider qt = W(qt_1) that ts determined by 
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This procedure defines a function W that takes the interior of JR! into 
~ 

itself, and it is clear that the equation qt = W(qt_ 1) describes the 

same dynamics as (2.4) through the relation qt-l = (pt-1' ... ,pt-T) for 

all t . 

1 
We may in particular state for later reference 

LEMMA 2.2. AMu.me. (1.a),(1.c.) and (2,6). Let (pt) be. a pwocüc. 1.ie.que.nc.e. 06 pOJ.ii

tive. ptiic.u wilh pwod k and fe.t (pi,,.,p;) be. i:t6 onbil. Let UJ.i de.0ine. 

0on ail i = 1, ... ,k 

* * * * * qi = (P;•· .. ,P1,Pk, ... ,P1,· .. ) 

in whic.h q~ i6 a ve.c.ton 06 JRT . The.n (pi,, .. ,p;) il.> a pe.Jt..iocüc. c.ompe.ti

tive. e.quiûb!Ùum i6 and onfy i6 ( qi, ... ,q;) il.> a peJi,i,ocüc. onbil 06 W wilh 

pwad k • 

As such however, the concept is not very interesting, for it 

permits that traders still make forecasting errors even though their 

environment is repetitive enough to enable them to discover the laws 

governing this regularity. The next assumption states that the traders 

may 11 learn 11 and thus make mistakes when their environment is chaotic, 

but that they are clever enough to recognize that prices are periodic. 

--------------------------------------
1 The ile.natu of a fonction f of a set X into itself are defined recur-

sively by f 1(x) = f(x) , f;(x)=f(fi-l(x)). A pe.tiiocüc. onbit (on a c.yc.le) 

06 (p!Limilive.) pe.Jt..iod k of the map fis then defined by (xi,··· ,x~) such 
that 1} xi is a fixed point of l , i.e. x; = l(xi) , and 2) 
x~ = f 1

-
1(xi) ;t: x; for all i = 2, ... ,k. This definition implies of 

course that all xi of the orbit are fixed points of fk , and that they 
all differ. In particular (x;, ... ,x;,xi,··· ,x~_1) defines the same 
periodic orbit. 
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( 2. g J The e.xpe.c..tation 0unc.tion ip L5 c.onl.i.L6.ten:t wlih pwodJ.e,l.tfJ k • 

Moite p1ie.we..ly, &01i any 1.>equenc.e Pt , Pt-l' ... , Pt-T .tha..t füp.tay.6 

pwad k , .th.a..t is, suc.h .tha..t Pt- j = Pt- j~k 001i j = O ,1, ... , 

This assumption implies that agents make correct forecasts along 

a periodic competitive equilibrium with period k. We shall then speak of a 

periodic competitive equilibrium with perfect foresight. We get then the 

following very simple characterization 

PROPOSITION 2.3. A.61.>ume (1.a) and (1.c.), and c.on1.>ideJi an inoinite_ 1.>equenc.e, 

a0 pos-ltive pliic.U. (pt) .tha..t füp.tay.6 pwod k. UndeJi M.6,umption (2.g), 

(pt) il.>· a 1.>equenc.e, 01) .tempo!tMlj c.ompe;ti;üve, e,qu.,é,,Ub,1z,.,ta in and on.f.y in 
il .6 a..ti.6 f),{,U !)OIL a1_f_ t . 

(2.6) 

(2. 7) 

The statement is in fact immediate. Consider an infinite se

quence of positive prices (Pt) with period k . Then under assumption (2.g) 

(pt) is a sequence of temporary competitive equilibria if and only if 

it satisfies (2.1) and (2.2), or equivalently (2.3), in which 

i/J(Pt,···,Pt-T) = Pt+l for all t . This yields for all t 



(2.8) 

(2.9) 
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z1(et) + (M/pt) = O 

md(Pt,Pt+l) = Pt+l 22(et) = M 

in which et= Pt/Pt+l . Then (2.9) is nothing else than (2.7). Moreover, 

this relation tells us that an old trader's excess demand for the good 

at an arbitrary date t, M/pt , is what he planned to do when he was 

young, i.e. z2(et_1) . Replacing M/pt by 22(et_1) in (2.8) yields (2.6). 

The fact that Mis positive implies 22(et) > 0 and thus et> 0 . One has 

( ) ( * = -1 * then 22 et = - 21 et)< t 1 , and thus et< e = 22 (l1) . 

The system (2.6), (2.7) states simply that markets clear and 
1 

that consumers forecast correctly future prices at every date . The 

important property of the system is that it di~hotomize/2. The good mar

ket equation (2.6) determines the periodic sequence of et - or equiva

lently of real interest rates Pt= et - 1 - and indeed all real equili

brium quantiti~s (consumption, output, real balances M/pt) independently 

of (2. 7), i.e., of the level of the rnoney stock M . The level of prices 

is then in turn determined by the money equation. As a matter of fact, 

given a sequence et> ë satisfying (2.6) for all t , it suffices to 

fulfill (2.7) at some specific date to guarantee that the whole sequence 

of prices defined by Pt+l = pt/et satisfies the money equation at all 

dates. Indeed, if (2.7) is fulfilled at date t-1 , then according to (2.6) 

1 - - - ------- ---- ---------
That sort of system has been used by numerous writers when studying 
the dynamics of the overlapping generation model with perfect fore
sight. See e,g., A2ariadis (1981), Cass (1980), Benhabib and Day (1982), 
Gale (1973). The same sort of approach has been used in Grandmont (1983a) 

to study monetary steady states in a model involving several goods. 
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and thus from (1.4) 

Given the equilibrium sequence (et) , the level of corresponding equili

brium money prices is proporttonal to M. A once-for-all change of the 

level of the money stock is thus ne.utltal in the long run. This is the 

traditional Quantity Theory. 

It may be noted that under assumptions (7.a) and (7.e), the res

triction to the interval [;,+00 ) of the excess demand function 2 2(0) is 

increasing (Lemma 1.2) and therefore has an inverse. Then (2.6) gives 

rise to a very simple difference equation of the form 

(2.10) -1 
6t-l = 22 (- 21( 0t)) = ~(et) 

-1 in which the function ~ = 2 2 a(-21) maps the interval cë,+00 ) into [5,~) 

The outcome of this inquiry is then that 6incüng a pwocüc (monexa.JLq) 

competl:üve equili6Juum wüh peJL6ec.t 6ofLV-iiglu: (.6afu 6qing ( 2. g) ) wilh pe,Juod 

k ù eqr.uva.1,en.t to 6incüng a pwocüe .6olu:ü.on 06 (2 .10) wUh µwod k .6Lœh 

th~ et> e 6ofL aU t. Indeed, under assumptions (1.a),(7.e) and (2.g), if 

* * (p
1

, ••• ,pk) is a periodic competitive equilibrium with period k, and if one define 

* * * * * * -ei = P;IPi+l for i = 1, ... ,k (with Pk+l = p1) , then ei > e for all i 

and (ek, ... ,e;,ei) is a pwocüc otLbU 06 ~with period k Conversely 

if (e;, ... ,ei) is a periodic orbit of ~with period k , and if e; > ë 

for all i = l, ... ,k , then the prices (PÎ,····Pk) defined by using (2.7) 

i.e. p; = M/z2(e;_1) for i = 1, ... ,k (with e~ = ek) determine a periodic 
1 

competitive equilibrtum with period k It goes without saying that 

------------~-----------------------
1 This shows incidenta lly that the prices (PÎ, ... ,p·p that compose the 

orbit of a periodic competitive equilibrium with perfect foresight, 
with primitive period k , must all differ. 
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the equivalence we just stated concerns only periodic competitive equi-

li bri a and periodi c orbits of lP • BY contrast, the "backward 

rational expectattons" dynamics that are implied by (2.10) do notre

present any "true" dynamics. The only dynamics that actually describe 

the evolution of this economy over time is represented by the equation 

(2.4) or equivalently by the map W. 

It may be worthwhile to end up this section with a simple 

graphical illustration of the backward dynamics associated to (2.10) 

and the map lP, by using a trader's offer curve. This is done below 

-in Figure 3, which is drawn under the assumption e < 1 . Starting with 
-et> e , we first draw the intertemporal budget line of equation 

etal + a2 = e-rti + t; . It intersects the trader's offer curve at the 

point of coordinates (li+ z1(et) , l; + z2(0t)) . Finding the value 

of et-l that satisfies z1(et) + z2(et_1) = 0 is then achieved by fol

lowing the arrows on the Figure, by going first vertically to the 45° line 

AB that passes through the endowment point (li,t;) , and then hori

zontally back to the offer curve. This procedure yields the point of 

coordinates (li+ z1(et_1) , l; + z2(et_1)) and thus the corresponding 

value of et-l = lP(et) by drawing the corresponding intertemporal budget 

line. The Figure shows that lP has always a fixed pointe= e , which 

corresponds to a nonmonetary stationary state, and that e = 1 is the 

unique monetary stationary state whenever e < 1 . The Figure gives more

over an example of a cycle of period 2. 

_Figure 3 
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RemCVLN. 1. Under assumptions (7.a) and (7.c), the backward perfect fore

sight dynamics that is implied by (2.6) is well defined, as we have seen, 

and is described by the map (1). On the other hand, it is easily seen that 

a 11 forward perfect foresight 11 dynamics that would yield et as a function 

of et-lis not well defined by that equation. Figure 3 gives an example 

of multiple solutions since trying to go forward from et-l would give the 

choice among two possible points on the offer curve. Indeed, if one starts 

from the point of the offer curve that corresponds to et-l , the forward 

dynamics associated to the equation z1(et) + z2(et_1) requires that one 

should go first horizontally to the 45° line AB and then vertically back 

to the offer curve. In the case of Fig. 3, this procedure yields two 

points. If one goes back to Fig. 2.a, one sees easily that the forward 

dynamics implied by (2.6) is eventually undefined in that case, if one 

starts with a value of e that is greater than 1 . The reason is that at 

* some stage one should have z2(et_1) > t 1 , and thus there could not exist 

a et such that z1(et) + z2(et_1) = 0 . 

2. The assumption that traders use the same expectation func

tion $ over time may be interpreted as follows. Consumers have a given 
11 model 11 of the workings of the economy and use a given statistical tech

nique (Bayesian methods or maximum likelihood procedures) to estimate the 

parameters of the model and to forecast future prices. This way of pro

ceeding yields the map $ • One might envision more sophisticated learning 

processes in which traders change over time their models of the economy 

(their expectation functions) according to some prespecified rule that 

would for instance take into account previous forecasting errors. Note 

that this supposes an exchange of information between generations about 

which 11 model 11 they use. Moreover, the description of the state of the econorny 



- 34 -

at each date involves then not only the current price Pt but also the 

expectation function $t that consumers are employing currently. Such 

learning procedures have been considered by Fuchs (1976, 1977a, 1977b, 

1979a, 1979b). 
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3. STABILITY AND LEARNING. 

The example given in Figure 3 suggests that several periodic 

competitive equilibria involving different peri'ods will typically co

exist. In the particular case of Fig. 3, a cycle of period 2 coexists 

with the uni que stationary (monetary) equi 1 i bri um e = 1 . We sha 11 say 

more on this question in the next sectton, when analyzing the existence 

and multiplicity of periodic equilibria. But this preliminary remark 

shows that the issue of stability is an important one. The purpose of 

this section is to study more precisely this issue. Specifically, it 

will be shown that while stability of a periodic equilibrium must take 

into account that traders learn over time - i.e. it must be defined by 

using the temporary Walrasian equilibrium fonction W or equivalently 

the map W - such stability may still be studied fruitfully by looking 

at the simpler but fictitious backward perfect foresight dynamics implied 

by (2.6) or its associated map ~. 

We shall assume throughout this section assumptions ( 7 .a), ( 7.c.J, 

as well as (2.6) , sa that the functions W (or W) and~ 

are continuously differentiable. Let us first define stability. Consider ac

cordingly a periodic com~etitive equilibrium (Pi,···•P;) with period k , 

and the corresponding cycle (qi, ... q~) of the map W (see Lemma 2.2.). Since 

-the dynamics implied by the functions W and W are equivalent, we may say 

that the periodic equilibrium (pi, ... ,p~) is locally stable if and only 

if the cycle (qi,··· ,q;) itself is locally stable. Or if and only if 

there exists a neighbourhood Q of qi such that for all q in Q, the 

Orbit Of q by the map wk StayS in Q and COnVergeS tQ qi , i.e. wkt(q) E Q 

for all t; 1 and lim wkt(q) = qi (by continuity of W, this ensures 
t->+oo 
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-kt -i-1 * ., that W (W (q)) converges to qi as well for 1 = 2, ... ,k) . Since under 

(2,6),W and W are continuously differentiable, the foregoing stability 

condition is equfvalent to stating that the eigenvalues of the Jacobian 

matrix of it at qi, i.e. ot?(q;), have alla modulus less than unity. 

In order to make sense, the definition should not depend upon 

whether we start near qi or near any other point qi of the periodtc orbit 

(qÎ,···,qk) of W , since (qi, ... ,qk,qÎ,···,qi-l) describes the same cycle. 

From wk(q) = wk-l(W(q)), we get by employing the chain rule of diffe

rentiation, 

Thus DWk( q) i s obta i ned as the product of the Jacobi an ma tri ces of W , 

DW(q;) , at the different points of the cycle. Applying the same proce
-k * dure to DW (qi) , we obtain 

Now for any two square matrices A and B , the eigenvalues of the products 

AB and BA are the same (see e.g. Wilkinson (1965) p. 54), so that the eigen-

-k * -k * values of the Jacobian matrices DW (q1), .•. ,DW (qk) , are all the same, 

which establishes the equivalence we were looking for. We have thus the 

following result, which will be taken as a definition. 

( 3 .1) UndVL M<Su.mpüons ( 7. a), ( 1. c.) and ( 2. 6 J, the.. peJu..ocüc. e..qU,(,UbJr.iwn 

(PÎ,, .. ,pk) -</2. (toc.ally) 4ta.6le.. i6 and only i6 the.. uge..nvalueA 06 

the.. Jac.obian ma;ttùx 

have.. all a modulM le..M .than 1 • 
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Computing the eigenvalues of a (T x T) matrix - or checking 

that they have a modulus less than 1 - is nota very pleasant task when 

T is large. But we have shown in the preceding section that under 

assumption (2.g), one may associate to the periodic equtlibrium 

(PÎ,···,P~) the cycle (e~, ... ,ei) of the map (!) defined in (2.10), through 

the relations e~ = p~/P~+l (with P;+l = pi) - and conversely. 

One may hope to exploit this equivalence by looking at the stability 

of the cycle (e~, ... ,ei) under the dynamics implied by (!). Indeed, sta

bility in that case is much simpler. If we transpose the argument given 

above concerning the local stability of the periodic orbit (qÎ,···,q;) 

of the map W , we see that (e;, ... ,ei) ,{,6 (lo~al.ty) (!)-~.table i,6 and 

onlqi6 .the ab;.,olu.te value 06 .the dvu.va:ûve 06 (!)ka.te;, i.e. 

ID(!)k(e;)I , ~ lu~ .than l. Again, this definition does not depend upon 

the point chosen on the orbit since by the chain rule of differentiation, 

0(!.)k ( e ~) = Ü(!)k-l(e* ) 
k-1 Ü(!)(e~) 

= 0(!)( e i) ... O(!)(e;) 

= 0(!.)k(e~) 
1 

The hope to ascertain some relation between the stability of 

a periodic equilibrium (PÎ,··· ,p;) and (!)-stability may seem somewhat 

foolish at first sight. After all, the map (!) describes a fictitious and 

very abstract backward dynamics with perfect foresight, while the actual 
~ 

dynamics given by W or W go "forward 11
• The enterprise is notas vain as 

one might expect, however. Linder assumption (2.g), anticipations are 

correct along a periodic orbit, and thus by continuity, nearly correct 

in its neighbourhood. On the other hand, the essence of learning is 

precisely to forecast future prices by looking backward at past prices. 
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Indeed let us consider 

(3.h) Fo~ any pvûocüc -6equence (pt,Pt-l'··· ,Pt-T) tha,t hM pvuod 

k , the expec;ta;üon ou.nc;tlon -6a:lu.s t)iu ljJ ~ = 0 and ljJ j ; 0 t)O~ aU. 

j=l, ... ,T. 

l 
Then we have the following 

PROPOSITION 3.1. M-6u.me ( 1.a), ( 7 .c.) and (2.6), (2.g). 

ConAid~ a pvuocüc compwilve equil.Lb~wn (PÎ,··· ,pk) and the M

-6ocictted cycle (ek, ... ,ei) on lP. Und~ M-6wnpilon (3.h),lf)--6tab-ltü:.y o0 

( e k, ... , e i) imp.ü.u Jtabw,.ty o o ( PÎ, ... , p;) in the -6 en-6 e o O ( 3 .1) . 

Assumption (3.h) says that a trader facing a pertodic sequence 

of current and past prices thinks that a small variation of the current 

price has only a secondary importance, and that a small increase of past 

prices does not lead to a downward revision of the expected price. It is 

instructive to see what are the implications of (3.h) in the light of 

assumption (Z.g) .The latter assumption says that for any periodic sequen

ce (Pt,···,Pt-T) with period k , one has iJJ(Pt,···,Pt-T) = Pt-k+l • Note 

that this implies that the expected prtce iJJ is then unchanged, for each 

integer O ~ j ~ k-2 , whenever the (constant) sequence (pt-j'Pt-j-k , ..• , 

Pt . k, •.• ) is multiplied by an arbitrary real number À> 0, and that 
-J-n 

iJJ changes proportionately to À when j = k-1 . When iJJ is differenttable, 

one gets then by differentiation with respect to À in each case 

(3.2) 1 1 1 0 
l/Jj + l/Jj+k + ··• + l/Jj+nk + ·•· = · 

---------~--~--~--------~--~--~--~-
1 The proof of this claim, which is mostly computational, is given in the 

Appendix in order to ease the exposition. 



- 39 -

for O < j < k-2 (here n runs from O to the largest integer that is = = 

compatible with j + nk < T) and 

(3.3) ~k-1 + ~2k-1 + ... + ~~k-1 + ... = 1 

in which n runs this time from 1 to the largest integer compatible with 

nk-1 ~ T (we recall that we consider T as fini te but "largeu). The argu

ments of these partial derivatives are of course the particular periodic 

sequence (Pt,··· ,Pt-T) under consideration, In view of these relations, 

assumption (3.h) implies then that 

( 3. 4) ~ ~ = 0 . AU o.theA pcui;té,al dvuvce,û,v<Z/2 ~ j Me. ZeAO, e.x.c.e.p.t .thoJ.> e. 

oo the. oohm ~~k-l , n ~ 1 , wluc.h Me. nonne.gce,û,ve_ and ).ja..ti.AoY (3,3) 

What this condition means is that a trader facing a periodic 

sequence of pri ces (Pt, ... , i\_ T) wi th period k behaves ,foc.aU.y (in a 

nei. ghourhood of the sequence) as if movements of the current pri ces, 

and of the past prices other than those of the form Pt-nk+l , were 

only of secondary (negligible) importance, His forecast is then - again 

locally - some sort of "average" of the relevant past prices Pt-k+l , 

Pt-2k+l , and so on. I~deed, for any (even aperiodic) sequence 

(pt,· .. ,Pt-T) in a neighbourhood of the original periodic sequence 

(Pt•···,Pt-T) , the expected price is approximately given by 

which yields in view of (3.4) 
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(the first term of this sum being O if k=l) . Such a behaviour does not 
1 

sound implausible 

Proposition 3.1 will lead to a great simplification of our ana

lysis in the sequel. For it tells us that if we succeed in finding a 

cycle (e;, ... ,ei) of the map <.pthat is stable, the corresponding perio

dic equilibrium (pi,· .. ,p~) is automaticably stable itself, provided 

that anticipations verify (3.h). It should be emphasized however, that 

the result goes one way only. lt is possible in particular that a cycle 

(e~, ... ,ei) is unstable in the dynamics associated to <.p, whereas the 

corresponding periodic equilibrîum (pi,,,.,p;) is stable. 

-----------------------------------1 As a matter of fact, Proposition 3.1 is still valid if (3.h) is replaced 

by the weaker condition that (3.4) is satisfied at all sequences (Pt,··· ,Pt-T) 
originating from the infinite periodic sequence of equilibrium prices 

(Pt) that is associated to the given periodic equilibrium (pi,,,.,p;) 
(the proof of the Proposition uses only that condition). It should be 
noted on the other hand, that the concept of stability is 11J.i;tJc,u.c..twz.a..U.u 

-6.:table", i.e. stability is preserved if the expectation function is 
slightly and 11 smoothly 11 perturbated ( 11 smoothly 11 meaning that iJJ a.nd 

its partial derivatives undergo a slight change). In particular, the va
lidity of Proposition 3.1 is preserved if 1/J satisfies only approxima
tively (3.h) (is close enough to a function satisfying (3.h) in the c1 to
pology) provided that it still satisfies (2.g). We do not elaborate on 
this point. 
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Another outcome of the foregoing analysis is that one Jhould 

geneAaf.ly be veAy c.autiow.i when inxeApJte..ting .:the J.:tab--Ui.:ty nuulu .:tha.:t 

Me ob.:tcuned ,ln a model. employ.lng .:the c.onveni,en.:t bu.:t abJ.i:tJia.c..:t aMurnption 

:tha.:t :tJtadeM have peA6ec..:t 6onuigh.:t even ou.:t 06 "!.i:te.ady J.i.:ta:tU" - as 

has been customary recently under the impulse of the so-called "New 

Macroeconomi cs II schoo l. Fon ,l6 .:the :tJtadeM·' le.CVl.Mng pnoc.ul.iu Me 

.:tak.en expüc..ltty in:to ac_c_oun,t when model.üng :the dynamc. evolution 06 

an e.c.onomy - a..6' .:they J.ihould Ji:nc.e le.CV1.ni,n,g ,v.,· a6:teA ill .:the p~ve 

c.onc.ep.:t .:tha.:t en.ab.lu rnodel buildeM .:to jw.iti6y a.:t le.cv.d ,é;mpü0Ltly .:the 

meAe. aMwr1ption 06 peA6ec..:t 6onulgh.:t - .:then J.:tab,i,t.i;ty nuulu may we.U 

be ne.veMe.d. The point is most forcedfully illustrated by the case repre

sented in Fig. 2.a. As we have already seen (see the Remark at the end 

of Section 2), the "forward 11 perfect foresight dynamics described by 

the equation z1(et) + z2{et_1) = 0 is then ultimately undefined if one 

starts with e > 1 . But at least such dynamics is well defined in a 

neighbourhood of the unique stationary monetary equilibrium e = 1 

- it can then be approximated by the linearized system (et-1) = y(et_1-1) 

in which y= -(z2{1)/zf(l)) By differentiating (1.4) at e = 1 , we 

get z2(1) + z1(1) + z2(1) = 0 , and thus y> 1 . The stationary equili

brium e = 1 is unstable in the forward perfect foresight dynamics 

(equivalently, it is (t)-stable). Suppose now that traders use in fact a 

learning process to form their forecasts and that the associated expec

tation function 1/J satisfies for every stationary sequence of prices 

(pt= p for all t) iJJ(p,p, ... ,p) = p , that it does not depend on the 

current price and that it is a nondecreasing function of past prices. 

Then 1/J satisfies (2.g) and (3.h), and Proposition 3.1 tells us that the sta

tionary equilibrium, being <.p-stable, is indeed stable when traders 

employ the above learning process, which appears quite reasonable. 



- 42 -

Rema1tk. Stability of a stationary monetary equilibrium has been studied 

in the more general context of temporary equilibrium theory by Fuchs 

and Laroque (1976) - see also Tillman 

(1983). The issue of stability of a stationary equilibrium when traders 

employ more sophisticated learning procedures - in particular when they 

may revise their expectation functions over time in view of previous fore

casting errors - has been investigated by Fuchs (1976, 1977a, 1977b, 

1979a, 1979b). Stability of a pe.JuoCÜQ competitive equilibrium when con

sumers revise their expectations functions over time, and its relation 

to ~-stability is an open issue in that case. Note that the problem 

becomes much more complicated, since the state of the economy at a 

given date must then be described by a price and an expectation function. 

The paper by Fuchs and Laroque (1976) contains also a few partial results 

concerning local dynamics in a neighbourhood of a given cycle. 

The question of the stability of perfect foresight or rational 

expectations equilibria when traders employa given learning procedure 

has also been addressed to in a macroeconomic stochastic model by 

M. Bray (1982), P. Champsaur (1983), B. Friedman (1979). 
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4. EXISTENCE, STABILITY AND BIFURCATION OF PERIODIC EQUILIBRIA. 

The results that were obtained in the preceding two Sections 

imply first that finding a periodic monetary equilibrium with perfect 

foresight is equivalent to finding a periodic orbit of the map 

et-l = ~(et) with et> ë for all t , and second that ~-stability 

implies stability of the true dynamics with learning described by W or 

W, if expectations satisfy assumption (3.h). We take advantage of these 

facts and study in the present Section the conditions that lead to the 

occurrence of cycles of the map ~, their multiplicity and stability, 

without any further explicit reference to the underlying dynamical pro

cess with learning. The tools that we shall use are borrowed from recent 

mathematical theories that have been constructed by using partly the 

notion of the "Hopn'.6 b.inWLc.a.û.an" of a dynamical system in order to 

explain the emergence of cycles and the transition to turbulent ("chaotic 11 

1 
or aperiodic) behaviour in physical, biological or ecological systems 

The general idea is that cycles with a period k ~ 2 will appear 

in the present model whenever there is an important conflict between the 

intertemporal substitution effect and the wealth effect that results from 

a variation of the real interest rate, so that a trader 1 s offer curve 

-------------------------------------1 One important mathematical reference in this field is Collet and 
Eckmann (1980). For an excellent review of various applications of 

the theory, see May (1976). Part of this theory has been already 

applied in economics or game theory in particular by Benhabib 

and Day (1981, 1982), Dana and Malgrange (1981), Day (1982, 1983), 

Jensen and Urban (1982), Rand (1978). The results of this theory that 

seemed (tome) relevant and useable by economic theorists are reviewed 

in Grandmont (1983b). 
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displays a significant 11 hump 11 as in Fig, 3, For this to be the case, it 

is necessary that an old trader's relative degree of risk aversion 

R2(a2) is greater than 1 for some a2 > 0 , The phenomenon will be seen 

to appear in particular - in the case of a constant relative risk 

aversion - when old consumers are sufficiently more risk averse than 

young traders. 

An interesting fact occurs, however, as cycles with different 

periods will typically coexist. An instance of the phenomenon was alrea

dy given Fig. 3, in which a cycle with period 2 coexisted with the 

unique monetary steady state. Much more can be said in fact. If the set 

of positive integers is ordered in a specific way - which we may call 

the 11 Sarkovskii 1 s ordering 11 from the name of the mathematician who dis

covered it - and if the map ~ has a cycle of period k , then we are 

sure that it has also a cycle with a period k' in which k' is any inte

ger that is ranked before k in the ordering. In particular, if there is 

a cycle of period 2k , then there is also periodic orbit with period 2n in 

which n=O,l, ... ,k-1. Moreover, if there is a cycle of period 3, then cycles 

of period n , in which n is an a.1tbilia.1ty positive integer, will also 

exist. 

In the face of this bewildering multiplicity of periodic 

equilibria, the stability issue is essential. There is indeed a condition 

on the map ~, namely that it has a negative 11 Schwarzian derivative 11
, 

that ensures that there exists a:t moh~ one stable periodic orbit. This 

condition will be related to certain properties of the traders' utility 

functions. It will be seen in particular that the condition obtains, 

in the case of a constant relative degree of risk aversion, when young 
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consumers are only moderately risk averse (have a relative risk aversion 

that is less than or equal to 1) while old traders have a relative risk 

aversion greater than or equal to 2, Needless to say, this result, as 

instructive as it is, does not imply in general however that the true 

dynamics with learning described by the map W or W possess a unique 

stable cycle. 

The last part of the Section will be devoted ta the analysis 

of the "bifurcations" of the dynamical system, and more precisely of the 

emergence of <.p.-~table cycles. It will be seen essentially that if one 

considers a one parameter family of economies, then stable 

periodic orbits do appearonceagain in conformity to the Sarkovskii's 

ordering of the set of integers. We shall give a particular example of 

such a bifurcation scheme in the case of a constant relative risk aver

sion, in which the young consumers' risk aversion is held fixed, while 

the old traders' risk aversion is increased progressively. The result 

of this computer experiment will be that cycles do emerge for values of 

the relative degrees of risk aversion that do not appear implausible. 

ChaM.c.:teJU,6.tlC6 o 6 the map (1) and equivalent dynamlC6 • 

We begin the analysis by reviewing a few basic properties of 

the map(I) and define dynamical systems that are equivalent to the dif

ference equation et-l = (l)(et) . These equivalent dynamical systems are 

in fact obtained by making a change of variable e = h(e) ' 

We assume throughout this Section (1.a), (1.Q). 

Then the function 
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(4.1) 

maps the interval ['.0,+00 ) into re,e) in which e = 221(.ti) , and is con

tinuously differentiable. Clearly ë is a fixed point of<.p , that corres

ponds to a nonmonetary stationary equilibrium. On the other hand, we have 

<.p(e) < e whenever e > 1 . Thus if e ~ 1 , there can be no monetary 

cycle of any period since J(e) decreases monotonically to e as j tends 

to infinity. We shall assume accordingly ë < 1 (assumption (7.d)). We have 

then 

LEMMA 4.1. A~~ume. (1.a), (7.c.), (1.d) . The.n lP map~ the. intVtval 

[ë,+00 ) into [ë,s) in whic.h e = z;/(.e.~} , and~ c.ontinuow.,ly cü6t5Vte.n

tia..ble.. Mo~e.ovVt 

1) lP ( ë) = e lP( 1} = 1 , lP( e) > e whe.ne.vVt ë < e < 1 and 

lP(e) < e whe.ne.vVt e > 1 

2) One. hM lP' ( e) = 1/ ë > 1 and lP' ( 1) < 1 

3) Le.t a 2 = Sup R2(a2). The.n i6 a 2 < 1 ,one.~ lP'(e} > 0 
-60~ a..e..e. e ~ e . 

4) I6 a 2 > 1 and i6 R2(a2) ~ nonde.Me.Ming (M~wnp.tlon 

( 7. e.)) , the.n the. map <.p ~ unimodal wi:th a unique. nonde.ge.nVta.te. 

~c.al point, Le.. thVte. e.w.t.6 e * > ë ~uc.h tha.t <.p 1 
( e) > O whe.n 

ë < e < e* , <.p'(e*) = o and <.p'(e) < O whe.n e > e*. In tha,t cMe, the 

c.oncû:ti,o~ lP'(l) < 0 o~ e* < 1 o~ e* < lP(e*) Me. e.quivale.nt. I6 anyone. 

* * 2 * * 06 the.m ~ ~~6ie.d, one.~ e < 1 < <.p(e ) and lP (e ) < 1 < <.p(e ) • 
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The proof of the lemma is straightforward, The first part 

follows trivially from (4.1) and the fact that z2 is an increasing 

function. As for the last two points, it suffices to rernark that 

(4.2) 

which can be rewritten by differentiation of the identity ez1(a) + z2(e) = 0 

(4.3) 

Thus (4.3) yields ~·(e) = 1/ë > 1 since z2(ë)=O and ~'(l) < 1 . Finally, 

the point 3) and the first part of 4) are obvious consequences of (4.2) 

and of lemma 1.3. The last part of 4) is true for any unimodal 

map ~ that hase= 1 as a fixed point. 

The map ~ seems to be the most natural to consider from an 

economic viewpoint since it originates from the perfect foresight equi

librium equation for the good market (2.6), which determines equilibrium 

relative prices and thus real interest rates independently of the money 

sector. Yet there is nothing intrinsic from a mathematical point of 

view that is attached to this particular function, and its will be some

times convenient in the sequel to modify the foregoing dynamical equa

tion at.-1 = ~(et} by making a c.hange. 06 vcvua.ble. of the forma = h(a) 

in which the function h maps ce,+eo) onto some interval [a,b) , is 

continuously differentiable, and h'(e) > O for all e ~~,The equation 

et_1 = ~(et) becomes then with the new variable 
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The two maps ~ and tÎ) are then said to be topologiŒa.1. Œonjuga,tu. 

It is clear that they describe the same dynamics : this follows from 

the relation between the iterates of the two conjugate maps, that is 

ijk = ho~koh-l . In particular, the two maps have the same cycles up to 

-the change of variable formula e = h(e) , and the stability or unstabi-
1 

lity of a cycle is unaltered by the change of coordinates 

We shall take advantage sometimes of this equivalence by con

sidering a particular change of variable, in which h(e) = z2(e) , and 
-1 shall denote the result x = z2ol!bz2 . One may remark that the function 

x has a particularly simple interpretation, for it describes the (back

ward) perfect foresight dynamics on equJ.LlbJtium nea.1. balanŒU. Indeed, 

we know from (2.7) that these equilibrium real balances µtare associa

ted to perfec~ foresight equilibrium real interest rates et by 

µt+l = z2(et) . Therefore the equation et-l =~(et) becomes through 

this transformation 

(4.4) 

-------------------------------------1 More precisely, it is easy to verify by differentiation that 

o'Zi,k ( h ( e ) ) = h 1 
(~ k ( e ) ) D J< ( e ) / h 1 

( e ) 

Thus the sign of derivatives is unchanged. Moreover, if e is a 

fixed point of ~k , h(e) is a fixed point of ;;;k , and o;k(h(e)) = D~k(e). 

Finally, it is readily seen by inspection that ;k(h(e)) > h(e) 

if and only if ~k(e) > e . 
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The curves describing the maps ~ and X are represented below 

in Figures 4.a and 4.b under assumptions (7.a.) , (7.c.) , (7.d} , 

(7.e.) , and when a. 2 = Sup R2(a2) > 1 . Of course, since the two curves 

are deduced from each other through the change of variable~= z2(e) , 

they must display the same qualitative properties. In particular, if 

a.2 = Sup R2(a2) ~ 1 , xis increasing everywhere, while x has a unique 
* l critical pointµ*= z2(e ) when a.2 > 1 under assumption (7.e.) • 

Fig. 4.a Fig. 4.b 

It is useful to note that the map ~ (or x) may be defined 

implicitly by an equation involving marginal utilities. If we look back 

,at the identity (1.11) and apply it fore= et , we see that the back

ward difference equation z1(et) + z2(et_1) = 0 is equivalent to 

', (4.5) 

which gives the function ~ in implicit form. By making the change of 

variable µt+l = z2(et) , (4.5) becomes 

1-----------------------------------The transposition of lemma 4.1 into the corresponding properties of x 

is straightforward and is left to the reader. One may remark that the 

curve representing the map xis obtained simply from the trader's 

offer curve by making a rotation of angle 

around the endowment point (li,t;) - see Fig. 3. 



CDI 

p 

0 

.. . . . ' ............. -"-. 

- 50 -

"' ........... . . . . . . . . . . . . . 

"' .. ······-~---·· ..... 

<Oil 
Il 

c::v,.I 
~ .!.. -(;' --.... ~ -s --



- 51 -

(4.6) 

which defines implicitly the map x , As a matter of fact, if we define 

the functions v1 and v2 by 

(4.7) v1{µ) = µV1{ti - µ) for µ in [0,lÎ) and 

we see that v1 is a differentiably increasing function that maps the 

interval [0,lÎ) onto [0,+oo) , while v2 maps [0,+oo) into itself. Then 

one has X{µ)= ~i1
o v2) (µ) for all µ ~ 0 . This way of defining the 

function x has the advantage of involving directly the traders' charac

teristics, i.e. their utility functions, instead of their demand functions 

z1 and z2 like in (4.4). This feature will be quite useful in the sequel. 

The reader might benefit from relating the properties of the 

map x to the corresponding properties of the functions v1 and v2 . In 

particular, if a 2 = Sup R2{a2); 1 , v2 is increasing everywhere, while 

v2 has a unique maximum at µ = µ* = z2(e*) under assumption (7.e) when 

a 2 > 1 . It is moreover easy to verify that 

This statement, which says in effect that the curve representing v1 

(or v2) must lie above (or below) its tangent at the origin µ = 0 , 

follows directly from (4,7) and the strict concavity of the utility 

functions V 
T 
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We look now at the existence and multiplicity of periodic 

equil ibria. We shall assume throughout assumptions (7 .a) , ( 7.c.J , 

(1. d) , and shall note as before a2 = Sup R2(a2) . 

Since ë < 1 , there is a unique stationary monetary equili

brium 0 = 1 . We give first conditions under which there is no other 

cycle with a period k > 2 . 

LEMMA 4.2. AMume ( 7 .a) , ( 7 .c.) , ( 7 .d) . In a2 ~ 1 , o!t ln M-

-0umption (7.e) holM, a 2 > 1 and z2(1) ~ 0 , then the map ~ hM 

no c.yc.le wlih a pwod k ~ 2 . MoJteoveJt, the uni.que -0taûonaJty 

moneta!ty equ,ll,lbJr,,lum ~ globally (f>--0table, i.e. 

oo/t eveJty 8 > ë . 

1 im ~j ( 0) = 1 
j-++oo 

The proof of this statement is immediate. Under the assump

tions of the lemma, either ~ is increasing everywhere, or~ is uni

modal with a unique critical point 0*; 1 . Consider now an arbitrary 

0
0 

that differs from ë and from 1 . In the first case, i.e. when 

a 2 ~ 1 , then if 0
0 

< 1 one has 0
0 

< ~(0
0

) < ~1) = 1 , and one gets 

the reverse inequalities whenever 0
0 

> 1 . By applying the same argu

ments to the iterates J(0
0

) , one gets that~j(0
0

) converges monoto

nically to 1 when j tends to infinity. In the second case, we remark 

that ~(8) ~ ~(0*) for all 0 , so that we may assume without loss of 

generality that the initial point 0
0 

belongs to the interval (ê,~(0*)J. 

Note next that e*; 1 implies ~(0*) ~ 0* . Thus ~·(0) > 0 for all 0 

in the interior of the interval (ë,~(0*)J . One may therefore reproduce 
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the argument given in the first case to conclude that ~j(e
0

) converges 

to 1 as j tends to + 00 , This global stability result implies of course 

the inexistence of a cycle displaying a period k ~ 2 

The foregoing result shows in particular that a necessary 

condition for the occurrence of a cycle of period k ~ 2 {of a 11 nondege

nerate11 cycle) is that old traders are sufficiently risk averse {a2 > 1) 

and that ~nder assumption (1.e.J)z1(1) > 0 , or equivalently that 

~'(1) < 0 . This condition means that the unique critical point of 

satisfies e* < 1 (equivalently X(µ*) >µ*or v2(µ*) > v1(µ*)) 

It is straightforward to see that unde.Jt a.6-0umption6 (7.a), (7.c.l, 

( 1.â) a -0u66icie.nt c.oncUüon 6on the. e.wte.nc.e. 06 a c.yc.le. 06 pwod 2 -l6 

tha:t the. 1.,:ta:tlonany e.quiliblLium ,i,J., '-P-uYIJ.i:table., i.e.. ~· ( 1) < - 1 , on 
1 

A cycle of period 2 is indeed described 

by (ei,e;) in which each e; is a fixed point of the iterate~ 2 , and 

* * * e2 = ~(e 1) ~ e1 . It is then clear that in order to find a cycle of 

period 2, it is necessary and sufficient to find a fixed pointe> e 

of~ 2 that differs from 1 - the corresponding orbit being then 

(e,~(e)) . Now the function ~2 maps the interval [ê,+oo) into [ê,e) 

----------------~--------------r-----
l In terms of the functions v1 and v2 introduced in (4.7), this condition 

means v1(z2(1)) + v2(z2(1)) < 1 . The reader will note also by using 

(4.3) that the condition ~'(l) < ~ 1 means that the elasticity of the 

function z2 at e = 1 is less than 0.5, or equivalently that the elas

ticity of the demand for real balances z2(e)/e at e = 1 is less than 

- 0.5. 
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2 - -and is continuously differentiable, One has ~ (e) = e , the derivative 

of ~2 at ë is equal to (1/ë) 2 > 1 , and of course ~2(1) = 1 • A suffi

cient condition for the existence of a fixed pointe> ë of ~2 that 

differs from 1 is therefore that the derivative of ~2 at e = 1 is 

greater than unity, that is 

(4.9) 

2 - -Indeed, ~ (a) > e fore> e provided that e is close enough to e . 

Under (4.9), ~2(e) < e if e is less than but close enough to 1 . Thus 

by continuity, there exists e ~ e , 1 such that ~2(e) = e . Since 

~
1 (1) < 1 , the sufficient condition (4.9) means in effect ~ 1 (1) < - 1 , 

as announced. 

It is instructive to reformulate the sufficient condition 

z1(1) > z2(1) as follows by using the expressions of the derivatives 

z1 and z2 given in lemma 1.2 (or by using directly the 

(4.10) 

This relation suggests that a cycle of period 2 will appear if old 

traders are sufficiently risk averse. As a matter of fact, the reader 

will verify by himself that in the case of a constant risk aversion 
1-a 

- i.e. V (a ) = a T/(1-a) and thus R (a ) = a -- then (4.10) is T T T T T T 

satisfied if the old trader's risk aversion is sufficiently large, in 

the case in which l~ < 1 , l; < ti and ti + ti > 1 (Hint: find 

boundsfor z1(1) and z2(1)). 
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We have seen once again in the course of the previous argument 

that cycles of period 2 were bound to coexist with the unique stationary 

monetary equilibrium e = 1 . One may thus expect that cycles displaying 

different periods will coexist. It turns out that one can be much more 

precise about this coexistence if the map <Pis unimodal, that is if (7.e.) 

holds. Consider the following ordering of the positive integers 

3 > 5 > 7 > 

> 2•3 > 2•5 > 2·7 > ... 

(4.11) 

> 
m > 2 > ... > 8 > 4 > 2 > 1 

That is, first the odd integers greater than or equal to 3 , then the 

powers of 2 times these odd integers, and then the powers of 2 back

ward. 

Given two positive integers k and k' , we shall note k >s k' 

the fact that k is greater than k' in the sense of the above ordering. 
l 

We then have 

THEOREM 4.3. A6-0ume ( 7 .a) , ( 7 .c.) , ( 1.d) an.d ( 7 .e) • The.n., i6 the 

map <P heu; a c.yc.1,e, Oo pvuod k , li hM al&o a c.yc.1,e. Oo pVUod k I oolt 

e.veny po.6Wve. in.tegen k I s < k. 

i-Th;-~~~~f-~f-~hi;-;;;~Ï~~-~hi~h-i;-a direct application of Sarkovskii's 

beautiful theorem, is given in the Appendix. 
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Sorne implications of this very strong result are worth to be 

noted. It shows in particular that cycles with a period 2m, m = 0,1,2, •.• 

must 11 appear first 11 before we have any hope to get a cycle with an odd 

period. Moreover, if there is a cycle of period 3, there is also a perio

dic equilibrium with period n , for eveJr..y positive integer n . 

In the light of the preceding result, it is interesting to inves

tigate the circumstances implying the existence of a cycle of period 3. 

Such a cycle is represented by its orbit (ei,e;,e;) in which each e; 

. f" d . f 3 * ( *) * d * 2( *) * I ' ,sa ,xe point o ~ , e2 = ~ e1 ~ e1 an e3 = ~ e1 ~ e1 . t ,s 

clear here again that a cycle of period 3 is characterized by a fixed 

pointe> ë of ~3 that differs from 1 - the corresponding orbit is then 

described by {e,~(e) , ~2(e)) . Now the function ~3 maps [ë,+00 ) into 

[e,e) and is continuously differentiable. One has ~3(s) = ë , DJ{e) is 

equal to (1/e) 3 
> 1 and ~3(1) = 1 . One cannot apply here however the 

argument that we employed for the case of a cycle of period 2, since 

l)p
3(1) = [~ 1 (1)]3 

< 1 

But we can state that undeJr.. M-0ump.:U..on6 (1.a), (7.c.J, (7.d), a -0u66ic..lent 

c.ondi.:U..on 6M. the oc.c.UMenc.e 06 a c.yc.le 06 pe.Jl..iod 3 i-0 that theJr..e ex,u,:t.6 
- 3 3 -e -0uc.h that e < e < 1 and ~ (e) ~ e • Indeed l)p (e) > 1 implies 

~3(e) > e when e differs from but is close enough to ë , and the result 
l 

follows by continuity , We roay then apply the foregoing condition, 

----------- --.---------.-n--.--•--n--
l The condition is also nec.u-0.My. For otherwise the orbit (ei,e~,e3) of 

the cycle would satisfy e1 ;,:1 and thus e1 > ~(e1). That would imply 
ei > ei > e; > ~(e;), a contradiction, The same reasoning shows that undrr 
(7 .a), (7 .c.J, (7 .d), a necessary and sufficient condition for the exis .. 
tence of a cycle of period 3 is that ~3(e) ~ e for some e > 1, The reader 
will note incidentally that the map ~must have generically an even number 
of cycles of period 3. This cornes from the fact that, generically, the 
number of solutions of~ 3(e) = e· in (ë,+00 ) must be odd. 
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under the simplifying assumption that <Pis unimodal, toits crittcal 

point e * . Thus, un.deJL the adcLU:i;on.al M~wnpû.."oY14 (7. e.) an.d 

1 

a 2 = Sup R2(a2) > 1 , a Qycle. o0 peJLiod 3 will e..xÂ.lit p~ovide.d tha..t 

e* < 1 an.d <P3(0*) ~ 0* (we know from lemma 4.2 that 0* < 1 is then a 

necessary condition for the occurrence of any nondegenerate cycle). 

1 It is worth to note that under such a circumstance, one has necessarily 

I Indeed we know from lemma4.1,4) that 0* < 1 implies ef(0*) < 1 < <P(e*) , 

in which case <t>
2(0*) < <t>

3(0*) holds also from 1) of the same lemma. 

What we just said for the map <Pis of course valid for any 
1 -1 
of its topological conjugates, and thus for x = v1 ov2 : under the above assump-

tions (1.a), (7.Q), (1.d), (1.e.) and a 2 > 1 , a cycle of perioo 3 occurs 

( * * 3 * * provided that x µ )> µ and x (µ ) < µ • In that case we have also of 

1 course 

Figure 5.a describes a case in which the phenomenon obtains. 
1 

The central feature of the example is, as one might have expected, that 

the curve x displays an important 11 hump 11 (this statement has an obvious 

counterpart for a trader' s of fer curve si nce i t i s i sometri c to the curve 

lx - see footnote 1, p.49), Fig. 5.b represents the implications of the 

example for the respective shapes of the curves corresponding to the 

functions v1 and v2 (the Figure shows incidentally also how the dynamiçs 

1 associated to the equation v1 (x(µ)) = v2(µ) may be described with the 
1 help of the curves v1 and v2) . Again, what is important is that v2 
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displays a large hump, so that v2(µ*) is iarge" while v2(x(µ*)) is "small", 

Fig, 5,a , Fig. fr,b 

We wish now to translate these heuristic statements into a 

formal condition that involves only the traders' utility functions, or 

equivalently the functions v1 and v2 . Let us assume accordingly {1.a), {1.e), 

{1.d). Then under assumption (7.e) and a2 > 1 , the function v2 has 

a unique maximum which occurs at the critical pointµ* of x = v11ov2 . 

The condition/< X(µ*) means in effect that v2(µ*) > v1 (µ*) . Since 

v1 is increasing, the inequality µ*<X(µ*) will thus obtain if and 

only if there exists µ ~ / such that v2(µ *) > v1 (µ) . Pick up now such 

aµ . Since we haveµ* s µ<X(µ*) and since x'(µ) < 0 for all µ > µ* 

we get that x2(µ*) < X(µ) . On the other hand, since the curve x lies 
1 

below its tangent at µ = 0 , i.e. X(µ) < µ/8 for all µ > 0, we have 

3 * 2 * - - -X(µ)< X(µ )/e < X(µ)/8 

The condition x3(µ*) < µ* will obtain accordingly (in fact with a strict 

inequal ity sign) if 

X(µ) 

or equivalently if 

(4.12) 

Since the curve representing the function v1 must lie above its tangent 

at the origin (see (4.8)), we have v1(ëµ*) > V1(ti) êµ* , and thus (4.12) 

will automatically verified if 
1-Thi;-f~ÏÏ~~;-di;;~tÎ;-f;~;-(4~4)-;~d the fact that z21(µ) > ë whenever 

µ>O. One can also argue directly that the curve xis isometric to the 
trader's offer curve. See Footnote 1 p. 49. 
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(4.13) 

l 
To sum up, we have obtained 

PROPOSITION 4.4. AMume. (7.a) , (7.c.) , (7.d) , (7.e) , and 

the unique maximum 06 v2 • A6-6ume that the.Jte e.wu ii ~ / .6uc.h that 

* -V2(µ ) > Vl(µ) , that -6~ fyf,u v 2 ( µ) ; v 1 ( 6µ *) oJz. the ,t,tJz.onge.Jz. concütion 
2 - * - * v2(µ); V1(t1) 8µ . Then one. hM 

2 * 3 * * * X(µ ) <X(µ ) < µ < X(µ ) 

a.nd the.Jte. exb.,:t6 a cyc.le.. 06 peJuod 3 • 

Apart from providing a criterion to verify whether a cycle of 

period 3 exists, the foregoing Proposition gives a way to "generate" 

utility functions that entail the appearance of a cycle of period 3. 

* - * - * Choose µ andµ such that µ < µ < t 1 . We keep then fixed all the 

characteristics of the model, except the old trader 1 s utility function 

v2 (or v2) which we shall vary subject to the restriction that (7.ei holds, 

and that v2 reaches its maximum at µ* . Choose a value of V2(t2+µ*) 

that is sufficiently high to satisfy 

r-------------------------------------
The conditions that we get for the existence of a cycle of period 3 

are closely related to the conditions obtained by Benhabib and Day 
(1982) in their study of the occurrence of "chaotic" behaviour in an 
overlapping generations model, 

2 The same statement could have been made of course by using ~ and its 
critical pointe* . 
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* * * and pick an arbitrary value of V2(t2) (~ Y2(l2+µ )) , Then it suffices 
* -to impose a value of v2(t2+J.1) that is sufficiently low 'to satisfy (4,13). 

The only restriction is in fact to fulfill assumption (7.e.J. 

The next result confirms the intuition that we had when stu

dying the occurrence of cycles of period 2, namely that the more a 

trader 1 s relative degree of risk aversion increases as he gets older, 

the more likely is the emergence of cycles. 

COROLLARY. Con6idvz. :the. c.aJ.>e. 06 a. c.on6:tan:t 11.e,R,a;üve. de.g11.e.e. 06 !U,6k 

aveMion,:tha.:t ,i..J., V (a)= a(l-aT)/(1-a) in wfuc.h c.Me. R (a ) = a > 0 T T T T T T T 

A.Mume. 0 < i; < 1 a.nd ke.e.p Qixe.d a.li :the. c.hcvia.c.:tvz,,iJ.,.tic..6 06 :the. model 

e.xc.e.p:t :the. old :tlta.dvz. '-6 11.ela.tJ..ve wk aveMion a2 :tha.t ,i..J., 611.e.e. :to va.Jty. 

The.n i6 i;+i; > (l/l2) , :the. a1.>-6ump.tion6 06 P1topo-6i.tion 4.4 Me vvz.i6,i..ed 

- and a c.yc.le. 06 pvz.iod 3 :thU6 e.wu - whe.n a 2 ,i..J., lall.ge. e.nough. 

The proof of this assertion uses only elementary algebra. 

In the particular case under consideration, we have 

-( * a2 * al . We have then e a2) = (l2) /(l1) wh1ch is a decreasing function of 

a2 and goes to O as a2 tends to infinity, since i 2 < 1 . Remark next 

that when µ is fixed and a2 diverges to infinity, v2(µ,a 2) tends to 

infinity when O < µ < 1 - t 2 , to O when µ > 1 - i 2 , and that 

V2(l - lz 'a2) = 1 - l2 for all a2 'On the other hand, when a2 > 1 ' 

the maximum of v2 wi th respect to J:I occurs at µ* (a2) = i 2; (a2-l) , 

which is a decreasing function of a 2 and goes to O as a 2 tends to 

infinity. It is not difficult then to verify that the maximum of v2 , 

that is v2(µ*(a 2),a2),diverges to infinity when a2 goes to +m. 
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If we have ,e,{+1 ·::, (1/ 1) , then .tî+1 > l since ,q < 1 , Choose 

now an arbitrary µ such that 1~,q < µ < .tj. We have clearly 

µ*(a2) <µand v2(µ*(~),a2) > v1(µ) for a2 large enough. On the other 

hand, (4.13) will be satisfied if one can choose µ so that 

for a2 large enough. But it is not difficult to verify that the left 

hand member of this inequality goes actually to O when a2 tends to +m 

ifµ+ .e;_ > (1/~) . Thus if we pickupµ such that 1-.t2 < µ < lÎ and 

µ+.e;_ > (1/.e;_) - which is always possible when .ti+.t2 > (l/.t2) - then 

the assumptions of Proposition 4.4 are fulfilled when a 2 is large, as 

claimed. 

Theorem 4.3 above shows that cycles of very different periods 

will typically coexist. The stability issue is therefore essential. 

We present now a condition that ensure that there exis~at mo~t one 

<P-stable cycle. The condition is essentially that the mapq,- or one 

of its topological conjugates has a 11 Schwarzian derivative 11 (to be 

defined shortly) that is negative. This condition is there to guarantee 

that the map q, has good 11 expansive 11 properties. It will obtain in par

ticular, in the case of a constant degree of relative risk aversion, 

when traders have a degree of risk aversion less than or equal to 1 

in their youth and greater than or equal to 2 when they are older. 

The result has obviously strong implications concerning the backward 

perfect foresight dynamics associated to q,. But it should be empha

sized that it leaves open many possibilities concerning the actual 
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course fo 11 owed by the economy when agents are l earni ng, i.e. concerni ng 

the true dynamics associated to the Walrasian short run equilibrium func

tion W or W, and this even when the traders' learning process ~ satisfies 

assumption (3.h) • Specifically, even in that case, a cycle that 

is ~-unstable may be stable under the dynamics described by W or W. 

We shall need a refinement of the definition of stability for 

the purpose of the present study. A cycle (a; , ... , ai) of~ will be said 

to be we.aki.y -0ta.ble if [)(pk(e;) ~ 1 • If~ is unimodal, the cycle will be 

-0upe}l.}.,table if the critical point of~ belongs to the periodic orbit, that 

is if o~k(e;) = 0 . The notion of ~-stability is defined of course as 

before. 

The abject of the analysis that follows is to study the con

ditions under which the map ~ has at most one weakly stable periodic 

orbit, under the assumption that ~ is unimodal. Of course, in view of Lem

ma 4.2 , in order to make the problem nontrivial, we need to assume, in 

addition to ( 1.a), ( 7 .c.J , ( 7 .d) , ( 7 .e) , that a2 = Sup R2(a2) > 1 

and that ~'(1) < 0 , or equivalently that the critical point of~ satis

fies e* < 1 • 

The result that we shall present uses the notion of a 

"Schwarzian derivative", which we define now. If fis a thrice conti

nuously differentiable function that maps the interval [a,bJ of the 
l 

real line into itself, then the Sc.~zian dvùva:ti.ve 06 f, noted 

Sf, is defined for every x in [a,bJ such that f' ~ 0 by 

l .. - - --- --- -- --
The role of the Schwarzian derivative in the study of one-dimensional 
dynamical systems has been discovered by Singer (1978), 
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(4.14) 
f 111 3 fJJ 2 

Sf = - - 7)(-) 
f I C. f 1 

Direct inspection shows that Sf = ~ 2jf' J
112 o2cjf' l-l/2J • So the 

condition that 11 f has a negative Schwar2ian derivative 11 (Sf < 0 at 

every x such that f'(x) ~ 0) means that jf' l-l/2 is convex on every 

interval of monotony off . It will be satisfied in particular if jf' 1 

(or Log If' 1) is concave on such intervals. But these sufficient con

ditions are by no means necessary. Finally the reader will note that 

the concavity off is neither necessary nor sufficient to guarantee 

Sf < 0 . 

In order to use this notion, we must ensure that ~ and thus the 

excess demand functions 21 and 22 are thrice continuously differentiable. 

This is achieved if we reinforce 

following condition 

(4.c') 

( 7. e,) by adding toit the 

It is then clear that all topological conjugates of~ obtained 

through a change of variable e = h(e) will be also thrice continuously 

differentiable provided that h has continuous third derivatives. This 

will be in particular the case of the map x • 

Then we have the following important result. 
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THEOREM 4.5. MJ.>ume. ( 1.a), ( 7 .c.), ( 1.d), ( 7 .e.J, (4.c.' J, a2 = SupR2(a2) > 1 

* and tha.t :the. c.Ju,Ü,c.al point: o{j <.P 1.iatJ.J.,{jie.1.> e < 1 • Mf.>ume. mo1Le.ovvc. that 

<.P ( OIL one. o{j w topologie.al c.onjuga.te.1.> 4)) hcv.i a ne.ga.üve. Sc.hwMzian 

- * dvc.,lva.üve. on the. irit:vc.val [ e ,<.P( e ) J ( olL on the, c.oMupond,lng irit:vc.val 
- * [h( e) , h(c.p( e ) ) ]) . The.n 

1) The, ma.p <.P hcv.i at mo1.>t one, we.a.kl.y 1.>ta.ble. pvc.,lod,lc. 01Lbli. 

2) I {j thvc.e, exJ/2:u a. we.a.ki.y 1.>ta.ble, pvc.,lod,lc. OILbli, the.n the. 

* c.Ju,Ü,c.al point: e ,[f.> a.t:tJLa.c.te.d :to li, that ,[f.> , ,th,[f.> pvc.,lod,lc. olLbli c.oin-
. * l ude.J.> wlih the, f.> e,;t O 6 a.c.c.umu.la.ûo n poin:u O 6 ,the, f.> e.que.nc.e. ( <.PJ ( 8 ) ) • 

Besides the unicity of weakly stable periodic orbits, the 

foregoing result gives an 11 experimental 11 ·way of establishing whether 

or nota particular map c.p has a weakly stable cycle provided that it 

has (itself or one of its topological conjugates) a negative Schwarzian 

derivative. It suffices to iterate the critical point by using a compu

ter, to check whether or not the iterates converge and ta verify that 

the limit cycle, if any, is indeed weakly stable. Of course, since 

the iterations must be stopped in practice after some time, this pro

cedure permits ta discover cycles that have a small period, but is not 

able to distinguish between the presence of a weakly stable cycle 

that has a long period and the absence of any weakly stable periodic 

orbit. Finally it should be emphasized that theJte. Me. ma.pl.> :tha.t do not 

have. a.ny we.a.kl.y 6tabEe. pvc.,lod,lc. olLbli. Such maps are ca 11 ed apvc.,lod,lc.. 

The foregoing result tells us that a map c.p that has a negative Schwarzian 

* derivative will he aperiodic whenever the iterates of e do not converge 

or if they converge to an un6:table. cycle. 

1 
The proof of this statement which is a direct application of the results 
reported in Collet and Eckmann (1980) is given in the Appendix. 
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There is an obvious difficu1ty in applying Theorem 4.5 as it is 

stated, for the negativity of the Schwarzian derivative, like any state

ment involving convexity is not invariant when making a (nonlinear) change 

of variable. We may get accordingly from a particular economic model a 

perfect foresight map (!) that does not satisfy S(!) < 0 whereas one of its 

topological conjugates does. In that case, Theorem 4.5 applies but the 

model builder may not be able to diagnose it by looking at the map (!). 

Soit is important to have a criterion using the basic characteristics 

of the model (i.e. utility functions and endowments) that allows reco

gnizing directly that Theorem 4.5 applies. A partial answer to this 

question is provided by the following 

LEMMA 4.6. M-6ume, ( 1.a) , ( J .e,), ( 1.d), ( 7 .e,), (4,e,'), a
2 = Sup R2(a2) > 1 , 

and .that 

.the, 6unc.tion-6 v1 and v2 de.6ine,d in (4.7) and M-6ume, .tha.t Sv1(µ); 0 

60~ a.ilµ in [O,ti) and Sv2(µ) < 0 on the, ln.t~val [0,X(µ*)J . The,n 

* SX < 0 on [0,X(µ )J and Theo~e,m 4.5 applie-6. 

In pa!i..ti.c.ulM, .the, 6o~e,going e,oneü,ti,on on v1 and v2 obta1.Jt6 

in the, e,a4e, o{i c.on.litan.t wk ave!L6ion - V (a ) = a (l-a,)/(1-a) and 
T T T T 

The proof of this statement uses the fact which may be veri

fied by direct computation that the Schwarzian derivative of the 

composition of two (thrice continuously differentiable) maps f and g 

is given by 
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(4.15) S(fog)(x) = Sf{g(x))[g 1 {x)J 2 + Sg(x) 

Applying (4,15) to v1ox = v2 , we get for all ~; 0 

The first part of the lemma is then immediate. 

In the case of a constant relative risk aversion, one has 
* _al * -a2 v1(µ) = µ(t 1-µ) and v2{µ) = µ(l 2+µ) . Since v1(µ) > 0 for all 

µ in [O,ti) , sv1 is defined everywhere on that interval. Direct compu

tation shows that sv1 is equal to (up to an everywhere positive factor) 

The expressions between the brackets is easily seen to be a monotone 

function ofµ on the interval [O,ti),which is positive on this interval. 

Thus sv1 > 0 on [O,ti) if and only if a 1 < 1 . As for v2 , sv2 is 

defined for every µ~µ* on [0,+00 ) and the same sort of computation 

shows that it has the same signas 

It is not difficult to verify that the expression between the brackets 

is positive for every µ; 0 when a 2 ; 2 , which shows the. Lemma. 
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RemaJLk, Unde11. .the, a,Murnptfo no a 6 The.a/Lem ~ .• 5, il L6 pa.6.o.ib.te. .ta .6 haw 

.tha.t i6 .th.Q., dyn.amlc..a.t .6y.o.tem lP tiM a we.a..kly 1.5.taf:i.te. peJL.iod,lc.. oJLbU, .then 

.the .6 e..t o 6 poi:n.t-6 .th a.t Me. no .t a;tt}Lac...te.d .to a Lô· 11 e.xc..e.püa na.t" , ,l, e,. 

ha.o Le.be..ogue, me.MU/Le. ze11.o (this follows from Collet and Eckmann (1980, 

Proposition II.5.7)). We do not insist on this otherwise nice result 

for the backward perfect foresight dynamics lP has no clear meaning in 

the present context, beyond the fact that lP-stability implies stability 

in the 11 true 11 dynamics with learning under assumption (3.h).We mention 

the result nonetheless since it shows that some claims that 11 period 

three implies chaos 11 are generally unwarranted, In particular, Benhabib 

and Day (1981, 1982), Day (1982, 1983) use a result of Li and Yorke 

(1975) , or a variant of it , to exhibit , under the assump

tion that there is a cycle of period 3, a ''chaotic set", that is a set 

such that any perfect foresight trajectory starting from it becomes 

eventually erratic. This discussion shows the limits of such astate

ment. For if there is a weakly stable periodic orbit, the "chaotic set" 

- of which the existence is rightly asserted - may well be of Lebesgue 

measure zero, and erratic behaviour may thus be essentially unobservable 

- see also the remarks in Collet and Eckmann (1980, p. 20). 

We consider now the following experiment. Suppose that we 

take a 11 onedimensional 11 family of economies. That is, we index the 

characteristics of the economy by a real nurnber and then move this 

parameter over the real line, Sarkovskii 's theorem suggests that the 

emergence of cycles as the parameter moves on should display some 
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regularities, We show below that it is indeed the case for .6.t.a.ble. c.yc.R.u, 

and that these regularities are i'n particular very strong for those stable 

cycles that should ~ppear firstu accordtng to the Sarkovskii's ordering 

(4.11), namely cycles that have a period eq11al to 

a power of 2. Finally, we shall report on a computer experiment that 

was done in the case of a constant relative risk aversion, in which the 

old traders' risk aversion is varied - in fact increased. The result 

of this experiment is a 11 period doubling 11 bifurcation scheme very much 

alike the diagrams that are traditional in the analysis of nonlinear one

dimensional dynamical systems. It shows furthermore that cycles do appear 

for values of the degrees of risk aversion that seem plausible, i.e. 

that are compatible with recent estimates of these parameters. 

In order to go on we must make precise what we mean by a (one.pMa.

me.te.n) &a.rr,,Lty 06 e.eononu.v.,. Let us index the characteristics of the 

economy (the endowments .e.* and the indirect utility functions V) by 
T T 

some parameter À , which will be taken as a real number that belongs 

to say, the interval [0,lJ. The result of this indexation is denoted 

* lTÀ and VTÀ(aT) , T = 1,2 . We assume of course 

that for each À the characteristics of the economy satisfy assumptions 

(1.a) , (7.c.J , (7.d) 

trivial, also assumption 

and in order to make the problem non-

(7.e.J as well as 

a2À = Supa R2À(a 2) > 1 . The corresponding backward p~rfect fore-
2 

sight map ~A has then a unique critical point for each À , say 

* * e À and we shall postulate that eÀ < 1 for all i (again, this 

condition is necessary in view of Lemma 4.2 to get nondegenerate cycles). 
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We shall say finally that the family is c.onünuoM if in addition to 

* these assumptions, the endowments ITÀ depend continuously on>.. and if 

V1
, (a ) as well as V\ (a ) are jo.lnti..tj continuous in (a ,À) for T = 1,2 . 

TA T TA T T 

In order to state the results most clearly, it will be convenient 

to cons i der a fami ly of economi es that i s "ri ch II enough. We sha 11 say 

accordingly that the family is 0ull if it satisfies the two following 

conditions 

1. When >.. = 0 , the second interate of the critical point 

* is * 
00 such that a 

0 
2 * 

< <Po(ao) In other words, since from Lemma 

* '4) 2 * 4. 1 we have already <i>
0

( 
0

) < 1 < <Po(ao) this condition 

means that the trajectory of the critical point a; begins by an 

oscillation around the stationary equilibrium a= 1 It can be shown 

that under this condition, then if the map <i>
0 

cycle it must have a period at most equal to 2 
1 

has a nondegenerate 

2. When >.. = 1 , the map <i>1 satisfies for instance the as-

sumptions of Proposition 4.4, so that the trajectory of the critical 

. * point a 1 fulfi 11 s 

and there exists a cycle of period 3. 

--------~--------~--------~--~--~--~-1 
For details, see Collet and Eckmann (1980), especially Lemma II.Z.12. 
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The following result gives some insight about the fashion in 

which stable cycles emerge when the index À of a continuous full family of 

economies moves from O to l, Fi'rst, f.i'U.Y.,eJ14.ta.ble. cycles of all periods 

k ~ 2 do occur for some values of the parameter Â • Of course, given a 

value of À for which a superstable cycle obtains, a stable cycle of the 

same period should still exist by continuity when the characteristics 

of the economy are changed only a little. Second, stable periods that 

are equal to a power of 2 appear first and in a con1,e.cuilve. manner, in 

conformity to the ordering (4.11) of the integers. Soif the family is 

'hice 11
, one should observe a neat pattern of 11 period doubling 11 bifurca-

t . 1 f . d 2j . . . t 1 f . d 2j+l d . ions, a cyc e o per10 91v1ng r1se o a cyc e o per10 , an 

so on. Such a monotonie pattern is not general however {think of a non

monotonie reparametrization of the family) and the sequence of stable 

periods 2j may be 11 visited 11 consecutively but in a .. nonmonotoru.c fashion 

as the index À increases. 

Nevertheless, the general scheme is that the sequence of 

values Àj for which a superstable cycle of period 2j appears 0.i.Ju,t, 

increases and converges ta some value À*< 1 . Thus period doubling 
"" 

bifurcations intervene more and more rapidly as À moves closer to À*. 
"" 

The nice point is that if for each À the map <PÀ (or one of its 

topological conjugates) has a negative Schwarzian derivative as in Theo

rem 4.5, then there exists a unique weakly stable cycle - the 

period of which is a power of 2 - for every Â < À* , In that case 
OC) 

weakly stable cycles with a period that differs from a power of 2 

must obtain only in the interval (Â*,lJ, In fact a lot of phenomena 
00 

may oècur in that region, In particular there is an uncountable set 

of values of À in (Â:,lJ for which the map <PÀ 

periodic orbit. 

has no weakly stable 
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Formally, we have 

THEOREM 4.7. Con!.)ide.Jt a. 6ul.e. coriünuow., 6a.mi.1.q 06 economiv.,, 

1) Given a.n aJtb,<;UWJr,q bitege.Jt k ;;; 2 , the .6e:t 06 paJtameteJL.6 

À 601t Which :the ma.p (j)À hM a. .6Upelt.6:ta.ble cycle 06 pe.Jtiod k il.J Û0.6ed 

a.nd nonemp:tq. Given !.Juch a. À , :the.Jte i-6 a.n open inte.Jtval a.Jtound .:i.. 4u.c.h 

:tha.t (j)À I hM a. -6:ta.ble cycle 06 pe.Jtiod k 6o!t a.U À' in :the. inte.Jtva.l. 

2) Let .:i.. ~ be :the 6ilt.6:t va.lue 06 :the pa1tamete.Jt .:i.. 601t which a. 
J . 2 

.6upelt.6:ta.ble cycle 06 pe.Jtiod 2J ob:ta.in!.) 601t j;;; 1 . Then :the ~e.qu.e.nc.e. 

* * À. incJteMe/2 wlih j a.nd conve.Jtge/2 :ta .6ome va.lue À < 1 M j {e.nd-6 :ta +00 • J 00 

* Fait ea.ch À ,fo [O,.:i..), a.U cqclu 06 :the ma.p (l).:i.. ha.ve a pe.Jtiod :tha.:t i-6 a. 

* powe.Jt a 6 2 oit a.Jte 6ixed point.6 . The vu:t,foa.l point e .:i.. o 6 (l)À i-6 a.:U:Jta.cted 

:ta a ne a 6 :thv., e.. 

. .. 
3) Iô .6upelt.6:table cqclv., 06 pe.Jtiod-6 2J and 2J W.Uh j' > j+1 

* occuJt lte..6pec.:tive.lq 601t :the valuv., À and À
1 ,ln [O,.:i..) , t.hen a. 1.>µ.pe)L-

1.>t.a.ble cycle 06 pe.Jtiod 2 i wlih j 1 > i > j mw.,:t appea.Jt ôOJr .. .6ome va.lue 

in :the open inte.Jtva.l dete.Jtmi.,ned bq .:i.. a.nd À1 
• 

4) AMwne :tha.t ea.ch (l)À (oit one oô ili :topologiea.l conjugatv.,) 

1.>a.:t,l,66iv., (4.c') and hM a negative Schwa.Jtzia.n de/tivative.. Then 601t 

* eve.Jtq .:i.. in [O,.:i..) , (l).:i.. hM a (unique) weaklq 1.>t.a.ble pe.Jtiodie 01tbli. 

5 J Unde.Jt :the Ml.> wnpUo n!.) a 6 4) , :the.Jte ew:t-6 cm unc.oun;t;.a.blè. 

* 1.>et 06 va.luv., 06 À in ( \,,, 1] 1.>uch :that (l).:i.. ha.-6 no weaklq -6.:f;a.ble cycle. 

-------------------------------1 
The proof of this theorem which is a direct application of the results 
reported in Collet and Eckmann (1980) is given in th~ Appendix. There 
are a lot of other nice results on the regularities of the bifurcations 
of a unimodal map (1) which are beyond the scope of this paper. For more 
information, see Collet and Eckmann. 

2 * . That is Àj = Min{À 1 (l)À has a superstable cycle of period 2J}. 
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The foregoing result suggest that one should observe first 

regular period doubling bifurcations in a onedimenstonal full continuous 

family of economies on some interval, and then that chaotic behaviour 

as well as stable cycles with a period that differ from a power of 2 

should obtain later, perhaps in a mixed way. This is in fact the pattern 

that is always observed in computer simulations of onedimensional dyna

mical systems (see May (1976), or Collet and Eckmann (1980, p. 26)). 

The following diagram (Fig. 6) shows the result of a similar 
1 

computer experiment implemented in our context in the case of a constant 

relative degree of risk aversion - i.e. V (a ) = a(l-aT)/(1-a) and T T T T 
R (a ) = a > 0 - in which the parameter indexing the family has been T T T 
taken to be the old traders' relative risk aversion a2 . Then we know from 

Lemma 4.6 that if a1 ~ 1 and a2 ? 2 , Theorem 4.5 applies. In that 

case, it suffices to iterate the critical pointe* sufficiently long to 

discover the unique weakly stable cycle whenever it exists. 

This procedure was applied in fact to the map X that describes 

the backward perfect foresight dynamics of equilibrium real balances. 

The parameter a 2 was made to vary between 2 and 16 by steps of 0,05. 

i--------------~--~--~--------~---~-~~ 
The computer experiment has been in fact run by Rose~Anne Dana and 
Dominique Lévy, whose help is gratefully acknowledged. Earlier computer 
simulations by Alain Morineau were also very valuable. 
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For each such value of a2 on the horizontal axis, the corresponding map 

x was iterated 300 ttmes, the intti·a1 poi'nt oeing the critical point of 

the map, whi'ch is in that case -µ* ::a 1l(a2'"1) , On the vertical axis 

above a2 were plotted all the values of the iterated equilibrium real 

balances µt from t = 200 to t = 300 . With this procedure, one may hope 

the figure to show clearly the weakly stable cycles that do no have too 

long a period and that are attractive enough. The experiment cannot of 

course discriminate between stable cycles that have a long period, and 

erratic behaviour. 

The result of the experiment is shown below in Fig. 6, under 

the specification a1 = 0.5 , ti = 2 and l~ = 0.5. It shows indeed the 

usual period doubling bifurcation pattern. One may note moreover that 

cycles do emerge for values of the relative degrees of risk aversion 

that do not seem implausible. Indeed, the limit value of the period 

doubling bifurcations (the analogue of À* in Theorem 4.7) is about 8, 
00 

while recent estimates of the Arrow-Pratt measure of risk aversion 

which are ave1tage-6 over a whole population 

Fig. 6 

---------------~---------------------

l 
range about 6, 

1 See I. Friend and J, Hasbrouck (1981), I wish to thank Albert Ando, 
to whom I owe this reference, 
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5. OUTPUT AND ANTICIPATED (OR UNANTICIPATED) REAL INTEREST RATES. 

We were concerned in the previous Sections with the existence 

and stability of peri'odic compeUtive equi'Hbria. We wish now to study 

the following issue. Since there are movements of output (or equivalently 

of the rate of participation of the labour force) and of prices along 

a sequence of competitive equtlibrta, is there any systematic relation• 

ship between the equtH5rtum levels of output and of the real rate of 

interest? It will be shown that such a relation exists indeed in the 

present model, bath in the short run and tn the long run (i.e, along 

periodic equilibri'a). Of course, si'nce no interest is paid on money in 

the model, thts implies a relation oetween equtltbrtum output and i.n

flation that goes simply in the opposï:te direction. lt will be seen 

moreover that high levels of output are assoctated to low real interest 

rates (i.e. to high levels of inflation) whenever old traders have a 

higher marginal propensity to consume leisure than young ccnsumers, 

Output and i.nflatton are then "procyclical". Furthermore, it will be shown 

that such an association holds for anttcipated as well as unanticipated 

movements of the real interest rate (or the rate of inflation). 

We first begin wtth long run, i.e. pertodic, equtlibria. Let 

us assume that the economy sati:sftes assumptions ( 7. a.} , ( 7. b) , 

( 7. c.J , and constder a pertodic competï:ttve equtl ibrium (pt) with period 

k . We know from Propositi:on 2 .3 that under assumption (2.g), the sequence 

verifies for all t 

(5.1) 
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(5.2) 

The above relations describe the evolution of the real interest 

rates Pt= et-1 over the cycle. It is then straightforward to deduce the 

corresponding evolution of equtlibrium output. The sequence of real equi

librium money stocks 1-it = M/pt sattsfi'es O < 1:1t < li for all t . At date 

t, the young trader's equili'brium consumpti'on and labour supply are 

then obtained by maxfmtzing u1(cl'li·l1) under the budget constraint 

cc1 + (li-.e.1)J = lÎ - µt . In view of problem (1.7), the outcome is 

c1(.e.i-µt) and .e.1(.ei-µt) . By the same kind of reasoning, the old tra~ 

der's equilibrium consumption and labour supply are given by c2(l2+µt) 

and l 2(l2+µt) • Equilibrtum output Yt at date t is therefore 

(5.3) 

Let us deftne now for every e in the interval r.e,eJ 

(5.4) 

Then (5.2) and (5.3) imply immediately that there is a systematic rela

tionship, along a periodic equilibrium with perfect foresight, between 

the equilibrium output level Yt and et~l = Pt-l/pt - or equivalently 

the rate of inflation PtlPt-l . It is indeed described by Yt = f(et_1) 
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One may remark that the function f depends only on the real characteris

tics of the economy and not on the level of the money stock M. Moreover 

the relation between Yt and et-lis independent of the peri'od k of the 
1 

cycle 

The natural question to ask then fs whether a low real interest 

rate (i.e. a high rate of inflation) fs associated to a higb level of 

activi'ty along a pertodi'c competitive equilibri.um witfl perfect forestght 

- or equivalently whether f ts decreastng. To this effect, consider an 

increase of Bt-l • Since the function z2 ts fncreastng, the old consu• 

mer 1 s 11 real fncome" at t, i.e. ,e.2 + z2(et_1) , goes up whi'le the young 

consumer 1 s 11 real incarne" lÎ ~· z2(et_1) goes down by the same amount. If 

we assume. the labour supply functtons l to be conUnuously differentia .. 
T 

b le, the ove ra 11 consequence of thts 11 redi stri button of in corne" among 

the two traders l ivtn9 a t t wi 11 de pend upon the re 1 a t ive magnitudes 

of the marginal propens ittes to supp ly 1 aElour - or to consume lei.sure -

at both ages, This mottvates considertng the following assumption 

------------------------·-----·-·~--1 As a mat ter of fact, we used periodfcity only to en sure through as-
sumpti on (Z.g) · that expectattons were correct along the cycle. Thus 
the relation Yt = f(et_1) is valfd for any (even aperiodtc) sequence 
of temporary compettttve equtl fbria with peJL6e.d 6onuighx. 
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ble.. The. good and leiÀ'tVte. Me. nonln6vùo1t c.ommc,cü;ti,u, :tha,t 14, 

0 < c'(a) < 1 ~nd - 1 < l'(a) < 0 6on e.ve.ny a > 0 , t = 1,2, T T T T · T c 

PWt.thvcmone., :the. mM.9,c)ial pnope.~Uy- :to c.on.6:u.me. le.iAu.ne à. fklg&e.n 

6on cm ('}.e.d tJr.a.de.n :th.an 6on a you.ng one., :tna:t i/4, ll2(a2)1 > 1t1(a1 )1 
* * l 0on aU a1 , a2 ~ 0 4uc.h :tlia.:t a1 + a2 = .e.1 + .e.2 , 

It is then quite easy to see that f ts a decreasing function. 

lf et .. } goes up, the old trader livtng at t , betng richer,supplies 

less labour (consumes more letsure) whtle the young consumer, being 

poorer, works more, But assumption !5.1) makes the aggregate labour supply, 

and thus output, to go down. f'ormally, we have by di'fferentiating (5,4) 

To sum up, we have obtained 

--------------------------~-----~-----
! One may note that in view of (1.8), one has c'(a) -l'(a) = 1. 

T T î T 
Different i ab il i ty of c and .e. coul d have been obta i.ned from suttab 1 e 

T T 
differentiability assumptions on U , provided that "corner" solutions 

T 

are avoided in (1.7), as in footnote 2, p. 12. Then the assumptions sta-
ted in (5.1) can be traced back to the appropriate conditions on the 
utility functions U . In parttcular, consumption and leisure are 

T 

noninferior goods whenever the marginal rate of substitution bewteen 
consumption and leisure is an increasing function of lefsure and a 
decreasing function of consumption. 
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PROPOSITION 5.1. AMume. (1.a), (1.b), (1.c.), and de.6..lne. fiOIL any 

- - -1 * e ,ln [ e ,e] , ..ln wlùc.& e = 22 (l1) 

(Z .g) , 60"- any .oe.que.nc.e. 06 c.ompe,t,i,tlve. 

e.qu,,i,,Ubtua (Pt) :thcct ha.o petuod k , e.qu,,i,,UbJUUm ou:tpu:t y t and 

et-1 = Pt-1/Pt Me. linke.d 6y Yt = f(et-1) oO"- ill t. Mane.ovVt, undVt 

M.ou.mption ( 5 • ..l), f il; c.ontlnuou.J.ily cü66e-te.ntia6le., and f 1 
( e) < 0 , 

The relationship that we just established between the equfli .. 

brium output at date t and the real interest rate between dates t-1 and 

t, i.e, et-l - 1 , is clearly a 11long nu.n" ntla.iloYL,Qfzi.p. That is, it 

obtains only when the economy has converged to a 11 steady state 0
, i,e, 

to a (stable) pertodfc equtltbrium, and when learning has ceased accor

dingly. It shoul d 5e emphasized moreover, that .the. long nu.n ne1..a..ti.on 

Yt = f(et_ 1) dou no.t !Le.pnue.n..t a be.havi:ou.!Lal ,su.pply oit de.ma.nd 0unc..tlon, 

,si.nc.e. U .lnvolvu e.qu.i.Llolti.u.m vcvuà.ble.,s ovVt th2,, c.fjc.le.. 

It is useful to have a brief look at the sort of relattonship 

that exists between equi'li'bri'um output and the real interest rate in the 

short run, i.e., during the adjustment process of the economy toward 

long run periodi'c equilibria. Thi's will enable us in particular to 

single out the role tflat 111.,Wtph.Me..6 11 (forecasting errors) play in the 

short run. 

Consi.der accordingly an arbftrary (apertodic) sequence of 

temporary equi'librium prices (pt) . As Before equi'li5ri'um real oalances 

are given by µt = M/'pt , while the sequence of equilibri'um output Yt 
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* is given by (5.3), in which O < µt < l 1 . But equilibrium real balances 

are not given by (5.2) this time, since we are considering an aperiodic 

sequence along which traders are still learning. We must use instead the 

temporary equilibrium condi'tions (2.1), (2.2), or equivalently (2.3). As 

a matter of fact, we may rewrite (2,3) for date t-1 as 

(5,5) 

in which the price p: that is expected for date t by the young trader 

living at date t-1 is determined by 

(5,6) 

We see then that the equflibrium real balance µt at t is a function of 

the real interest rate that was expected in equilibrium at the date t-1 , 

or more precisely of e:_1 = Pt_1/p: , and of the forecasting error ac

tually made on thfs variable, i.e. of et= et_11e:_1 , in which 

et~l = Pt_1!Pt (one has equivalently et= p;/pt) , Indeed, (5.5) can 

be rewritten with this notation 

(5.7) 

Here again, since the nomtnal i'nterest rate paid on money is zero in the 

model, th.ere is an i.nverse relattonship between the (expected) rate of 

inflation and the (expected) real rate of interest, In particular, a 

high level of "unanticipated inflation" means that the real interest 

rate et~l is much lower than was expected, that is, it means a 
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l ow value of et • Of course, perfect foresJght corres-ponds to et = 1 and 
e e \ 

thus to et-l = st-l (or Pt~ Pt) , 

Let us define. the functton F(ee ,e) by 

(5.8) 

the domaï:n of definï:tton of F Eietng tne set of pai'rs (ee ,e) such that 

- e -1 * e * e ~ e ~ z2 (l1/e) fn order to ensure that O ~ ez2(s ) ~ t 1 . Examtnatfon 

of (5.3), (5.5) and (5.6) shows then immedi'ately that along a sequence 

of temporary equtHbri'a, equili'6rtum output ts li'nl<ed to tne expected 

real interest rate and to the forecasttng error made on this vadable 

by 

Two i.mportant facts are worth to be noticed. Fi'rst, the func

tion F depends only on the real charactertsti_cs of the economy, and rn1t

oo the level of the money stock M • More i_mportantly, d doe/4 no:t depend 

on :the pa!vUc.ulM btajec.:toltlf :thcit Irs· c.onJ.iideJLed nolt on :the lecvining p!to-
1 

c.e/4.6 1/J :tE.a;t :the .tM.de!L.6 Me U4i:ng , This rel a t i'on F wou l d be tn 

-------------------------~--... --~--~--1 The relati'<!>n 5etween the equili'Eirtum ç,utput level Yt and equtlibrtum 

current and past prtces (Pt'''' ,Pt-r ... 1) that is i'mplted by (5,9) de.,. 

pends of course on the traders' l earntng process 1/J , But i.t does not 

depend etther on tne parttcular equi'HEiri'um traject1;>ry under cc,nside .... 

ration, 
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partîcular the same if traders employed a more sophtsttcated learning 

procedure than the one we constdered here, for instance tf the expec

tation function (the agent's 0 modelu of the economy) was revised accor

ding to a prespectffed rule that would take tnto account the forecasting 

errors made tn th.e pas.t (see the Remark at the end of Section 2). Second, 

when e = 1 , the 11 sh.ort run 11 functton F reduces to the 0 long runu map f , 

stnce P'(e,1) = f(e) , Th.us tf we constder a pertodtc equi·li'ori'um (pt) 

with perfect foresight (assumptton 12.g)), then there are no forecasting 

errors along th.e sequence (et = l and e~_1 ::= et-l for all t) , and (5,9) 

ytelds the long run relattonsl'li'p Yt = f(et_1) that we established pre-.. 

viously (thts ftndtng cornes evfdently from the fact that when there is 

perfe_ct fores.ight, the money equtltBrium equatton (2,3), and thus (5,5), 

reduces to (5,2)). 

The ftnal step of thts fnvesttgatton is to examtne whether a 

low value of e~-l (i.e. a high anttcipated inflation) and/or a low 

value for the error forecast et (i.e. a large unanticipated inflation) 

ts associated to a large equtli'5rium output Yt . It ts indeed immediate 

to vertfy tha t undeA CtA'4umpti.'c n ( 5. i) , bo;th anüupcite.d and unanüc.lpcite.d 

i.n6lati.cm qie.ld a la11.gvi le.ve.l 06 ou.:tpu;t, or equtva l ently, that F is a 

decreastng functton of each variable ee and e , Indeed, by dffferentia

tion of (5.8) 
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It may be noted incidentally that the ratio of the elasticities of equi

librium output with respect to ee and e , is equal to 

that is, to the elasti'city of the function z2 . It will be greater than 

1 if and only if the 11 demand for real balances" - which is equal, by 

ts increasing at ee (all what is needed 

to establfsh thts property ts that F ts differenttable, with F~ ~ 0 , 
1 

There was no need of assumptton (5.i)) 

Finally, we should emphastze here again that the short run 

re.lationshtp (5. 9) oetween output and anticipated as wel 1 as unantici

pated real tnterest rates represents in no way any behavioural demand 

or supply functton, as tt involves equilibrium magnitudes, In the lan

guage of econometrtcs, the short run or long run relations between 

equilibrtum output and expected or unexpected real interest rates are 

reduced forms, not structural forms, 

To sum up, we have ofitatned 

r-----------~-----~----·-----~~~-:- . 
The fact that F has all those ntce stmple properttes should not obscure 

the fact that the short run rel ati'on between equtl i5ri'um output y t and 

current and past equilibri'um prices (Pt'"'' ,Pt-T-l) that is implied by 

(5.9), t.e. when taking into account the traders• learning process, may 

be qufte compli'cated, 
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PROPOSITION 5.2. A.Mu.me.. ( 7. a) , ( 7. b) , (7. e,) and de..f)ine.. f)oll. any 

The..n 0011. any 1.,e..que..nc.e.. of) :te..mpoll.My c.ompetftLve.. e..quil.i6tùu.m ptùc.e/2 (pt) , 

e..quil.ibll.ium e,u;tpu;t y t D.i Unk,e..d :to anti.upa:te..d and u.nanüùpa:te..d 11.e..a.l 

in:te..11.e..s:t Jia:te..s 6y Yt = F(0~-l , e3t_ 1/e~_ 1), -ln whic.h 0t-l = pt_if Pt and 

0~-1 = Pt_1N(pt_1, ... ,Pt-T-l) , f)oll. ail t. Mo11.e..ove..Ji, u.nde..11. MJ.iu.mp.:Uon 

( 5. i,) , F ,i,J., c.o nünuou.J.,ly di'f) n e..11.e..nüable.., and F 1 
< 0 ' F ~ < 0 • 

0e 

Re..ma11.kJ.,. 

1. It has been shown incidentally in this Section that equilibrium 

real balances µt along a sequence of temporary competitive equilibria are 

positively related to the expected real interest rate 0~-l and to the 

e forecasting error on this varîable et= 0t_1/et-l , see (5,7). The long 

run version of this relatfon (along periodic equilibria with perfect 

foresight} is (5,2). The validity of the result does not hi'nge on (5.i). 

In fact, it would hold in an exchange economy (without production) in 

which traders are endowed with the quantities ti , i; of the good in 

each period of thefr lifes, 

2. The fact that equilibrium real balances at t depend only on 

0~-l and on et= et_1/e~-l along a sequence of temporary equilibria, 

as in (5.7), rests upon the specific structure of the model that we have 

considered. If traders lived n periods, equilibrium real balances at t 

would depend upon the expectations and on the forecasting errors that 

the agents living at t made in ail the previous periods of their lifes. 
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There would be then a lag between equilibrium real balances (or output) 

and expectations as well as forecasting errors, which would be equal to 

the length n of the traders' lifetimes. 

3. The long run and short run relationships f and F may of course 

be expressed in equivalent ways, by implementing a consistent change of 

variables. Let us transform the output variable y into y by y= h(y) , 

in which h is continuously differentiable aTid increasing (h 1 > O). Let 

us define ê' = h(e) , ~ = h(ee) . The new forecasting error variable 

ê' = h(e) is then related to ê' and~ by 

We may then write 

and it is easily seen that the partial derivatives of F with respect to 

ee and e have the same signas the partial derivatives of F with respect 

to ee and e . With the new variables, perfect foresight means "è = h(l) 
-e -- and thus e = e - and the long run relationship becomes 

y= 1(e) = F(e,h(l)) 

~ -1 ~ One has in fact f = hofoh , and thus the derivatives off and f have 

the same sign. 

The same sort of exercise may be done for the relation between 

real balances and expected or unexpected real interest rates. The reader 

may go through this change of variables when h is the logarithmic function. 
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In that case, the result resembles - if one excepts the fact that our 

model is highly nonlinear - quite a few log-linear macroeconomic models 

that have been so popular recently in the socalled 11 New Classical 11 macro

economic literature. The other important differences are first that (the 

logarithm of) equilibrium output and real balances or their deviations 

from their 11 permanent 11 values, which may be viewed as those that correspond 

to the Golden rule stationary state e = 

rithm of) the 11 surprise 11 et= et_1/e~_ 1 
e real interest rate et_ 1 = Pt_ 1/Pt ; and 

- depend not only on (the loga
e = pt/Pt but also on the expected 

second that these relation-

ships cannot be interpreted as supply or demand functions as they often 

are, apparent1y mistakenly, since they involve equilibrium magnitudes. 
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6. STABILIZING PERIODIC EQUILIBRIA. 

The business cycles that were described in the preceding Sections 

are purely endogenous, that is, they are not attributable to any hypotheti

cal exogenous 11 shocks 11 such as variations of the consumers' tastes,of their 

endowments or of productivity, nor to changes of the Government's policy 

- there are none. They are not due either to a lack of information of the 

traders since learning has been completed along periodic equilibria with 

perfect foresight. We wish to show now that the Government is in fact 

able to stabilize completely business cycles by choosing an appropriate 

countercyclical policy. 

There are many ways through which the Government may hope to 

influence economic activity : money transfers that are proportional to 

the agents' money balances (interest payments), lump sum transfers (taxes 

or subsidies), incarne taxes, purchases of goods, open market operations, 

and so on. The subject matter is obviously too vast to be dealt with in 

depth within the limited scope of the present paper. We shall focus at

tention accordingly on the simple and popular case in which the Government 

pays a (publicly announced) nominal rate of interest at each date on the 

money balances that old consumers hold. We shall then find the analogue 

in our framework of a standard result: if the monetary authority pegs 

the nominal rate of interest (or equivalently the rate of growth of the 

nominal money supply) at some arbitrary predetermined level, this policy 

will have no real effect on the set of corresponding long run (periodic) 

equilibria - nor on the long run 11 trade off" between equilibrium output 

(or real balances) and real interest rates that we established in the 

preceding Section. Moreover, if the traders believe in the neutrality 
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of such a policy, it will have no real effect either on the trajectories 

that the economy follows during the adjustment process toward long run 

equilibria. It will not change then in particular the stability or the 

unstability of a particular periodic equilibrium. In this sense, perma

nent changes of the rate of growth of the money supply that are imple

mented through a predetermined nominal interest payment are -0upe1tn~u.bz.al 

The analysis will thus confirm the analogue in this context of 

the 11monetarist 11 claim, namely that any given cycle of the model is in 

fact compatible with an arbitrary (average) rate of inflation. Although 

this conclusion is correct, the fact that the foregoing policy of pegging 

the nominal interest rate at some predetermined level has no real effects 

is entirely due to the feature that such a policy is purely pa6-0ive. We 

shall show that the monetary authority canin fact influence real events 

by adopting an ac.:tive policy, e.g. a feedback rule that links the real 

rate of growth of the money supply at some date to previously observed 

economic variables. Note that such an active policy leaves in any case 

the set of 11 potential II long run periodic equilibria with perfect fore

sight invariant (in real terms). It is indeed the same as under la,u.,-0e~ 
2 

oltVl.e, i.e. it is described by the set of all cycles of the map ~ . 

--------------------------------------1 It must be emphasized that this superneutrality result non longer holds 

1 

if the rate of growth of the money supply is changed by other means, e.g. 
through lump -0um money transfers, or Government's purchases of the good. 
See Remark 1 at the end of the Section. 

2 
The fact that monetary policy cannot create new cycles in real terms 
is specific to nominal interest payments. If changes of the money sup
ply are brought about by lump sum transfers or Government's purchases, 
then policy can create new cycles or stabilize them. See Remark 1 at 
the end of the Section. 
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What such an active policy can at best achieve is thus to "select" one 

particular cycle that would not have been reached under la,i,/:,~e~ 0we. 

We shall see indeed that there is a simple, moderately countercyclical 

("leaning against the wind") policy of that sort that enables the moneta

ry authority to stabilize completely the economy (to peg the real rate of 

interest permanently at a level equal to 0), and to control at the same 

time the nominal rate of growth of the money supply (or equivalently, the 
. * rate of inflation) at some predeterm,ned level r . Of course any change 

* of r alone will be here again superneutral 
1 

. The analysis will thus 

bring into the forefront a phenomenon that appears general, namely that 

a change of the average growth rate of the money supply yields consequences 

that may be very different from those that result from the "transitory" 

part of the policy, i.e. from the active countercyclical (or procyclical) 

feedback rule that is implemented by the monetary authority. It should 

be noted also that a successful stabilization policy like the above af

fects not only the variances of real equilibrium magnitudes but also their 

means (their average over a cycle) since the model is nonlinear, in con-

trast to traditional macroeconomic models that use the "natural rate" hypothesis. 

Before going into the details of the study, we must look at an 

agent 1s behaviour when interest is paid on money. Let us consider accor

dignly a young trader at a time in which the price of the good is p and let 

pe and re = xe-1 be the price of the good and the transfer (nominal interest 

rate) he anticipates for the next date.The agent 1 s problem is then to maximize his 

--------------------------------------
1 Here again this superneutrality result non longer holds if the rate of 

growth of the money supply is changed by other means, e.g. through lump 
~um money transfers, or Government 1 s purchases of the good. See Remark 
1 at the end of the Section. 
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* * intertemporal utility function u1(c1,t1-t1) + u2(c2,-½-!2) subject to 

the current and expected budget constraints 

It is then clear that under assumptions (1.a) (7. b) his cur-

rent and future excess demands for the good are given by z1(e) and z2(e) 

respectively, in which e = pxe/pe (again e-1 is the expected real interest 

rate), while his demand for money is md(p,pe/xe) . 

We proceed now to the determination of the dynamical system 

that governs the evolution of equilibrium prices and interest rates. 

First note that if xt = (l+rt) describes the transfer actually made at date t 

and if Mt-l is the pretransfer money stock at that date, then the money supply 

at t is Mt= xt Mt-l . The equilibrium conditions at date t for good and 

money are then described by 

(6.1) 

(6.2) 

in which P~+l and x~+l stand for the price and the transfer that the 

yound trader living at t anticipates for the next date. By Walras's 

Law, the two equations are equivalent and may be written in the follo

wing form 

(6.3) 
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These three equations are the analogues of (2.1), (2.2) and (2.3) for the 

no interest payment case. 

To be complete, the system must involve the specification of 

the dyna.mi..eo.1. poüey that is implemented by the monetary authority, i.e. 

of the way in which the transfer at date t+l , or xt+1 = 1+rt+1 , depends 

on the price at that date Pt+l and of the economic data that were obser

ved by the monetary authority at the previous dates. The system must 

specify in addition the traders• forecasts about prices and interest 

rates - in fact about the ratio p~+1;x~+l - as a function of current 

and past prices and rates of interest. One may note that the resulting 

expec.,ta,ti,on 0unc..tlon will depend in a crucial way on whatever information 

the traders have concerning the particular policy that has been chosen by 

the monetary authority. 

We shall consider exclusively in the sequel policies that aim 

at pegging in the long run the nominal interest rate at some predetermined 

level r*, and may be some additional "real" variables. It is then useful 

as a first step to characterize the set of all long run periodic equilibria 

with perfect foresight that may arise in the economy when the interest rate 

is r* , and this independently of any further specification of the govern

ment1s policy or of the learning processes that the consumers employ. As 

we are going to see, this set coïncides - as far as real equilibrium 

magnitudes are concerned - with the set of periodic equilibria with per

fect foresight that arises in the no interest payment case, i.e. under 

la.J./2-ôVL 0aJAe. The only difference is that prices grow now 110n average 11 

* at the rater along the cycles. 
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The argument is indeed trivial. If the interest rate is pegged 

at the level r* , one has Mt= x* Mt-l for all t, in which x* = l+r* . 

Consider now a sequence of prices (pt) that has (primitive) period k and 

that grows on average at the rater* , i.e, such that Pt+k = (x*)k Pt for 
1 

all t . Then by definition, the. -0e.que.nc.e. (pt) Ma pvuocüc. e.qu.lllbJuUm 

wUh pell.6e.u 6011.uight c.oMuponcüng to r* J.,6 and only J.,6 U -0~0J.,u 

(6.1) , (6.2) 04 (6,3) 0on ail. t, J.,n whJ.,c.h P~+l = e * Pt+l and xt+l = x , 

By reproducing the argument that we used to prove Proposition 2.3, ~,one 

obtains 

PROPOSITION 6.1. A-0-0ume. (1.a), (7.c.) . Let x* = l+r* and M
0 

be. 

6J.,xe.d. CoMJ.,deJr. a -0e.que.nc.e. (pt) -0uc.h that Pt+k = (x*)k Pt J.,n whJ.,c.h k 

M the. (p!Um,i;Uve.J pvuod 06 the. -0e.que.nc.e.. The.n ( Pt) M a pvuocüc. e.qui.,U.bJUum 

wUh pVLoe.c.t oonuight c.oMUponcüng ta r* io and onl.y io U -0~6),U ôon ail. t 

(6.4) 

(6.5) 

zl(et) + z2(et-1) = O 

Mt= Pt 22( 0t-1) 

The system (6.4), (6.5) is in fact identical to (2,6), (2.7) 

which characterized periodic equilibria with perfect foresight in the no 

interest payment case, the only difference being that money grows now at 

--------------------------------------
1 The assertion that the 11 average 11 growth rate of prices is r* along the 

cycle is justified by the following consideration. One has indeed 
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the raté r* - and prices also, at least on average - instead of being 

constant. Real equilibrium magnitudes are the same in the two cases. The 

real part of the set of periodic equilibria with perfect foresight is 

thus not affected by a change of the level of the money stock M
0 

or of 

the target growth rater* of the money supply. Put it in another way, any 

given business cycle appears to be "compatible" with any (average) rate 
1 

of inflation 

This analysis has an important qualitative implication. The 

foregoing characterization was achieved by making no reference to the 

specific features of the Government's policy beyond the fact that it 

aimed at pegging the long run rate of growth of the money supply at 

the predetermined level r *. Thus the consequence of Proposition 6.1 is 

that mone:ta.Jty poUcy thJiough nornlnai. inteJtv..t payment6 cannot CJteate 

ne.w cyc.1..v., (in nea.l tvun-0) by compcvr...l6on ta tho-0e which ~eady ewt 

undeJt lal/2-0en olUJte. Of course, the Government may try to do so by peg

ging real variables in a way that is not compatible with la,,,é,,6-0en olUJte 

periodic equilibria. But the consequence will be that the economy will 

never be able to settle down to a long run (i.e. periodic) moneta!ty equiu 

librium. Either its trajectory will be chaotic (aperiodic) or it will 

---------------------------------------
1 It is clear that the long run equilibrium 11 trade off" between output 

(or real balances) and real interest rates is also unaffected by a 

change of the target growth rater* . It is indeed still described by 

Yt = f(et_ 1) (or µt = z2(et_1)) in which fis defined as in (5,4). The 

reader will verify easily on the other hand that the short run 11 trade 

offs 11 Yt = F(e~_1,et) and µt = et z2(e~_1) defined in (5,7) and (5,8) 

do not depend at all on the policy implemented by the monetary authority. 
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collapse to the nonmonetary (no trade) equilibrium e = e . The conclusion 

is clear. The only goal that the Government may pursue consistently - at 

least if it wishes to avoid chaos and to preserve the monetary character 

of the economy - is to design a policy that forces the economy to settle 

down at a particular long run fw~eh 6a.bte periodic equilibrium that is diffe

rent from the ones that would have been naturally selected in the absence of 
any Government 1 s intervention. 

We shall show later on that there exists indeed a very simple 

countercyclical monetary policy that enables the monetary authority to 

force the economy back to the unique monetarysteady state e = 1 , and to 

control at the same time the growth rate of the money supply. But we wish 

to show first that in order to have any real effect, the policy must be 

amve, that is, it must try to influence some real variable in the sys

tem. More precisely, we wish to show that the monetary authority will be 

unable to have any real influence even on the dynamics of the economy 

during the adjustment process toward long run equilibria if it imple

ments a pM~ive poli~y, i.e. if it pegs permently the nominal interest 

rate at the predetermined level r* without attempting to control a real 

variable in the system - at least when traders believe that such a pas

sive policy is indeed neutral. The consequence of this finding is clear. 

Proposition 6.1 says that with a passive policy of this sort, the set of 

corresponding periodic equilibria is the same (in real terms) as under 

fw~eh 6~e. What we just said implies that if consumers think that 

a passive policy is neutral, then such a passive policy is unable to af

fect the dynamic stability or unstability of long run periodic competi

tive equilibria. In this sense, a (pM~ive) mavupulilion 06 .the hate 06 

ghow.th 06 .the. money ~uppfy .thhou.gh in.tehu.t paymenu ~ ~u.pehneu..thaf. 
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To see more precisely the point, let us assume that the economy 

has evolved under la.,u:,-0e~ 6aJlte until the date t = 0 , and that the Govern

ment steps in at that date and announces that it will pay the interest r* 

on money balances from t = 1 onward. The corresponding evolution of the 

money stock is then Mt= (l+r*)t M for all t ~ 0 . Assume next that 

traders believe that this policy has no real effects even out of long 

run (periodic) equilibria. They think accordingly that the only conse

quence of making the transfer x* = l+r* at date t , by comparison to the 

no transfer case (xt = 0) , is simply to multiply equilibrium prices at 

that date and at all future dates by the factor x* . Or in other words 

that equilibrium prices are not affected by the transfers provided that 

they are properly discounted back to t = 0 . Formally, if we introduce 

the discount factors et= 1/(l+r*)t for all t ~ O , the traders' expec

tations will be given by 

for all t (with the additional convention that et= 1 whenever t < 0) , 

in which ~ is the expectation function that the traders would use in the 

absence of any Government's intervention, as in Section 2. 

The dynamic evolution of the economy under these assumptions is 

then obtained by replacing p~ by its expression and x~+l by (l+r*) in the 

temporary equilibrium equation (6.1). This yields 

We see therefore that the sequence (pt) is a sequence of temporary 

equilibrium prices when the interest rate is pegged at the level r* 

if and only if the sequence of discounted prices (St Pt) is a sequence 
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of equilibrium prices under fa,,u.,~e~ oa1Ae. Real equilibrium magnitudes 

are in fact the same along the two trajectories {think of the old trader 

whose equilibrium excess demand is Mt/Pt= M/StPt) , which establishes 

our claim • 

It is intuitively clear that the same sort of superneutrality results 
holds, by applying the same reasoning, if the transfers xt = {l+rt) 
may vary over time, but are yJJtedetvunined a:t eaQh date t , i.e. if xt 
depends on previously observed variables but not on current observa
bles such as the current price Pt . The point is that if the transfer 
xt is not tied in some way to Pt , the monetary authority can have no 
hope to influence real interest rates. The formal details are left to 
the reader. 

The discussion shows that if we wish to study whether the Govern

ment is able to influence real matters by means of interest payments, we 

must admit the possibility that the transfer xt is linked in some way to 

the current price Pt - and to past prices - so as to influence real 

interest rates. And we may add that this is only fair. For we are playing 

an abstract and somewhat unrealistic game in which individual traders and 

market prices adjust infinitely fast and costlessly at each date, and we 

much allow the monetary authority to react as fast and on the basis of 

the same information as the private sector (the issue of diagnosing whe

ther or not monetary authorities canin practice react as fast as the 

market being an important but entirely distinct matter). 

We show now that there exists a very simple acüve countercy

clical {"leaning against the wind") policy that enables the Government 

to force the economy back to the unique monetary stationary state e = 1 , 
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and at the same time to peg the nominal interest rate, Let us assume 

that the economy has evolved under la,u,~en 6a.J.lte before t = O and that 

it has settled down for instance to a stable periodic equilibrium with 

period k ~ 2 . At the date t = 0 , the Government steps in and announces 

at that date that it will pay interest on money from t = 1 onward accor

ding to the following policy. Its goal is to peg the nominal interest 

rate at the predetermined level r* , as well as the real interest rate 

at e = 1 . This means that Government wants the evolution of the money 

supply and of equilibrium prices to be(see (6.2)) 

(6.6) M~ = (l+r*)t M and 

Of course, all this presupposes that e < 1 (assumption (1.d)) . 

One possible way to achieve this goal is to adopt the following simple 

feedback rule 

(6.7) 

for t ~ 0 . In other words, thi s rul e ti es the rea 1 i nterest rate beb1een 
PtXt+l 

dates t and t+l (or the value of et= P ) to the deviation of the 
t+l 

* price Pt fr?m the target price Pt for the date t . Note that et-1 may 

be interpreted equivalently as the nea..l Jia:te 06 gnowth 06 the money 

~upply between dates t and t+l , since et= (Mt+ilPt+l)/{Mt/Pt) . Of 

course, one should have g(l) = 1 for the rule to be consistent with the 

objectives of the Government. The policy is thus characterized by r* 

and the function g , which maps {O,+oo) into itself, satisfying (6.6), 

(6.7) and g(l) = 1 We shall assume for simplicity that g is diffe

rentiable. The policy will be said to be c.ountenc.yci.,i.c.a..l if a large 
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deviation pt/p~ is associated ta a low real growth rate of the money 

sypply, that is if 9 1 < 0 . 

Suppose now that the Government's policy (r*,g) is public know

ledge at all dates t ~ 0 . This information will therefore influence the 

way in which the traders' anticipations are formed. In fact, one must 

have 

at all dates. The temporary equilibrium equation (6.1) or (6.2) becomes 

then, for all t ~ 0 

(6.8) 

Therefore, under the policy (r*,g) , the evolution of temporary equili

brium prices fort= 0,1, ... , is governed by (6.8), in which of course 

(6.9) for all t ~ 0 and M = M 
0 

The next result states that the unique solution of that dyna

mical system is Pt= p; and Mt= M~ for all t ~ 0 , i.e. that this 

stabilization policy is successful, provided that z1(1) > 0 , and that 

the policy is only "moderately 11 countercyclical, in the sense that the 
1 

range of variation of gis small 

--------------------------------------
1 One may note that under assumption (1.e) , the condition 

z1(1) > 0 is ne~e.J.i~My for the existence of a cycle of period k > 2 . 

See Lemma 4.2. 
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PROPOSITION 6.2. M-6wne ( 1.a), ( 1.c_J, ( 1.d) , and :tha:t .the Govvr..n-

me.nt adop.t.6 :the (public..ty known) polie.y (r*,g) 6nom t = 0 onwaJc..d, in wh,i,c_h 

r* and g 1.>a.:li.,,661J (6,6), (6.7) and g(l) = 1 . M.6wne moneovvr.. .tha..t .the 

6uncüon g i-6 di66vr..en.tiable., .that g' (v) < O and :tha:t :thvr..e ew.t.6 

E > 0 -6uc.h :that jg(v) - li ~ E 6on ill v > 0 • 

Then 16 z1{1) > 0 and 16 E i-6 1.>mill enough, .the 1.>equenc.e 

06 .tempoMny equilibniwn pnic.e-6 (pt) and 06 equilibniwn money .6.toc.R-6 Mt 

c.oMe-6ponding .ta .thi-6 polic.y i-6 unique and i-6 given by 

6on ill t ~ 0. Mone.ovvr.. :the .temponaJc..y equilibniwn .û., 1.>.ta.ble at eac.h 

date in any Wai.Jia.6ian .ta.tonne.ment pMC.e-6f.i in wh,i,c.h pnic.e-6 ne-6pond po.6i

Uvely .ta exc.e-6-0 demand. 

As the preceding statement makes clear, what matters really 

is the 11 countercyclical 11 part of the policy that is described by the 

function g . On the other hand, an arbitrary variation of the target growth 

rater* of the money supply, the function g being fixed, is J.iupvr..nellt.ttal 

it induces only an offsetting variation of the rate of inflation, so 

that the stabilized real interest rate remains equal to O • We see here 

an instance of a phenomenon that seems rather general, i.e. the fact 

that a permanent change of the trend value of the growth rate of the 

money supply (here r*) may have an impact that is very different from 

the consequences of the 11 transitory 11 (countercyclical) part of the 

policy (here the map g). As a final remark, it is worthwhile to note 

that a -6uc.c.e-6-6 6ul .t:..ta.bilization polic.y like. .the above ha.6 no.t one.y an 

impac..t on .the va!c..ian.c_œ, 06 ne.cil e.quilibniwn magni.tude-6 1.>uc.h a.6 output 
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oit !te.al ba.la..nc.eli, but ai/20 i116.lue.11c.e1i ge.ne.!r.CLU.y :the.iJt me.anô (.Le.. :the. 

ave.Jta.geli ove.Je. a. c.yc..le. 06 :the. va.fuu :tha:t :the.y :tak.e.) 1.>inc.e. :the. mode..l 
1 

We end this Section by the proof of Proposition 6.2. It is 

very simple and proceeds by induction ont . Consider first what happens 

at the initial date t = 0. The good market equilibrium equation (6.8) 

for that period reads 

Since z1(1) + z2{1) = 0 , this equation adroits obviously the solution 

p
0 

= p~ = M/z2(1) . In order to show that this solution is unique and 

stable in an arbitrary Walrasian :ta:tonne.me.nt, it suffices to show that 

the left hand side of the equation is decreasing. Since z1(1) > 0 , 

then by continuity, there exists E > 0 such that z1(e) > 0 if le-li < E 

Thus if lg{v) - li ; E and if g'(v) < 0 for all v > 0, then the deri

vative of z1(g(v)) is negative for all v , which proves the claim. We 

remark finally that if the equilibrium solution at t = 0 is p
0 

= p~ , 

then we know from (6.7) and (6.9) that the transfer x1 will vary with 

the price p1 prevailing at t = 1 so as to keep the real money stock 

M1;p1 equal to z2(1) . 

--------------------------------------1 An interesting issue that has not been investigated in the present 
work is to find conditions such that reducing for instance the va
riance of equilibrium output raises at the same time its mean value 
in contrast for instance to Sargent and Wallace (1975), This is a 
topic for further research. 
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We proceed now by induction and suppose that (6.8) admits the 

unique solution pj = pj for j = 0, •.. , t - 1 . By the same argument that 

we just employed, we know then that the transfer xt at the date twill 

be adapted by the monetary authority to the price Pt prevailing at that 

date so as to keep the real money stock Mt/Pt equal to z2(1) . The good 

market equilibrium equation (6.8) for date t can then be written as 

Again, Pt= p~ is a solution. To show that it is unique and stable in 

an arbitrary Walrasian .tatonnemen;t, it suffices here again to show that 

the left hand side of the equation is a decreasing function of Pt . By 

the same reasoning as fort= 0 , this is true when z1(1) > 0 , 

jg(v) - li ~ e and g'(v) < 0 for all v > 0 , in which the parameter e 

is the same as fort= 0 . This completes the proof of the Proposition 
l 

--------------------------------------1 
The structure of the foregoing argument shows that Pt= p; and Mt= M; 
is always a solution of (6.8) without any restriction on the policy g 
other than g(l) = 1 . The restrictions z1(1) > 0 , g'(v) < 0 
lg'(v) - li ~ e with e small enough are there to guarantee the unicity 
of this solution and its stability at each date under a Walrasian 
ta.tonnemerit, In the absence of such restrictions, two phenomena could 
occur. First, there might be another solution that would correspond to 
a cycle of the economy under lab.:i-0e~ 0a.J.Jie, with a period k ~ 2 (this 
could occur if the range of variation of gis "large"). Second even in 
the case in which et= 1 would be the unique solution, the level of 
money prices might be indeterminate (think of the case in which 
g(v) = 1 for all v) . 
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Re.mcVÛM • 

1. It should be emphasized that the various "superneutrality" 

results that were reached in this Section, e.g. the invariance in real 

terms of the set of periodic equilibria, or of the long run "trade off" 

between equilibrium output and real interest rates with respect to a 

change of the target growth rater*, or the superneutrality of "predeter-

mi ned II i nteres t payments no 1 onger ho 1 d if money 

is injected in the economy by other means such as lump sum transfers or 

Government's purchases of goods, The basic reason is simple : a change 

of the rate of growth of the money supply through lump sum transfers or 

Government's purchases is bound to alter, for some time or permanently, 

the real rate of interest on money through a variation of the rate of 

inflation, whether or not the change of the growth rate of the money 

supply is temporary or permanent, predetermined 

or not, anticipated or not. Such policies can therefore 

create new cycles as well as stabilize the economy. All this should be 

the subject of further research. 

The distinction between the effects of a variation of the 

rate of growth of the money supply through nominal interest payments 

and through lump sum transfers has a long history in economics. It is 

in particular at the heart of Friedman's theory of the Optimum Quantity 

of money (1969, Ch. 1). See also Grandmont and Younès (1973) and the 

discussion in Grandmont (1983~,Ch, 1, Section 7). This distinction has 

been used again recent]y in the perspective of stabilization policy in 

an overlapping generation model by Azariadis and Balasko (1983), 

Stiglitz (1983). 
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The effects of a variation of the money supply through the Govern

ment1s purchases has been studied recently in a (log-linear) version of 

the overlapping generation model by S. Fisher (1979). 

2. The simple result that monetary policy is able to 11 lock 11 

..immecüa.,tei.y the economy into the stationary state seems to be due to 

the specificity of the model. If traders lived for more than two periods, 

for instance, matters would be less simple, since when the Government 

steps in at t = 0 , the initial distribution of money holdings among 

traders will be typically different from the one that characterizes a 

stationary state, and this may have lasting effects on the trajectory 

of the economy no matter which policy is implemented by the monetary 

authority. 
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7. CONCLUSION, 

The model that we have analyzed in this paper is obviously 

too rudimentary to enable us to draw very general conclusions, Yet, the 

study of this particular example is suggestive and shows that it is 

possible to construct plausible models in which endogenous and signi

ficant fluctuations obtain that are not caused by exogenous shocks nor 

by policy. Furthermore a properly designed countercyclical policy can 

stabilize these autonomous business cycles. Such results are manifestly 

at variance with the conclusions that yield usually currently fashionable 

Classical 11 loglinear" macroeconomic models. It remains to be seen whether 

or not these results carry over to more general and more realistic struc

tures. They suggest at any rate that economic theorists should perhaps 

look more closely at the sort of mechanisms that may be responsible for 

significant nonlinearities in the economic system if they wish to have 

a proper foundation upon which to build a sound business cycle theory. 

Among the issues that appear worthwhile to investigate, one 

may mention the following 

1. One important feature of the model that has been studied 

is the fact - that seems likely to obtain as well within more sophis

ticated frameworks - that cycles of different periods typically coexist, 

This raises, as we have seen,the question of the stability of a given 

cycle, and our analysis showed that any answer to that question depends 

crucially on the properties of the traders• learning processes, We have 

in fact touched upon this problem only incidentally in Section 3, when 

establishing a relationship between stability with learning and stabi

lity under the perfect foresight backward dynamics. A deeper examination 



- 106 -

of the stability of a cycle, for instance by adapting and simplifying the 

methods of Fuchs and Laroque (1976), would be useful, 

2. Although we have deliberately i"gnored exogenous shocks in 

the present analysis in order to focus attention on autonomous business 

cycles, it is clear that (random or deterministic) shocks that result 

from the economy's environment and/or from the Government's policy, as 

well as incomplete and asymmetric information, play ~orne role in the 

generation of modern economic fluctuations - although their importance 

may not be as great as some "New Classical macroeconomists" would like 

to believe. The integration of such exogenous shocks, for instance along 

the lines of Lucas's model (1972), would be interesting as it would 

allow making precise how they interact with the endogenous mechanisms 

in the generation of economic fluctuations. 

3. A related issue concerns the fact already mentioned in 

Section 6 that deterministic economic policies through lump sum money 

transfers, incarne taxes, Government purchases of goods, open market 

operations are able to generate economic fluctuations as well as to 

stabilize them. It would be important to proceed to a systematic study 

of the existence and the properties of the cycles that may emerge in 

the present model when the Government is implementing a given policy 

through these alternative channels. 

4, As we have said, the central mechanism through which endo

genous business cycles emerge in the present model is the conflict 

between the intertemporal substitution effect and the wealth effect 

that are associated to a variation of the real rate of interest. 
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An interesting study would be to extend the analysis to a more general 

framework, in which for instance traders would live an arbitrary (finite 

or infinite) number of periods. Another tapie of particular interest is 

to discover other mechanisms - for instance associated to particular 

features of the production technology - that yields nonlinearities 

sufficient to generate endogenous business cycles. 

5. The whole analysis has been carried out under the ad hoQ 

assumption that market clear at every moment in the Walrasian sense. An 

important topic for future research would be to relax this somewhat un

realistic assumption, for instance by introducing imperfect competition 

in the model, and to look for the kind of mechanisms that may give rise 

to endogenous economic fluctuations. In a Walrasian framework, one may 

get economic fluctuations only through a variation of relative prices, 

that is (in a macroeconomic context involving only one good as in the 

present model) only through a variation of the real interest rate. By 

contrast, once imperfect competition is taken into account, quantlty 

adjustments, and thus something like multiplier or accelerator effects, 

have to play arole. One may then hope to get a better foundation upon 

which to build a sound Keynesian, or more precisely nonWalrasian, business 

cycle theory. 
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A P P E N D I X 

A. STABILITY AND LEARNING. 

The purpose of this Section is to prove Proposition 3.1 

We assume therefore (7 .a), (7 .c.), [2,ôl, (2.g) and (3.h) , 

and consider a periodic equilibrium 

* * . * * (pl' ... ,pk) and the assoc1ated cycle (ek, ... ,0 1) of the map tp. We 

wish to show that if (ek, .. ,,ei) is l!>-stable, then (pi,, .. ,pk) is 

stable in the sense of (3.1). 

As a matter of fact, it will be more convenient not to work 

directly with the backward perfect foresight dynamics on equilibrium 

real interest rates described by 

(A.1) 

but rather to use the backward perfect foresight dynamics on equilibrium 

prices that is deduced from (A.1) through the transformation (see (2.7)) 

(A.2) 

This yields 

(A.3) 

Note that (A.2) defines a differentiably decreasing function Pt= s(et_1) 

that maps (ë,+00 ) onto (0,+00 ) • On the other hand, (A.3) defines a func

tion Pt= ~(Pt+l) that maps the interval {0,+00 ) into itself, and one has 
-1 

~ = so tpos . Then it is not difficult to see that 
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* * * * (pk, ... ,p1) is a cycle of~, and that the periodic orbit (ek, ... ,e1) 

is ~-stable if and only if 

What we have to show accordingly is that if this condition is satisfied 

then all the eigenvalues of the Jacobian matrix DWk(qi) (or equivalently 

of DWk{q~)) have a modulus less than 1 , in which (qi,,,.,q;) is the asso

ciated periodic orbit of W as in Lemma 2.2, i.e. 

for i = 1, ... ,k . 

The advantage of working with the map ~ instead of the map ~ 

is most clearly seen if one remarks that (A.3) may be rewritten as 

This is nothing else, of course, than the temporary equilibrium equation 

(2.3) in which the expected price ~(Pt,Pt-l'"'''Pt-T) has been replace1 

by its 11 true 11 value Pt+l . Since (2.3) defines implicitly the temporary 

Walrasian equilibrium function, we have 

As an incidental remark, we note that we may assume without 

any loss of generality, for the purpose of the present proof, that T 

is a multiple of k , that is T = mk for some integer m ~ 1 . Indeed 

it is always possible to take into account an arbitrary number of ad

ditional past prices as fictitious arguments of the expectation function ~. 
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Let WJ(q~) be the partial derivative of W with respect to Pt-j 

for j = 1, ... ,T, evaluated at (pt_1, ..• ,pt-T) = q~ . By differentiating 

(A.4) and by using assumptions (2.g) and (3.h) (or equivalently (3.4)), we 
l 

get 

(A.5) For every i = l, ... ,k , one has WJ(q~) = 0 for all j = 1, ... , 

T(=mk) , except for those of the form j = nk-1 , for which one 
* has WJ(q1) = ~'(P~+2) wJ(P~+l'qi) (here the integer n runs from 2 

to m+l when k=l , and from 1 tom when k; 2) . Accordingly, for 

all such n , W~k-l(q1) has the same signas ~'(P;+2) , and one has 

Ln w~k-l(qi) = ~'(P~+2) · 

Our next task is to evaluate the Jacobian matrix DWk(qi) . 

We first remark that in view of (2.5), one has for every 

q = (q1, ..• ,qT) in the interior of lR: 

(A.6) 

Thus we get by differentiation of (A.6) 

------------------------------------1 

We use the convention P~+h = p~ and the notation wJ(Pi+l'qi) stands 

'( * * * * ) for Wj Pi+l'P;,, .. ,P1,Pk'"' · 
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1 0 0 ••••.• ,,, •• ,. 0 0 

0 1 0 . . • . . . . . . . . . . 0 0 

-DW( q) = 

, .. ,, ... , .... , ................ ,..., ................... . 

0 0 0 . • • • • • • • • • • • • 0 0 

0 0 0 . . . . . . . . . . . . . 1 0 

If k = 1 {hence T = m) , we are done since it suffices to make q equal 

to the stationary vector q* in the above matrix. When k ~ 2 , one could 

compute owk(qÎ) with the help of the above matrix by using the fact that 

owk(qÎ) = DW(q;) .•• DW(qÎ) - see (3.1) - and by using the restrictions 

stated in (A.5). It turns out that it is more convenient to proceed 

directly. To this effect, we may introduce recursively the 11 iterates 11 

of W by w1 = W and for h ~ 2 

{A.7) 

That is, if we start with q = (pt_1, .•• ,pt-T) , then wh(q) is the 

temporary equilibrium price at date t+h-1 , for all h ~ 1 . With this 

notation, it is clear that 
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(A.8) -h h W ( q) = [ W ( q) , ... , W ( q) , q l' ... , qT -h J 

In particular 

-k * Let aij be the element of DW (q1) that lies in the ith row 

and the jth column for i ,j = 1, ... ,T . Of course aij is the partial 

derivative of the ith component of wk(q) with respect to qj , evaluated 

at the point qi of the periodic orbit (qi,,,.,q~) . Then partial diffe

rentiation of (A.8) with h=k , shows immediately that if i ~ k+l , then 

a .. = 1 if j = i-k and a .. = O if J";ti-k. For l<i<k, a .. is the partial lJ lJ = = lJ 
derivative of wk-i+l(q) with respect to qj , evaluated at qi , i.e. 

awk-i+l * 
-· (q1) . Differentiating (A.7) with h = k-i+l yields for all 
aqj 
i = 1, ... , k and j = 1, ... , T 

whenever j~T-k+i . If on the contrary, j>T-k+i , then 

[
k-i aw k-i+l-.e. ] 

a .. = l W~(q*k · 1) - (q*l) 1J i=l ~ -,+ aq. 
J 

Now if 2; i; k, then k-i; k-2 , and thus in view of (A.5) , 

Wl(q;_i+l) = 0 for all .e.; k-i : all the terms of the sum between the 

brackets in (A.9) vanish. In that case, aij = 0 for all j = l, .•. ,T, 

except for those j that satisfy k-i+j = nk-1 , or equivalently 

j = (nk-1) - (k-i) for n = 1, ... ,m (we recall that T = mk) . For those 

j , one has aij = W~k-l(q;_i+l) . 
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Finally if we specialize (A.9) to the case in which i = 1 < k , 

then in view of (A.5), we get that 

if j < T - k + 1 , and a1j = Wk_1(q~) Wj(qi) otherwise. Using (A.5) 

again yields that a1j = 0 for all j , except for those of the form 

j = nk-1 with n = 1, ... ,m, in which case a1j = Wk_1(q~) Wnk-l(qi) , 

and for those of the form j = nk with n = l, ... ,m-1 , in which case 

alj = w(n+l)k-1 (q;) · 

To sunvnarize our findings, we see that we may partition, for 

every k ~ 1 , the Jacobian matrix DWk(qi) into m2 submatrices of dimen

sions (k,k) as follows 

Al A2 A3 ....... A A A m-2 m-1 m 

I 0 0 ....... 0 0 0 

0 I 0 ....... 0 0 0 

owk(qi) = 11e•oeeoe•••••••••••••e••••••oo01eeo11 

0 0 0 ....... 0 0 0 

0 0 0 ....... I 0 0 

0 0 0 ....... 0 I 0 
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in which I is the (k,k) unit matrix, 0 is a (k,k) matrix of which the 

elements are all O, and for each n=l, .•. ,m, the matrix Anis given by 

0 0 0 ..... . 

wk-1,n O 0 .•..•. 

0 wk-2,n O ······ 

0 0 0 ..... . 

0 0 0 ....•. 

0 

0 

0 

w 
k,n+1 

0 

0 

0 

0 

with win = W'nk-l(q;) for i = l, ... ,k and n = l, ... ,m, and with the 

additional convention that wk,m+l = W'(m+l)k-l (q~) vanishes when k ~ 2 . 

Indeed, this translates exactly the results we obtained for the case 

k ~ 2 . As for the case k = 1 , each matrix An reduces then toits top 

right element wl,n+l , which is equal to W~(q*) with q* being the fixed 

point of W under consideration. 

Note that with this notation, (A.5) means that given i = l, ... ,k, 

all win have the same sign and ln win = ~'(P;+2) (here again n runs from 

1 tom when k ~ 2 and from 2 to m+l when k = 1). 
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Our purpose, we recall, is to show that l1 1 (pi),,.1'(p~)I < 1 

implies that all eigenvalues of DWk{qi) have a modulus less than 1. These 

eigenvalues are the solutions of the characteristic equation 

in which I is this time the unit {T,T) matrix. It is known that given 

the specific form of the Jacobian matrix owk(qi) shown above, this 

characteristic equation may be written equivalently det(B(À)) = 0, in 
1 

which B{À) is the {k,k) matrix that is equal to 

m 
B{À) = Àm! - l 

n=l 

(here I denotes the (k,k) unit matrix). We claim 

(A.10) The chaJia.cte.JL,t,6ÜC equa.tion Oo DWk(qi) ha!., the oOIUn 

ÀT - f s. ÀT-j = 0 
j=l J 

k * ln whlch a.ils. have the -0ame -0lgn and lJ· s. = Dl (p.) . 
' J J 1 

The claim is in fact immediate when k = 1 . In that case, 

m=T and since the characteristic equation reads det(B(À)) = 0 , we have 

sj = wl,j+l = WJ(q*) , in which q* is the fixed point of W under consi

deration. Then, in view of (A.5), all sj have the same sign and 

Ij sj = 11{p*) , with p* being the associated fixed point of 1 , i.e. 

* * * q = (p ,p , ... ). 

1 
See Wilkinson (1965, pp. 33-34). 



- 121 -

We turn now to the more complex case in which k ~ 2 , By em

ploying the expressions of the matrices An given above, we obtain 

0 

0 •.•... ,~,., •.• ,.,., 0 0 

m 
À • • • • • • • • • • • • • • • • • • 0 0 

............... • ............................................. . 

0 0 

0 0 

with, for i = 1, ... ,k 

and 

0 • • • . • . • • • . • • • . • • • • À 
m 

0 ......•.... , ...... -b1(À) 

m 
= l w. Àm-n 

n=l ,n 

0 

We may develop det(B(À)) with respect to the elements of its 

first column. We get then 
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1 
O ................. -wk 1b1 (À) -ck(À) ' 

-bk_2(À) Àm •••••••••••••••• 0 O 

mk detB(À) = À +bk-l (À)det .............................................. . 

0 0 . . . . . . . . . . . . . . . . À 
m 

0 0 ................ -b, (À) 

By pursuing along this line, we obtain finally 

and thus 

If we recall that wk,m+l = 0 whenever k ~ 2 , we see that 

or equivalently 

(A.11) 
m 

det(B(À)) = Àmk - À( l w Àm-n) 
n=l ln 

m , m-n 
( l wkn À ) 
n=l 

0 
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This expression shows clearly that Àb1(À) ... bk(À) is a poly

nome in À of degree (m-l)k+l , which is less than T=mk when k; 2 . 

Thus in order to show (A.10), we must show that the coefficients of 

the polynome 

m m \ m-n \ m-n = ( l wln À ) ... ( l wkn À ) 
n=l n=l 

have all the same sign, and that their sum is equal to 

Now the coefficient of Àkm-j in b1(À) ... bk{À) , for j = k,.,.,km, is the 

sum of all products of the form w1 ... wk such that 
nl nk 

n1+ ... +nk = j , with m ~ni; 1 for all i = l, ... ,k . Since 

w. = W'k 1(q~) , in view of (A.5) , each such product has the same ,n n - , 

signas D~k(p~) . Thus all coefficients of the polynome b1(À) ... bk(À) 

have the same sign. Next, their sum is equal to 

k * = D~ (p.) 
1 

This completes the proof of {A.10). The last step of the 

proof of Proposition is ta show that jD~k(p;)I < 1 implies that all 

solutions of the characteristic equation of owk(qi) have a modulus 

less than 1. By virtue of {A.10), the characteristic equation of 

D'if ( qi) reads 



- 124 -

in which all 8j have the same sign and 2j Sj = D~k(p~) . Let us assume 

ID~k(p~)I < 1 . This implies 

II- s.1 = 2.1s.1 < 1 
J J J J 

Now, suppose that there exists a particular eigenvalue X that has a 

modulus !XI greater than or équal to 1 • Since 

one gets by dividing by IÀIT 

1 < I·ls,IIÀl-j ~ t-ls,I 
= J J J J 

which yields a contradiction to the assumption ID~k(p~)I < 1 . The 

proof of Proposition 3.1 is complete. 



- 125 -

B. EXISTENCE, STABILITY AND BIFURCATION OF PERIODIC EQUILIBRIA. 

The aim of this Section is to prove some of the claims made 

in Section 4, namely Theorems 4.3, 4.5 and 4.7. The arguments will be 

direct applications of the results reported in Collet and Eckmann 

(1980), as reviewed in Grandmont (1983b). 

Proof of Theorem 4.3. Under the assumptions of this Theorem, if 

* a2 = SupR2(a2) ~ 1 , or if a2 > 1 and e ~ 1 , then ~ has a unique monetary 

* * cycle e = 1 by Lemma 4.2. Ife < 1 , then ~(e) ~ ~(e) for all e ~ -
e ' 

and we may focus attention without any loss of generality to those e 
- * which belong to [e,~(e )]. But the restriction of~ to that interval 

satisfies the assumptions of Sarkovskii 1 s Theorem (Collet and Eckmann, 

1980, Theorem II.3.10, Grandmont, 1983b, Theorem 1). Q.E.D. 

Proof of Theorem 4.5. Under the assumptions of this Theorem, the res

triction of~ (or of one of its topological conjugates <P = ho~oh- 1) 
- * - ,V * to the interval [e,~(e )] (or to [h(e) , ~(h(e ))]) is thrice continuously 

* - * * differentiable, has a unique maximum at e with e < e < ~(e) , and 
- * * S~(e) < 0 for all e in [e,~(e )J , e 7 e (or the corresponding property 

for ;:p). Moreover, ~(e) > e for all e in (ë,e*) , ~(ë) = ë and 

~·(ë) > 1 . Thus Theorem 2 in Grandmont (1983b) applies to ~ or <P. The 

- * proof is completed if one remarks that ~(e) belongs to [e,~(e )J 

whenever e ~ ë . Q.E.D. 
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Proof of Theorem 4.7. Here again, we may focus attention on the interval 

AÀ = [ëÀ,~À(e:)J for each À. The result is then a direct application 

of Theorems 7 and 9 in Grandmont (1983b). Indeed it is routine to verify 

that if one looks at the restrictions of ~À to AÀ, one gets a full one

parameter family of c1-unimodal maps that satisfies S1, S2, S3, S4 11 for 

each À, as these conditions are defined in Grandmont (1983b). As for 

* the condition ~~(eÀ) < 0 it is not difficult to verify that it is a topo-

logical invariant (see the Section on topological conjugacy in Grandmont 

* 1983b), so that it is satisfied if and only if x~(µÀ) < 0. Dropping 

the index À for simplicity, we get by differentiating twice 

* v1(x(µ)) = v2(µ) and by taking into account x'(µ) = 0, 

* * Since v1(µ) > 0 for all µ, x11 (µ) < 0 is equivalent to v2(µ) <O. 

* Now by differentiation of v2(µ) = µV2(t2 + µ) , we obtain 

where 

Differentiating again, 

* since p(µ) = O and p'(µ) < 0 under assumption (7.e). Q.E.D. 


