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ON THE EXISTENCE OF EQUILIBRIA IN ECONOMIES
WITH AN INFINITE DIMENSIONAL COMMODITY SPACE

Monique FLORENZANO
CNRS - CEPREMAP - France

ABSTRACT. We prove an infinite dimensional extension of the Gale-
Nikaido-Debreu lemma which includes all necessary limiting processes

and allows a proof of the existence of equilibria under standard assump-
tions in an economy with infinitely many commodities which exactly paral-
lels the proof of Debreu (1959) for the finite dimensional case.



1. INTRODUCTION

The assumption that the commodities are not in finite number agrees
with many classical situations for economic theory: intertemporal equilibriur
with an infinite horizon} uncertainty with an infinite number of states,
differentiation of commodities.

Since the paper of Bewley (1972), which proved the existence of
a Walrasian equilibrium for an economy with a finite number of agents
and L_(M,m,u) for commodity space (let us recall that M is a state
space, W a o-field of subsets of M, u a o-finite measure on M and
Lw(M.m,p) the Banach space of all measurable functions such that
i = sup{r=0/p{m/|f(m)|>r} > 0} <= ), the work on the subject
developed in two directions:

- While the proof of Bewley 1is based on a limiting process which
deduces the existence of an equilibrium in the infinite dimensional case
from the existence of an equilibrium in the finite dimensional case,

Bojan (1974), Toussaint {1981), Magill (1981), Brown and Aliprantis (1982)
look for a direct proof which is the analogue of one of the proofs in
the finite dimensional case.

- At the same time, Brown and Aliprantis (1982) try to set the
most general framework in which their results can be achieved. Refore
them, Elbarkoky (1977) extended the equilibrium existence theorem of
Bewley to an outline which is essentially the same as this which will
be used here.

This paper corresponds to both objectives. It states an extension
of the Gale-Nakaido-Debreu lemma, in order to give a direct proof of
the existence of an equilibrium which exactly parallels that of Debreu (1959)
for the finite dimensional case, in a general framework which is to be

defined in Section 2.



2. THE MODEL

In this paper, the space of commodities is a Banach space E, the
conjugate space of another Banach space G, i.e., E= G' where &' is
the vector space of a11.continuous linear functions on G and the norm

on E is the conjugate norm to the norm on G. G is ordered by a closed

convex positive cone GH satisfying: G = 6 -6". E itself is ordered
by the positive cone:
eY = IxeE/px) >0 Ypea'}.

where (p,x) 1is the value at p of the continuous linear functional
Xx € G'. We shall denote by > the orders on G and E.

These first assumptions suffice to assume that in an exchange
economy, under the usual conditions of lower boundedness of consumption
sets, the attainable sets are compact for the weak topology o(E,G) for
E associated with the duality (E,G). This will be deduced from the

following elementary proposition:

Proposition 1. If G is a real topological vector space ordered

+ + o+
by a positive cone G satisfying: G =G -G, and if E is the conjugate
space of G, ordered by the cone of all positive continuous linear
+
functionals on G , let a and b be two elements of E and let

A= {er/a<x<b}. Then A is U(E,G)—bounded.‘

Proof. Let peG, a€R, a>0 and V = {x€E/[(p,x)| < a}.
We claim that A is absorbed by V. If peG' and if

B = sup{|(p,ar|,[<(p,b)|}, then

Ac-gv if 8> 0 and AcCV if g=0 .



If pe —G+, one obtains the same result.

If p = p+-—p' where p+ and p~ belong to &Y, then v O vinoyT
where V' = {xesE/|<p+,x>[ < % boand VT o= {xeE/[pT x| < ,%}
Let p and v be real nuhbers such that A C uV+ and A& C w .

Then A C AV, where X = sup{y,v}. o

Prices belong to E', the conjugate space of E. E' is ordered
by the positive cone: E'F = [met' /ix,my >0 VX€5E+}, where as above
we denote by (x,m) the value at x of the contindous Tinear functional
m € E . In order to define a price simplex compact for the weak
topology o(E',E) for E' associated with the duality (E,F'), we need
that E has a non-empty interior. For example, if, as in Aliprantis and
Brown (1982), E 1is an A.M. space with unit {i.e., a Banach lattice,
the lattice order and the norm of which are related by the two relations:
Ixv yl = max{ixi,1yl} and there exists e€ £’ such that the order
interval [-e,+e] coincides with the closed unit ball {x€E/ix) < 1})

this assumption is satisfied. The following proposition is classical:

Proposition 2. Let E be a real Hausdorff locally convex topolog-

ical vector space, E' the conjugate space of E and Y be a convex cone
of E such that Y°= {re€'f(y,m <0, YyeY] # {0}. If u belongs to
the interior of Y, the set

6 = {wer'fu,my = -1}

' . 0
is equicontinuous and o(E" ,E)-compact and satisfies Y = U XA

A=0

Proof. Let V be a closed circled neighborhood of 0 such that:

0
YVrney , Vx €V, {u + x,m) <0



From (u+x,m) < 0 and (u-x,m) < 0, it follows that for all ﬂEEYO,

7#0, (u,m <0 and VU_“"—W € 4 . On the other hand, for all m in &
an x in V: -1+{(x,m) <0, which implies: [(x,m)|< 1. Thus & is
equicontinuous and it follows from the Alaoglu-Bourbaki theorem that A

is o(E',E) compact. O

lie consider an exchahge economy E = ((Xi,Ri,wi)i=1’.'.,m,Y)
with m consumers and, for each i=1,...,m, a consumption set X' c E,
a complete preordering Ri on Xi and an initial endowment wie E;
in addition, disposal activities are described by a convex cone Y,
contained in (-E+). To the preordering Ri, we associate the strict
preference relation defined by

iai i 1.1 i vigtod
X' P'x ' e xRx'' and not x Rx

let x' € X'; we introduce the following notations:

i) = e Xk
Ry = ke xR}
ehylady = e xideixdy
Riylxty = (7 e daxirixd)

For each m € E', we define:

yi(n) = {xiggxi/<xi,ﬂ) < (wi,ﬂ)} i.e., the budget correspondence
* for consumer i

§'(n) = {x]e axtmy < (w],n>}

g'(n) = {x'ex'/ x'ey'(n) and y'(n) N Pl (x") = 9)

i.e., the demand correspondence for consumer i



o (m) = {x'ex'/x'ey'(n) and &' (n) nP'(x') = ¢}
i.e., the gquasi-demand correspondence for consumer i

m
n(m) = 1
]:

¢"<w>.-{§1 o}

i.e., the excess quasi-demand correspondence .

1

. mo
An allocation x = (x') € T[ X' is attainable if

xi> x Y x (E'\{0})

i3

An equilibrium of E is a point (x,y,m) € <
satisfying the conditions:

(1) Y i=1,....m, % €& (7);

~
S
=
m
-
(]

{reE'/(y,m) <0, YyeY} and (y,m)=0 ;

i mo.
X y w+y .

m
(3) )
=] i=1

mo.
A quasi-equilibriwn of E is a point (x,y,m) E(TTX1) xY x (E'\{0})
i=1
satisfying the above conditions (2) and (3) and the condition (1'):
(1') ¥V i=1,....m, % €¢'(7).

In fact, we will prove the existence of a quasi-equilibrium from an
extension of the Gale-Mikaido-Debreu lemma (or market equilibrium theorem)

that we state in the next section.



3. THE EXTENSION QF THE GALE-NIKAIDO-LEBREU LEMMA

In the literature, one can find two extensions of the finite
dimensional Gale-Nikaido-Debreu lemma to correspondences defined on a
compact subset of the spﬁce E' of all continuous linear functibna1s on
a‘rea1.Hausdorff locally convex topological veétor space E, with
convéx values in a compact subset of E. The first is from Bojan (1974),
thevsecond from S.Toussaint (1981); the common defect of the two
statements is that they cannot be applied without a 1imit operation
to prove the existence of equilibrium under standard assumptions in a
transitive economy with a finite number of agents and a commodity space
as in Section 2.

Here we prove an infinite dimensional analogue of the Gale-Nikaido-
Debreu 1emmé which is the most convenient extension for an application
to a proof of existence of equilibrium which exactly parallels in the
infinite dimensional case the proof of Debreu (1959) for the finite
dimensional case. |

First, let us introduce some definitions:

Definition 1. Let ¢ be a correspondence from a topological

space X to a topological space Y and let x, be an element of X;

we define the subset 1im sup ¢(x) as the set of all elements y of Y
X-»Xo

such that for all neighborhoods W of y and V of x,, there exists xeV
such that ¢(x) "W # ¢. In other words, T1im sup ¢(x) is the set of

X > Xg
all y in X such that (xo,y) belongs to the closure of the qraph of ¢

in the product topology for X xY.



Definition 2. Given a convex subset X of a vector space E,

let A be the collection of all finite subsets o of X. If

1,2 Mot N o
a = {x',x .,x } €A, let S denote the unit simplex of the

Mo o .
Euclidean space R = and By :S 7 > X the map defined by :

’ Ny . Ny :
if p = Zpie], pi>0 Vi=1,...,nu, Zp,i =1,
i=1 i=1
Ny i
then B, (p) = 2: pix .
i=1
The finite topology (see Aubin (1979), p.211) defined on X is the
strongest topology for which the maps B, are continuous for all c€A
A correspondence ¢ from X to a topological space Y is upper
semi-continuous when X is equipped with the finite topology if and only

n
if the correspondences ¢ o Ba :5 % Y, defined by

so8.(p) = (B (p))

a

are upper semi-continuous for all a€A.

I.e., when X is equipped with the finite topology for verifying
upper semi-continuity of the correspondence ¢, it is necessary and
sufficient to verify upper semi-continuity of all the restrictions
¢/co « of the correspondence ¢ to the convex hulls co of the finite
subsets of X.

The finite topology on X 1is stronger than any topoloqgy induced
on X by a vector space topology on E.

Thus we can state:
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Lemma 1. Let E be a real !ausdorff locally convex topological
vector space, E' the vector space of all continuous linear functionals
on E, Y a convex cone of b such that the polar cone
v = {TIG E'/(y,m» <0 V'yE Y} is non-reduced to {0}, U a point in the
interior of Y, A = {’ﬂe E'/Cu,m) = —1}, and [ a correspondence from A
to E.

Let @ be a Hausdorff locally convex topology for E weaker than
o(E,E'), and D = {m€A/m is continuous if E is equipped with ).

We make the following additional assumptions:
(1) 1f E is equipped with @ and if D is equipped with
the finite topology, the restriction §/D of § to D is
upper semi-continuous with non empty élosed convex values
in a compact set L of E.

(2) YmeEQH Vzercg(n), (z,m<0.

(3) Y is T-closed.

Then there exists TEA such that Y N HT‘ fgp z(m) # P, where the
> m
1im sup is taken for the topology on O induced by o(E',E) and the

topology €& on E.

The idea of the proof we give is borrowed partly from Bojan (1974),

partly from Aliprantis and Brown (1982).

Proof. Let A be the collection of all finite subsets of D and,
1 2 nu
for each a€A, a = {m',n%, ...,7w %}, b, be the convex hull of
n
o :Aa=:c°(‘;8a’ as in Definition 2, the map from S % onto
n
[0} i na
b, :B,(p) = 12::1 p;m' 5 and y, the map from E to P,

n
Ya(z) = ((z,m'y, ..., (z,m %)), The correspondence ¢ 0B, is upper



-0

n
semi-continuous from S ¢ to E equipped with €. The map Yo 15 continuous
4 n S '
from E equipped with @ to R % Thus the correspondence (Ya o /L o Bq)
n n
from S * to R % is upper semi-continuous with non-empty convex values

n n
in a compact subset of R . Furthermore, for all p € S % and for all

y € v(z(8,(p)), if y = v(z), one has:

Ny .
poy = 3, pi(z,m) = (z,8(p)) < 0
i=1

From the finite dimensional Gale-Nikaido-Debreu lemma (see for example

- n ‘. -
Debreu (1959), p.82), there exists P, € S % and z € g(Ba(pa))

- . . -
. : < { = . =
such that: (za,n )< 0 Vi 1,...,na Thus Yy Ba(pa) and 7,

satisfy: z, € ;(ﬁa)nva, where Y = {[yEENy,m<0, ¥V € Aa}

Now the collection A 1is directed by inclusion. A is o(E',E)-

compact (Proposition 2) and Z is @-compact. By passing to two subnets,

ofE lEla— T € A and

if necessary, we can assume that ﬁa

Ea L5 7€ 7. We have to prove that z€Y.

If 2€¢ Y, since Y is @-closed, there exists m€D such that
(z,m) > 0. Let o€A such that n € b,. Since (z,m) >0, z¢ Yo

Furthermore, Y_  is T-closed, since T 1is compatible with the duality

a
of £ equipped with T and the vector space of all @-continuous linear
functionals on E. Thus, there exists B such that y =g = EY ¢ Yy
and y > sup(B,a) = iY ¢ YY’ which is a contradiction proving that

ZEY. O

In particular, if E is as in Section 2 a Banach space, the
conjugate space of some other Banach space G, we can take for & the

weak topology o(E,G).
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If we take @ = o(E,E'), we deduce the following result, proved
by Bojan when E is a normed space and extended here for any real

Hausdorff locally convex topological vector space:

Corollary 1. rLet E be a real Hausdorff locally convex topological
vector space, E' the vector space of all continuous linear functionals
on E, Y a closed convex cone of E such that the polar cone Yo is
non-reduced to {0}, U a point in the interior of Y, A = {n%EE'/<u,n) = —1}
and [ a correspondence from b0 into E, satisfging the following
assumptions:
(1) U is upper semi-continuous with non-empty closed convex
values in a compact subset I of E, when E' is equipped
with the topology o(E',E) and E with the topology O(E,EI)
(2) VYmneap, VYzeg(n), (z,m <0.

Then there exists TEA such that Y 0O g(w) # ¢.

Proof. Since the correspondence T 1is upper sémi—continuous with
closed values in a compact subset of E, one easily deduces that
g(mw) = 1im sup z{m). Then, the proof follows easily from the fact that
T T

the finite topology on A is stronger than the topology induced on A

by o(E',E). O

Corollary 2 (S.Toussaint (1981)). The statement of Corollary 1

is true with the topology o{(E,E') replaced by the initial topology of E.
Proof. Corollary 2 is easily deduced from Corollary 1. O

Note that in the statement of Corollary 2, S.Toussaint adds an assumntion
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of joint continuity of the restriction to ZxA of the canonical bilinear
functional: (z,m) > (z,m), not needed for the result and which limits
the topology to be considered for E to the Mackey topology T(E,E")

of the pairing (E,E').

4, THE EXISTENCE THEOREM

Let us come back to the exchange economy E = ((XT,R],wi)i=l ; m,Y)

defined in Section 2. The consumption set, the preference preordering,
the initial endowment of each consumer i and the cone Y are subjected

to the following assumptions:

(1) v i=1,...,m, X' is convex, bounded from below,

o(E,G)-closed.
(2y v i=1,...,m, V’xie Xi, Ri(xi) is convex and o{E,G) closed;
furthermore, yi € Pi(xi) and 0<A<1 imply:
Axi +(1—A)yi € Pi(xi).
(3) ¥ i=1,....m o €x -y
(@) 1f x=(x')e JT X'

X is an attainable allocation, then

=F

for all i=1,...,m, Pi(xi) £ 0.
(5) Y is a o(E,G) closed convex cone, contained in (-E+) and

has a non-empty interior for the norm topology of E.

From assumption (5) it follows that Y is not reduced to {0}. If u
belongs to the interior of Y, as above we define A to be the o(E',E)-
compact convex set: A = {me€E'/(u,m) = -1}.

Let ii denote the attainable set of consumer 1i:

;(1 = {X1EX1/;(]' + Z X‘] = Zu_)‘]+y, X‘JEX‘) Y ji#i and yEY}.
J# J
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Each 0 is convex, bounded from below and from above (assumption (1)) and since
G is a Banach space, it follows from Proposition 1 that each attainable

set X! is relatively o(E,G)-compact. In fact, each attainable set ii

is o(E,G)-compact and it.f011ows from the assumptions (2) on preordering

Pi, the assumption (3) and theorem 1 in Bergstrom {1975), that there

exists ci € ii such that Pi(ci) N ii # 0, and therefore, there

1

exists d'€ P'(c'), or d'e PHx") v x' e i

>

lle choose a o(E,G)-compact convex subset K of E containing all the

attainable sets and, for each i=1,...,m, a1e X‘ﬁ d'e X1 satisfying

al = wl+p , b' € Y (assumption 3)

dl e pix’)y  wxled
For each i=1,...,m, let 21 = X'n K and consider the new exchange
economy

o R IS

E s ((0R6h) )

where each consumer retains his original endowment and preferences.
We shall begin by proving the following existence theorem for the

truncated economy E:

Proposition 3. 1f E = ((X],R‘,uﬂ)i:1 oY) satisfies the

~

assumptions (1),(2),(3),(4),(5), ¥ has a quasi-equilibrium

m .
(%,7,7) € TT X' x¥xa.
i=1

Proof. Let us consider, as in Section 2, the correspondence
y1,5],P1,g],¢] and n now defined for the economy F.  We have to verify
the assumptions of Lemma 1 in the case where ¥ is the topology o(E,G)

and for the restriction to A of the correspondence n:
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From assumption (5), Y is o(E,G)-closed and obviously correspon-

dence n satisfies the Walras identity:

Yrmea YVzen(m), (z,m<0.

So that only the condition (1) of Lemma 1 has to be proved true.

Let D denote the subset D = AMNG. On D, the correspondences ¢1
are non-empty and convex valued. Indeed, for all m€D, yi(n) is non-empty
(assumption 3 and definition of K) and o(F,G)-compact (assumption 1
and definition of X'). For all x' € v'(x), v (1) n (P is
o(E,G)-open in yi(n) (assumption 2) and it follows (Bergstrom (1975),
theorem 1) from convexity and irreflexivity of Pl that gi(n) is
non-empty; a fortiori ¢i(n) £ D. That for all = in D, ¢i(n) is
convex follows from completeness and transitivity of the preference
preordering. Thus the correspondence n is non-empty and convex valued

mo.ogm
with values in the o(E,G)-compact subset of £:7Z = J X' -{ ) wl} .
i=1 i=1

Let A be the collection of all finite subsets of D and, for each

2 n ) n

1 \ ,
a€A, o= {n,n°,...,7 %}, = co{n’,n’,...,m %} be the convex hul

a

of a. For a fixed, since &, is finite dimensional, the canonical

bilinear form (x,m) = (x,m) 1is jointly continuous on X' x b, equipped
with the topology induced by the product of topologies o(E,G) and olE',E);
thus the restriction y/4, of the budget correspondence of any consumer i
on A, has a closed graph in Aaifii. It easily follows from continuity
properties of P in assumption 2 that it is the same for the restriction
¢i/Aa of ¢i to 4. Finally, for all a€A, the restrictions ”/Aa are

correspondences with a closed graph in A </ and it follows from

Definition 2 that the restriction of ¢ to D is upper semi-continuous
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and closed valued from D equipped with finite topology tc E equipped
with o(E,G).

One can apply Lemma 1 and there exist m€A, a net (m ) and a net

(Za) such that: ﬁa —915—1§l>~ T, Za _Elﬁgﬁlé_ ze€1l, zeY and,
for all @, z, € n(ﬂa)'
T iy i i
Let z, = 4 X - Yw , with Xy € 0 (n), Yi=1l....,m. Without
a loss in generality, we can suppose that X! _o(E.G), eyt

m
' - 7 w ey, the allocation
1 i=1

Ho~132

i=1,...,m, and thus, since z =

,i
- -1y . .
x=(x ) is attainable.

Then let x'' € P'(x'). From assumption 2, there exists a€A

such that a'>0 = x'1 e PY(X',) and, since i‘,e ¢](% )
o a a

(x'1,ﬁa.) > <m‘,ﬁa.>. Passing to the 1imit, one sees that:

s'i - 7 -
(x',my = (e,

The previous relation being true for all i=1,...,m and for all

i i . .
x'' € P (x ), one deduces from assumption 4 and assumption 2:

(i 2 (e, vis=l,.0,m
mo moo o )

On the other hand, ] (x ,m) - J (w ,m) =<z,m) and since z€Y,
i=] i=1

one deduces: (X' ,m) = (w Ty Yi=1,...,m
(z,m) = 0.

The conditions (1'), (2) and (3) in Section 2 in order to (x,z,m) be

a quasi-equilibrium of E are satisfied. 0

One obtains the existence theorem for E by increasing the

convex o(E,G)-compact set K and by passing to limit.



Proposition 4. 1f E = ((X1,R ’“’1)1‘=1 m,Y) satisfies the

assumption (1),(2),(3),(4),(5), ¥ has a gquasi-equilibrium

m .
(%,7,7) € JT X' xYxa.
i=1 :

Proof. The collection ¥ of the convex, o(E,G)-compact subsets X
of E containing all attainable consumption sets and for each i=1,...,m,
aieX1, d'eXx' defined as above, is directed. For each K€X, the economy
- o0 IS IR o1 i , . . .

EK = ((Xk’R "”1)i=1,...,m’Y)’ where Xk = X' NK, has a quasi equilibrium

mo. . .
(X, ,y,,m, ) € X'%Yxa. Since each X' is o(E,A)-compact and since
eYiemd =t

6 is ofE',E)-compact, by passing to subnets if necessary, we can assume:

- 0 - ~
x;( —ﬂg—’ﬁ—)—; e Xi , voi=1, \M
m G(EI’EL e A
k
mo_ mooL ‘ :
and since for all K of X, Z X = Z W +yk and Y is o(F,5) closed,
i=1 i=1
o G(EQG) o
K €Y
mo mo.
By passing to limits in relations 7§ )-(k = T ty,, We see
. i=1 i=1
: moo. .
that x=(x') 1is an attainable allocation: ) o= Zw1+)—/.
| =1

Let i belong to {1,...,m} and x'Ter (') There exists ' €¥

such that x'' € K for all K= K'. Since R'(X') is o(F,B) closed, there

Xy

exists K'€¥ such that ' e PU(X)) for all K=K". Since (iy,yk,ik)
is a quasi-equilibrium of Ek for all K of %, then:

K > sup(kK',K") = <x”.ﬁk>><w‘,ﬂk> :
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1

And passing to limit, (X Vony = (' ,7) . tlow, the previous relation
: Vi i, - .
is true for all i=1,...,m and for all x Ve p{x'). From assumption !

and assumption (4), one deduces:

Gl = ehm Vi=1.....m
mos moos . )
On the other hand, J (X', - J (w ,m) =<y, m and since y€Y,
i=1 i=1
one deduces
—'] - ]._
(x ,m) = (w ,m) v i=1, ,m

(7.5 = 0

The conditions {1'), (2) and (3) in Section 2 in order to (x,y,m) be

a quasi-equilibrium of X are satisfied. O
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5. REMARKS

1) The assumptions (1)-(5) of Proposition 4 are standard, once the
o(E,G) topology on E has. been accepted. When the commodity space F

is L _(M@,u), the continuity property of assumption (2) can be interpreted
a§ an impatience assumption on preferences (see Brown and Lewis, 1981).
Note also that if E s L (M, u), assumption (2) implies that, as in

the finite dimensional case, each of preorderings Ri on Xi is representable

by a o(E,G)-continuous utility function, since F .is o(E,G)-separable.

2) The equilibrium price, the existence of which is proved in
Propositions 3 and 4, is an element of E', the conjugate space of the
commodity space E. It does not have a very natural economic interpreta-
tion. If one wants a price equilibruim in G, one needs a decomposition

theorem Tike the Yosida-Hewitt theorem.

3) The main limitation of the result proved in this paper arises from
the assumption that the disposal cone has an interior point. This
prevents any extension of the result to the existence of equilibria
without the free-disposal assumption. Furthermore, this stringently
Timits the Banach spaces to be used as commodity spaces to spaces with

a positive cone with a non-empty interior.
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