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EXPECTATIONS AND THE REAL BALANCE EFFECT 

The subject of this lecture is mainly to examine with the 

help of a simple microeconomic model, two propositions which play a 

significant role in neoclassical monetary theory. 

The first proposition is that "money does not matter". Or 

more precisely, if the mere presence of money as a medium of exchange 

and as an asset is importent for the smooth functioning of the econo

my, the quantity of money ü innessential. This is the Quantlty 

Theo~y tradition, which claims that a change in the money stock will 

change in the same pro~'Jrtion all nominal values, but will have no 

effect on "real" variables. This old tradition still plays an impor

tant role in modern thinking. The first purpose of this chapter is to 

clarify the exact meaning of this theory and its domain of validity. 

The second issue will be the belief, which is commonly 

shared by neoclassical economists but is opposed by a few Keynesian 

theorists, that a short run Walrasian equilibrium where money has 

positive exchange value usually exists. We shall investigate this 

question in this lecture by looking at a simple model involving only 

ou:Uide money. Money is then printed money, and can be regarded as 

a part of private net wealth. In such a context, the neoclassical 

argument relies essentially upon the'existence of a "heal. bal.ance 

e66ect". When money prices of goods are low, the "purchasing power" 

of the agents' initial money balances is large. This fact should 

generate according to this viewpoint an excess demand on the goods 

markets at sufficiently low levels of prices. Conversely, the "pur

chasing power" of the agents' initial cash balances becomes small 
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when money prices are large, so that an excess supply of goods should 

eventually appear. Thus by continuity, a~ equilibrium should exist 

in between. 

It will be shown that this argument is wrong because it 

neglects the intertemporal character of the choices made by the 

agents. Modelling explicitly these choices will lead us to the con

clusion that the real balancB effect is typically too weak to gua

rantee the existence of a short run equilibrium where money has 

positive value. As a matter of fact, the existence of such an equi

librium position essentially requires, as we shall see, that the price 

forecasts of some agent be substantially in~en1.:,ilive to current prices. 

The relative variations c-~ current and expected prices then generate 

an "ùi,te.JLtempo11_a.l ~u.b~;û,tu,t{on eôôec..t" between current and future 

goods which reinforces the real balance effect, and is strong enough 

to equilibrate the market. 

Such conditions on expectations are quite unlikely to 

prevail in reality. Indeed, the agents' price expectations are pre

sumably very sensitive to the price levels which they observe, 

especially in periods of significant inflation or deflation. In 

particular, expected prices are likely to be biased upwards in the 

case of inflati~n, and downwards in the case of deflation. It will 

be shown that in such circumstances, ,a short run equilibrium typically 

does not exist. The conclusion which will emerge therefore from our 

analysis is that the existence of a short run Walrasian equilibrium 

where money has positive value is somewhat problematic in actual 

market economies, contrary to what most neoclassical economists 

used to believe. 
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In order to focus the attention on the essentials, the 

analysis will be conducted within the framework of a simple model. 

Paper money will actas the numeraire and only store of value. Its 

stock, which can be viewed as the sum of the government's past 

deficits, will be assumed to be constant over time (ouuide money). 

Output, or eqLlivalently, the strEam of the agents' real incarne will 

be taken as exogenous. This hypothesis is in fact immaterial; 

analogous results would be obtained with variable output. The main 

question will be to see whether there exists an equilibrium either 

in the short run or in the long run, where the agents are willing 

to hold the outstanding quantity of money, and to investigate the 

properties of these equilibria (if any) in relation with the money 

stock. No attention will be paid to the services that actual money 

yields in our economies (medium of exchange, liquidity). The reason 

is that taking into account these otherwise quite important func

tions of money would change neither the need for raising the questions 

that we shall consider nor the conclusions that we shall reach. 

Indeed, modern money can serve as a medium of exchange and/or as an 

asset if and only if it has a positive exchange value in equilibrium. 
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1. CIASSICAL AND NECCLASSICAL VIEWS ON IDNEY. 

We first proceed to a brief overview of the issues which 

we shall be concerned with. In order to fix the ideas, let us assume 

that there are t perishable goods, indexed by h = 1 , ... , l, traded 

in each pericd at money pries~ p = (p 1 , ... , pi), whose equilibrium 

values are to be determined by the market. Fiat money, on the other 

hand, is the sole asset, and its stock is constant over time. 

Classical economists (e.g. Fisher) took the view that in 

order to find the level of equilibrium prices, one could reason in 

two steps ., Markets for gc,ods (the "real sector") would determine 

equilibrium ne,.ta..ü,ve pricf:,~,, i.e. , the ratios ph/p k • and quantities 

of goods exchanged in equilibrium. Then consideration of the money 

market would determine the level of equilibrium money prices, which 

would be in fact proportional to the money stock. The view that the 

real and money markets can be considered separately in this way is 

called the Cla..ô~ical Vicho~omy. The proportionality of the money 

prices to the money stock is the essence of the QuavitU:y Theony. 

To be more precise, let us consider a specific agent a. His 

array of excess demands for goods is written as a function of money 

prices alone, za(p) = (za 1 (p) , ... , zat(p)). Equilibrium of the goods 

markets would require that aggregate excess demand is zero : 

(Al l z (p) = D 
a a 
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where the summation sign runs over the set of all agents a. Classical 

economists would assume that (A) display~ the usual properties of an 

ordinary Walrasian system, that is, homogenelty on deg~ee z~o on 

eXŒe/2~ demand 6unc.tioM, i.e., z (Àp) = z (p) for every p and every a a 

positive À, and what has been called Say'~ Law by Lange and Patinkin 

The value of aggregate excess demand p.r z (p) is zero for every 
a a 

price system p. The structure of equations (A) was understood ta 

depend significantly on the mere presence of money in the economy. 

' 
The main point is that these equations were assumed ta be independent 

of the quantity of money, and of its distribution among traders. 

One must consider next the money market. Let md(p) be agent a 

a's demand for (nominal) money when the price system is p. The classi-

cal view that only "real" money balances matter can be expressed here 

be the 

d 
m (Àp) 

a 

assumption that md(p) is homogenoM o& deg~ee 1 in p, i.e., 
. a 

d 
= Àm (pl for every p and À . Then equilibrium of the money a 

market requires that aggregate demand for money be equal ta the amount 

of money Min circulation : 

(BJ I d m (p) 
a a 

M • 
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Writing down a system of equations like (Al and (Bl seems 

to formulate in a cor,sistent way Classical views about the Cla.6.6ic.a1. 

Vic.hotomy and the Qua.ntlty Theohy. Modern competitive equilibrium 

theory tells us that (Al has indeed solution(s) in p under rather 

general conditions. Due to the homogeneity of degree zero of (Al. 

such solutions are defined only up to a positive real number. 

Consideration of the real sector alone leads to the determination 

of equilibrium relative prices .and real quantities exchanged. On 

the other hand, for any solution p of (A), there exists a unique À 

such that ' md(Àp) =M. provided that aggregate demand for money la a 

at prices p, i.e. ' md(p) • is positive. Money prices are deterla a 

mined by the money market , l .. astly, the homogenei ty properties of 

the system imply that, say, a doubling of the quantity of money M 

leads to a doubling of money prices and of nominal money balances, 

leaving unchanged relativ~, prices and real quantities exchanged. 

Whether the system (Al and (Bl is intended to represent 

the behavior of an economy with outside money in the short run or 

in the long run (i.e., along stationary states) has been the abject 

of some debate. In particular, Patinkin argued that (Al and (Bl 

cannot apply to the short period, since this system neglected the 

influence of a change of the level of money prices on the agents' 

behavior in the goods markets via the heal. ba1.anc.e ennec.t, i.e., 

the effect of ~change of money prices on the "purchasing power" 

of the agents' initial money holdings m. A related criticism made 
a 

by Patinkin is that agents face a budget constraint. If the system 

(Al' and (Bl applies to the ~hort period, it should satisfy therefore 

Wal.tta..6 Law : 

I p.z (p) + I md(p)=' m = M ·a a a a la a 
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for every p. But adding this identity ta the system leads ta major 
drawbacks. Together with Say's Law, this.identity implies la m~ (p) = M 
for every p, in which case any solution of (A) fulfills (B) : the 
level of money prices becomes indeterminate. Even if one puts aside 
Say's Law, Walras Law contradicts the assumed homogeneity properties 
of the functions z (p) and md(p). For these imply that the left hand a a . 
side of the foregoing identity is homogenous of degree 1 in prices, 
while the right hand side is a constant number independent of them. 

These arguments led Patinkin ta the conclusion that in order 
ta get a consistent monetary theory applicable ta short period problems, 
the excess demands for goods and for money balances should be made 
dependent upon initial money holdings m , and that a short period a 
equilibrium should be described as the outcome of the following system 
of equations : 

(C) t z (p,m ) = D la a a 

(VJ d -t m (p,m) = t m la a a la a 

He assumed that the system obeyed Walras Law, that is 

l I d -p z (p,m ) + m (p,m ) · ·a a a a ,a a I m a a 
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for every p, as a consequence of the agents' budget constraints. On 

the other hand, he did not assume that the functions z (p,m) and 
a a 

md(p,m) had the homogeneity properties ~ostulated in the Classical 
a a 

system (A) and (B), insisting on the presence of a real balance 

effect. Instead, he observed that only "real" money balances matter, 

and assumed accordingly that the excess demand functions z (p,m) 
a a 

d -
were homogenous of degree D and the money demand functions m (p,m) 

a a 

were homogenous of degree 1 in (p,m ). 
a 

Modern restatements of monetary theory as exemplified by 

the works of Friedman and his followers would yield the same kind 

of equations when applied to the present context. This line of theo

rizing emphasizes rightly that money should be treated as a particular 

capital good. According to this viewpoint, the agents' short period 

demand functions should depend in the present context on initial 

wealth (here initial money holdings m ), on current and expected 
a 

real incarnes (taken here as exogenous), on current prices and the 

"expected rate of inflation". As the expected rate of inflation is 

mostly taken as exogenous in the short run by writers of this school, 

one falls back to the same equations (C) and (V), displaying the same 

properties. 

Examination of equations (C) and (V) leads to two immediate 

conclusions. 
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First, the Cla.o~ieal Viehotamy is invalid in the short period. 

For Walras Law implies that any solution p of (Cl satisfies (Vl. Consi

deration of the real sector alone determines not only relative prices 

and real variables, but also the level of money prices and all nominal 

values, in contradiction to what the Classics claimed. 

Second, the Quan,ü,ty Theany must be reformulated in order to 

be valid in the short run. It is clear that a change of the money stock 

which alters the distribution of initial money holdings m among agents a 

has distributional effects and thus is likely to modify relative prices. 

On the other hand, an equiproportionate change in initial money balances 

- -
(every m being changed to Àm) will change in the same proportion the a a 

level of money prices end nominal money balances at the end of the 

period, but will leave unaltered relative prices and real variables, 

whenever the functions z (p,m) and md(p,m) are assumed to be homo-a a a a 

genous of degree O and 1, respectively, with respect to (p,m ), Indeed, 
a 

under these homogeneity assumptions, if pis a solution of (Cl and (Vl 

-when initial mohey holdings are m , Àp must be a solution of the same 
a 

equations when every initial money stock m is multiplied by À 
a 

While Patinkin's attempt to integrate money in Value Theory 

was recognized as a remarkable achievement, it has generated important 

and as yet unsettled controversies. In particular, the empirical rele

vance of the real balance effect, which is essential for Patinkin's 
~ 

theory (and indeed most of neoclassical monetary theory) has been 

seriously questioned. Many economists believe nowadays that this 

effect plays little role in the short run. This point is related to 
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a problem which has received little attention : does a system like 

(C) and (V) have a solution under reasonnable circumstances? The 

question is a great practical interest, for it conditions the appli

cability of such a system, which is common to many neoclassical mone

tary models, to short run monetary phenomena. Since the usual 

(heuristic) a~guments asserting the existence of such a solution 

rely heavily upon the presence of a real balance effect and upon its 

strength, the matter is a serious one which deserves careful examination. 

It has also been argued that, while Patinkin's critique of 

the Classical views was apparently valid for the short period, the 

Cla.6~leal Viehotomy and the Quan:tlty Theo~y retained their full force 

when applied to long run (i.e. stationary) monetary phenomena 

(Archibald and Lipsey, Samuelson). According to this view, the system 

of equations (A) and (B) is not intended to represent the result of 

an adjustment of prices within a given period nor over time. Rather, 

d 
the functions z (p) and m (p) appearing in these equations should be 

a a 

interpreted as describing the stationary net trades and money stocks 

detained by the agents along stationary states, when prices remain 

constant. 

This brief review shows that, although a great deal of work 

has been dons, a fully consistent integration of money and Value Theory 
~ 

in a neoclassical framework is still needed. The primary task of this 

chapter is to look at this matter. 
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2. STRUCTURE OF THE MODEL. 

Consider a simple exchange economy, where time is diVided 

into infinitely many discrets periods. There are 1 consumption goods 

available in each period. The simplifying assumption that the agents' 

real incarne is fixed is expressed by the fact that each agent owns in 

each period an exogenously given endowment of consumption goods. The 

endowments cannot be stored, and must be traded and consumed within 

the period at which they are available. On the other hand, paper 

money is the only store of value, and its stock is constant over time. 

Thus, at any date, the traders (consumers) corne to the market with 

their endowment of goods, and their cash balances carried over from 

the past. The short run competitive equilibrium of the markets at 

that date will determine Walrasian money prices of the goods 

p = (p
1 

, •.• , p
1
), the consumers' net trades in the good markets and 

the money balances that they will hold until the next period. 

The framawork in which we choose ta work is that of an 

overlapping generation model, without bequest (Samuelson). There are 

accordingly various "types" of consumers. Each type is described by: 

the number of periods during which agents of this type live, the 

endowments of consumption goods that these agents own in each period 

of their life,~and their preferences among consumption streams during 

their lifetime. An important feature·of the model is the fact that there 

are always "n~wborn" agents coming into the market at any date. Thus 

when an agent wishes to get rid of his cash balances at some time in 

his life, there will be always younger agents living in the same period 

for whom money may have value for saving purposes. 
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We consider first this economy in a given period, which we 

call period 1, and study its properties in the short period (sections 

3-5). At this stage, there is no need to be specific about the charac

teristics of each "type" of agent nor about the demographic structure 

of the model. We shall make such a specification in section 6, when 

studying stationary states of this economy. For the moment, what we 

need is to know the characteristics of every agent a living in the 

period under examination, i.e., 

(i) the number n of remaining periods for which he is going to a 

live including the current one. 

(ii) his preferences which are represented by a utility function 

(iii) 

ua which depends upon current and future consumption et, 

t = 1 , ... , na, where et is a vector with t nonnegative 

components. 

his endowment of consumption goods, eat , in every remaining 

period of his life, t = 1 , ..• , na, where again, eat is a 

vector with i components. 

(iv) the money stock m he owns at the outset of period 1, which a 

is the result of his past saving and consumption decisions. 

We shall make from now on the following traditional 

ass.umptions. 
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(a) The u:tU.,U,y fiunc.;t..,i,on u ,v., c.ontinuou.6, inc.JLeMing, and 
a 

(b) A1..1.. c.omponen,a ofi the endowment vec.ton, eat' a.ne po-0ilive 

fion eveny a and t. 

(c) The total, money Jtoc.k. M = I m ,v., po-0ilive. a a 
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3. SHORI' RUN DEMAND FONCTIONS. 

Consider a typical agent at dais 1, the "current period". 

His problem (dropping the subscript a for convenience) is to choose 

his current consumption of goods c 1 ? D. his current money holdings 

m1 ? D, and to plan his futurs consumptions Cc 2 , ... , en) ? D and 

money holdings (m
2 

, ••• , m) > O. If current money prices of goods 
n '"' 

are represented by the vector p1 • and if the agent expects the 

prices p
2 

, ••• , pn to prevail in the future, this choies will be 

the solution of the following problem 

(I) 

Max.imize u(c1 , , ..• 

and (m
1 , ... , mn) ~ 

budge;t eon-0bta,i,n;t~ 

c ) w.Lth ~~nec.t ta Cc1 , •.• , c) > D n ,~ n = 

o -0ubjec.t ta the eWVtent and expec.ted 

+ m 

(t 2 , ••• , n). 

This decision making problem has a solution, which is 

unique, when current and expe,~ted prices are positive. This solution 

gives riss to an sxcess demand for consumption goods c1 - e
1 

and a 

demand for money m1 which are actually expressed on the market (plans 

for the future remain in the minci of'the trader). These demands depend 

upon initial cash holdings m. on current prices p
1 

• on the sequence 

of expected prices pt • and·on current and future real incarnes 

e 1 • ... • e . 
n 
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The solution of (I) displays very simple and straightforward 

homogeneity properties with respect ta the initial money stock and the 

-sequence of current and expected prices. Consider a change of min Àm, 

of p1 and pt in Àp
1 

and Àpt (t = 2 , ... , n) and call CI') this new 

problem. No "real" change has been made in the constraints faced by 

the agent. In,fact, it is immediate ta verify that Cc1 , ... , en) and 

Cm1 , ... , mn) are solutions of (I) if and only if Cc1 , ... , en) and 

(Àm1 , ... , Àmn) are solutions of (I'), a property which we can call 

Ab-0enee on Money IlR..u-Oion. We have obtained in particular 

( 1) (Absence of Money Illusion) The exeU-0 demand nott good-0 

c1 - e 1 ~ing nttom fI) ~ homogenoU/2 on degttee Oin the inltia,l 

money -0toek m, eWlfLen;t ptt,i,ee-0 p1 and expeeted pttieu p2 , ••• , Pn· 

The eoMuponding money demand m
1 
~ homogenouJ.i on degttee 1 in the 

-0ame vattiablu . 

In order ta complets our specification of a trader's 

behavior in the short run, it is necessary ta describe how prices 

expectations are formed. The agent's expectations are functions of 

his information on past history and on the current state of the econo

my. Since past ~istory is fixed in a short period analysis and cannot 

be altered by current events, we shall not mention explicitly its 

influence at the formal level. On the other hand, we shall assume 

tha't the only information our agent has on the current state of the 

economy is described by the current price system p1 , and shall 

write expected prices pt as a function ~t(p1 ) (t = 2 , ... , n). 

Expected prices are thus independent of the agent's own actions. 
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This formulation is warranted in a competitive framework where the 

number of traders is implicitly assumed to be large, since in that 

case, every agent can have only a negligible influence on market 

prices by varying his own decisions. 

Let us call (II) the problem obtained from (I) by changing 

Max,.imize. u(c
1 

, ... , C ) wlih Jte/2 pe.d :ta ( c1 , ... , C ) > 0 
n n 

and (m1 , ••• JI m ) > 0 .6ubje.d :ta 
( II) 

n 

p1c1 + m1 p1e1 + m 

iJ\(p1) et + m = ijlt(p1) Bt + mt-1 , (t = 2 , ... , 
t 

The solution to this problem yields an excess demand for 

goods c 1 - e 1 and a demand for money m
1 

which are expressed by the 

agent on the market in response to p1 . They depend upon the initial 

money stock m and upon current prices p1 (and implicitly, on the 

trader's information on past history as well as on current and 

future endowments of goods). We can write them z (p 1,m) and 
a a 

n) . 

d -
m (p 1 ,m) respectively, reintroducing finally the agent's subscript a. 

a a 

This formulation is similar to the one which we described in 

" the preceding section. We are thus able to discuss on a precise basis 

various properties of short run demand functions. 

First, every agent must fulfill its current budget constraint, 

- d -
pz (p 1 ,m ) + m (p

1
,m ) 

a a a a 

WahtM Law 

m. Therefore aggregate excess demands satisfy 
a 
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On the other hand, aggregate excess demand for goods does not in 

some prices traders can find it profitable to save or dissave by 

adding to or ~ubtracting from their initial cash balances m. 
a 

Second, we must examine if the functions z (p 1,m) and a a 
d -

m (p 1,m) are homogenous of degree O and 1 respectively with respect a a 

to current prices p
1 

and initial cash balances ma, as Patinkin and 

neoclassical monetarists often assume. In view of the Ab-0enee 06 

Money Iilu.61on property stated in (J), the answer is in general no, 

unless the agents' expected prices i/Jat(p 1) are uvu;t dMtie with 

respect to current prices, that is to say, i/Jat(\p1) = Ài/Jat(p1) for 

every p1 and À, and for every t. This is in particular the case if 

one assumes that expected prices are always equal to current ones, 

as Patinkin did, (-0.ta.:tle expee.ta.:tlon-0), or that every agent's expected 

rate of inflation 1re depends only in the short run on past history 
a 

b t t t . ( ( ) ( 1 + 1îe) t-1 p f t) u no on curren prices 1/Jat p1 = a 1 or every , as 

neoclassical writers often do. Such assumptions appear therefore to be 

highly specific : strict proportionality of expected prices with 

respect to cur~ent ones is quite unlikely, since expectations depend 

on the sequence of past prices as we~l. To sum up, 

( 2)' The 6unilion-0 z (p1 ,m) and md(p
1
,m) Me homogenoM 06 a a a a 

degJtee O and deg1tee 1 , JtUpeilivdy, w.Uh JtUpec..t to p
1 

and ma 
io expede.d p/t1ee-0 a!l.e unlt dMtie with Jte-0pec..t to euMent p/t1ee-0 

À, t = 2 , ••• , n ). 
a 
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Finally, this formulation allows for the presence of a 

nea.l ba.lanQe e66ec.t. Indeed, a change in_the level of current prices 

alters the purchasing power of initial cash balances m , and thus 
a 

has a potential influence upon the traders' behavior in the goods 

markets. As a matter of fact, this real balance effect appears in 

its pure form when prices expectations are unÂ..t e.l.a.,o.tJ.,Q with respect 

to current prices. In such a case, multiplying current prices p1 by 

À, and thus expected prices by the same factor, is equivalent to 

dividing initial cash balances m by À· Indeed, (2) implies that 
a 

za(p 1 ,ma) is then homogenous of degree O with respect to p1 and ma, 

in which case 

m 
z (Àp1,m ) = za(p1 , Àa) 

i:1 a 

for svery positive À· The real balance effect is thus a pure ttincomett 

or ttwealthtt eff~ct. A proportional increase of current prices is the

refore likely to generate in the case of unit elastic expectations a 

reduction of the demand for current goods. 

The foregoing argument explains in particular why Neoclas

sical writers considered the real balance effect as the main 

equilibrating mechanism in economies like the one which we consider, 

since they assumed, explicitly or implicitly, that price expectations 

were unit elastic. 

The elasticity of price expectations with respect to current 

prices, however, differs typically from unity. In that case, an equi

proportionate increase of current prices generates in addition to the 

real balance effect, an "J.,n;teJLtempona.l J.iub-6.tltuM.on e66ec.t" between 
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current and future consumption which is induced by the modification 

( 1 ) of expected prices relatively to current prices In particular, 

when the elasticity of price expectations is greater than one, the 

intertemporal substitution effect is likely ta favour an increase of 

the demand for current goods, since they are now cheaper than goods 

available in the future. In that case, the intertemporal substitution 

effect typically weakens the real balance effect. Conversely, when 

the elasticity of price expectations is less than unity, the intertem

poral substitution effect is likely to reinforce the real balance effect. 

The following example provides a simple illustration of the 

properties of short run damand functions. Let us assume that there is 

only one real good (t = 1), and consider a typical consumer who is 

planning for the current period and the next one only. If current and 

expected prices are p1 and p2 , the consumer's current and expected 

budget constraints are (dropping the subscript a for simplicity) : 

+ m 

+ m 
1 

It is convenient to rewrite these constraints by eliminating 

the variables m1 and m2 . By adding the two equalities and by taking 

into account t~e fact that m2 ~ 0, one gets : 

(,l) 

(1) We ignore in this heuristic discussion, for the sake of simplicity, 
the complications which arise from possible modifications of rela
tive current prices and/or of relative expected prices. 
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The ~act that m1 must be nonnegative yields 

(li) 

The optimum current and future consumptions of the agent are 

thus obtained by maximizing the utility function u(c1,c2) under the 

two constraints (il and (li). The associated demand for money is then 

The consumer's opportunity set described by the constraints 

(i) and (li), as well as the result of the utility maximization are 

pictured in Fig. 1, in the plane (c 1,c2). There, the lins going 

through the points a and B represents the two periods budget constraint 

(i), while the vertical lins BY represents the constraint (li). 

Fig. 1 

It is immediôte to verify on the diagram the Ab~en~e 06 

Money Ill.w.,ion property stated in (7) of this section. Consider a 

-change of m, p
1 

, p
2 

in Àm, Àp
1 

and Àp 2 . The change leaves obviously 

unaltered the coordinates of the points a and B • This means that the 

opportunity set described by (il and (li) is unchanged. The optimum 
~ 

values of c 1 and c2 are accordingly the same. This is ~xactly what was 

stated in (7) of this section. 
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We consider next the consequence on current consumption of 

a change of the current price. Let z(p1,P2,m) be the 8XC8SS demand for 

current consumption c
1 

- e
1 

, which arises from the above maximizing 

problem. It is reasonable to assume that z is increasing with the ini

tial money stock m, decreasing INith the current pries p1 
, and increa

sing with the·expected price p2 . 

Consider now a small increase of p
1 

, say ôp1 > 0, and the 

induced change of the expected pries ôp
2

. If the excess demand function 

z is differentiable, the resulting variation ôZ of current excess 

demand is approximately equal to : 

In order to separate the real balance effect from the intertemporal 

substitution effect, let us write ôp 2 
as ôp2 + ~p2 , where ôp2 

corresponds to an increase of p2 proportional to the increase of 

p1 
, that is : 

" 

ôp' 
2 

The variation ôZ of excess demand becomes then 
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/';Z 

or 

f'..p' 
2 

t:.p" 
2 

l:.p" 
2 

The first term corresponds to the real balance effect asso

ciated with a proportional increase of current and expected prices. 

It can be expressed equivalently as the effect upon current consumption 

of a decrease t:.m of the initial money stock m, 

prices being fixed, which would be proportional 

current and expected 
l:.p1 . 

ta -- , 1.e., 
P1 

- t:.p1 
t:.m = - m -- . Indeed, the Ab~en~e 06 Money IUU!.:>ion property states 

P1 
that z is homogenous of degree O. By Euler's condition, the expression 

az -between the parentheses is equal ta - - m 
am 

real balance effect is therefore equal ta 

since t:.m is negative. 

The term measuring the 

az -- t:.m. It is negative -am 

The second term :: f'..p 2 measures the intertemporal substitu-
2 

tian effect due to the modification of the relative prices of current 

and future consumption. It is positive when the elasticity of pries 

expectations is~greater than unity, since then t:.p2 > O. In that case, 

the intertemporal substitution effect-weakens the real balance effect. 

On the other hand, the intertemporal substitution effect is negative, 

and thus reinforces the real balance effect, when the elasticity of 

pries expectations is less than unity, for then, t:.p2 < 0, 
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This decomposition between a real balance effect and an 

intertemporal substitution effect is easily visualized by using 

Figure 1. When price expectations are unit elastic, an increase of 

the current price P1 causes a horizontal displacement towards the 

left of the lines a.S and Sy , the slopes of these lines being unchan-

ged. This leac;Js to a pure incarne or real balance effect. When price 

expectations are not unit elastic, there is in addition a rotation of 

the interternporal budget line a.S around the point S, downwards if 

the elasticity exceeds one, upwards if the elasticity is less than 

unity. This rotation generates the intertemporal substitution effect. 
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4. THE EXISTENCE OF A SHORI' RUN WALRASIAN EQUILIBRIDM. 

A short run Walrasian equilibrium in period 1 obtains when 

the current price system p1 achieves equality of supply and demand 

in the goods and the money markets. By taking into account the demand 

- d -functions z (p1 ,m) and m Cp
1
,m) constructed in Section 3, this leads 

a a a a 

us to define a Walrasian equilibrium price system as a solution of a 

system of equations like [C) and [V) of section 1 

(C) ï z cp
1

,m ) 
1..a a a 0 

[V) d -
' m (p

1
,m) la a a I m a a 

displaying similar properties, except for the fact that we did not 

assume any specific homogeneity properties. 

Patinkin's remarks about the invalidity of the ClM-0ieal 

Viehotamy in short run apply equally well here, since by Walras Law 

any solution of [C) fulfills [V) : the equilibrium of the real sector 

determines not only relative prices, but also the level of money 

prices. But the main question is to find the conditions under which 

this system of equations has indeed a solution. 

In o~der to study this problem, it is most convenient to 

look at the simple case where there is only one good (t = 1), so 

that equations. (C) and (V) are in fact equivalent. The usual argument 

to assert the existence of a solution to this system goes as follows : 
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(i) if the price p1 is low enough, there is an excess 

demand for the good {or equivalently an e~cess supply for money), 

(ü) if conversely p
1 

is large, there is an excess supply 

of the good {equivalently, an excess demand for money). 

Then, by continuity, there would exista value of p1 achieving equili

brium on both markets. 

Neoclassical monetary theorists usually claim that the real 

balance effect is strong enough in the present context to bring about 

the above properties of the aggregate excess demand function. Accor

ding to this viewpoint, when p1 is low, the purchasing power of the 

agents' initial money stocks is large, so that an excess demand should 

appear on the good market. If p1 is large, the purchasing power of the 

initial money stocks is low, and there should be an excess supply of 

the good. 

We shall see that this argument is wrong, and that the real 

balance effect is typically too weak to equilibrate the market even 

in the most favourable case where it is the sole regulating mechanism 

of the economy, that is, when price expectations are unit elastic. 

What is actually needed is a strong intertemporal substitution effect 

in order to rei~force it. 

In order to see more precis'ely this point, let us consider 

the simple example given in Section 3, where there is only one good 

and where every consumer is planning only one period ahead. The choices 

open to a typical agent were represented in the plane {c
1
,c

2
) in Figure 

1, which is reproduced here. 

Fig-. 2 
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It is clear from the diagram that the agent's demand for 

current consumption c1 will exceed his en_dowment e1 if and only if 

the slope of the normal to the intertemporàl budget line aB, that 

is 
P2 
- , exceeds the marginal rate of substitution 
P1 

u' 
2 

u' 
1 

evaluated at 

( 1 ) the point a If we assume that a typical trader's utility function 

can be written w(c
1

) + 8w(c
2

) where w is strictly concave and diffe

rentiable, and ois a parameter between D and 1, this fact can be 

expressed by : 

W '( +-m) 8 
2 P2 

It is quite easy by using this simple fact to design examples where 

there is a persistent disequilibrium on the good market for all values 

of the current price p1 • 

Assume that a typical trader's expectations are biased 

P2 
upwards, so that the ratio is greater than or equal to the 

P1 
marginal rate of substitution at the endowment point (e

1
,e

2
), that 

p
2 

w'(e
2

) 
is, > o _., __ 

p
1 

w'(e
1

) for all p
1 . Since w' is a decreasing function, 

the trader's demand for consumption c1 will then always exceed his 

end';)wment e1 . If ctU. traders' expectations are biased upwards in this 

way, there will be an aggregate excess demand on the good market at 

all values of the current price p1 , and no short run Walrasian equi

librium where money has positive value can exist. 

(1) It is assumed for the simplicity of the argument that every agent's 
money endowment mis positive. 
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The phenomenon just described may occur in particular when 

price expectations are unit elastic with_respect ta the current price, 
P2 

that is, when the ratio is independent of p1 . The real balance 

effect is then the sole regulating mechanism of the economy, but it 

is tao weak ta bring the market into equilibrium. This conclusion can 

be valid for small expectational "inflationary bias", since the ratio 
P2 

P1 
need not be very large. In particular, the phenomenon occurs in 

the case of static expectations (p2 = p1 for every p
1
), if the marginal 

rate of substitution at the endowment point is less than or equal ta 1. 

A similar story can be told in the case of "deflationary" 

expectations. Assume for instance that the marginal rate of substitution 

evalùated at various points of the vertical line going through the 

endowment point. in Figure 2, is bounded below by some positive number 

\) . If the consumer's expectations are biased downwards, so that 
P2 

for every p
1 the agent's demand for current consumption < \) 

' c1 P1 
is less than his endowment 81 for every p1 

. If all traders' pries 

expectations are biased downwards in this way, there is an aggregate 

excess supply on the good market for all values of the current price 
~ 

system p1 , and no short run Walrasian equilibrium can exist. Again, 
. 

the phenomenon can occur when pries expectations are unit elastic 

with respect to the current prices. The real balance effect, which is 

then the only regulating mechanism of the economy, is too weak in that 

case to ~quilibrate the market. 
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Many other examples can be designed along these lines. For 

À À 
instance, consider a utility function of the type c1 + oc2 , where À 

and 8 are parameters between O and 1. Then straightforward computations 

show that c1 
- e

1 
> 0 if and only if p1 

< f(p 2) where 

1 f(p) = --
1-À 

ô81 

À - 1-À 
p (pe

2 
+ m) . 

The function f increases from O to infinity when p varies from O to 

infinity, and therefore has an inverse. Then an excess demand on the 

good market will exist at all current prices p
1 

if p2 > f- 1 (p1
) for 

-1 
every p1 

, an excess supply if p2 < f (p 1 ) for all p1 . 

These examples can of course be transposed to the case of 

several goods. For instance, consider the case where a typical trader's 

utility function is of the form w(c1 + 8w(c2) where w is strictly 

concave and o bètween O and 1. Assume moreover that the trader's real 

incarne is constant over time (e 1 
= e2

) and that he has static expec

tations (p2 = p1
). It is then straightforward to check that the 

value of the trader's excess demand for current consumption, 

p1 (c1 - e 1L always exceeds "i. If all traders satisfy these conditions, 

the goods markets cannot be brought simultaneously into equilibrium. 

" 
The reader will easily design other examples along these lines. 

These examples show that the nea.l bai.anee e66eet J./2 typieai.1.y 

too' weak, and that il mu.6t be nun0oneed by a ~btong int~empo~ 

~ub~.t.Lt.u:tlon e00eet i6 one wwhe~ to be able to equitibnate the manket. 

As we shall see, thJ./2 e~~entia.lty nequbc..u in the pnuent mode! that 

the expeeted ptuc.e/2 06 at leMt one a.gent be ~ub~ta.nüa1ly bi6eMilive 

ta eunnent ptueu . 
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Ta verify this point, let us return ta the simple case where 

there is only one good and where all agents are planning only one 

period ahead. In order that an excess supply appears on the good mar

ket when its price p1 is large, one must impose a condition on 

expectations which prevents the occurance of the phenomenon described 

in the first example. Money balances being necessarily nonnegative, 

every agent's excess demand for the good, c1 - e1 

which tends ta zero as p
1 

tends ta infinity. 

m must not exceed 

It suffices 

therefore that the demand c1 of at least one agent becomes eventually 

less than his endowment e1 in order that an excess supply appears on 

the good market at the aggregate level. What is needed here is a 

strong intertemporal substitution affect which favors future against 

current consumption. This will be achieved if the expected pries p2 

of at least one agent is bounded above when p
1 

tends ta infinity. 

Indeed, if we look at Figure 2, and if we assume for simplicity that 

p2 is actually 'fixed independently of p1 , this agent's intertemporal 

budget line rotates around the point a and becomes steeper and steeper 

as p1 increases. Substitution between future and current consumption 

generates ultimately an excess supply on the good market. 

Symetrically, one ·needs a condition on expectations which 

excludes the p~enomenon described in the second example if one wishes 

an excess demand ta appear on the go9d market when its price p1 is low. 

Here, what is needed is a strong intertemporal substitution effect which 

favors current consumption. Such a condition is that the expected price 

p2 of at least one agent with a positive money stock m, is bounded 

below by some positive number as p1 tends ta zero. Ta verify this claim, 

it suffices ta look at Figure 2. Assume, again for simplicity. that p2 
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is actually fixed independently of p1 . Then the agent's intertemporal 

budget line rotates around the point a ana becomes more and more 

horizontal as p1 decreases the intertemporal substitution effect 

favors more and more current consumption relatively to future consump

tion. Since mis positive, the agent's demand for current consumption 

actually goes ~o infinity, and this is sufficient to generate an excess 

demand on the good market at the aggregate level. 

In order to describe a formal result along this line on the 

existence of a short run equilibrium, we introduce a few definitions. 

Let us say that whenever na~ 2, agent a's price expectations are 

eon;t,lnuow.i if the functions ~at(p1) are continuous in p1 , for 

every t. An agent's price axpectations are said to be bounde.d if there 

are two vectors E and n, with all their components positive, such that 

E < ~at(p1) ~ n for every current price system p1 and every t. The 

last condition ensures the presence of a strong intertemporal substitu

tion effect which reinforces the real balance effect, and is the key 

condition for the following existence theorem (1 ) 

(7) AJ.,J.,ume. Ca), (b) and Cc) 06 Se.c.tion 2. MJ.,ume. mo~e.oveA tha.:t 

e.vVl..tf age.nt' J., p!Uee. e.xpe.cta.:tlonJ., Me. eon;t,lnuow.i, and tha.t theAe. ,Lo 

at le.Mt one.~age.nt a, wilh na~ 2 and ma> D, whoJ.,e. p!Uee. e.xpe.Qta

ÛOnJ., Me. bounde.d. The.n, theAe. e.ili.:tô a J.,hou ~un WaiJi.M,i,a.n 

e.quJlibJuum ·. 

(1) A formal proof of the theorem is given in Appendix B. 



- 33 -

The general idea which underlies this result and the arguments 

which led toit, is that one needs a stràng intertemporal substitution 

effect which reinforces the real balance effect in order to be sure of 

the existence of a short run equilibrium. This essentially requires 

that some agent's price forecast display a substantial degree of insen

sitivity to large variations of current prices. The insensitive traders 

are then there to actas a flywheel, and to stabilize the market process. 

That such conditions can be met in actual market economies is hardly to 

be expected. Price forecasts are indeed somewhat volatile, and are presu

mably quite sensitive to the level of current prices, especially in 

periods of inflation or deflation. In particular, expectations are 

likely to be biased upwards in the case of inflation, and downwards 

in the case of deflation. The examples which we gave show that a short 

run equilibrium typically does not exist in such circumstances. The 

general conclusion which emerges from this analysis is accordingly 

Remark. We have focused the attention in this discussion on short run 

equilibria where money has positive value. Linder assumptions (a) and 

(b) of Section 2, it can be shown that there are nonmonetary equilibria 

where money has no value in this economy. They are characterized by the 

faGt that there are no incarne transfers over time. For instance, if 

there is only one good Ci= 1), a nonmonetary equilibrium is the 

autarkic one, where every trader consumes his own endowment of good 

in each period. 
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5. THE EXPECTED urTI,ITY OF MJNEY. 

It is common practice among monetary theorists ta write down 

for each agent a utility function depending on consumption and "real" 

balances, on the ground that monay for instance renders services as a 

liquid asset and a medium of exchange. Short run demand functions are 

then obtained as the result of maximizing such utility functions under 

the relevant budget constraints. The aim of this section is ta describe 

a method of general applicability which justifies this procedure, provided 

that the indirect utility of money balances is correctly derived. 

Consider again a typical consumer (dropping his subscript a 

for convenience) who is faced in period 1 by a price system p1 . We are 

trying to construct an index which would describe his preferences among 

current consumption c
1 

> 0 and money balances m1 ~ 0 . Since m1 represents 

a stOck, the usefulness of which depends on its purchasing power in the 

future, such an.index will certainly depend upon expected prices, and 

thus on current prices in as much they determine price expectations. 

More precisely, consider the maximum level of utility that the consumer 

can expect ta achieve over the remaining of his lifetime if he chooses 

now c 1 and m1 . This is the result of the following decision problem: 

(III) 

" 
Give.n c 

1 
~ o m

1 
~ O a.n.d p 

1 
, ma.XÂJnize. u ( c

1 
, c

2 
, ••• , 

wlth ~v.,pe.c;t to (c2 , ... , en) ~ D a.nd (m2 , .•. , mn) > D, 

~ubje.c;t to the. e.xpe.c;te.d budge.t co~br.a.in.u: 

C ) 
n 
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The maximum value of the utility function depends upon c1 , m1 and on 

current prices through their influence on price expectations (and 

implicitly on past history, as well as on future real 

incarnes). Let v(c
1

,m
1

,p
1

) be this maximum. It can be interpreted as the 

expec..ted u:UJ!.,,U,y of (c
1

,m
1

) when the price system p
1 

is currently quoted. 

This expected utility v(c
1

,m
1

,p
1

) is indeed the index we were 

looking for. It is in fact easy to verify : 

( 7) 

1.iubjec..t to the eWULevit budget eonJ.ibuu.vit p
1

c
1 

+ m
1 = p

1e
1 + m, 

yiei.M an exeu1.i deman.d c
1 

- e
1 

and a demand 6otL money m1 whfoh 
- d -Me equal to z(p

1
,m) and m Cp

1
,m). 

In order ta prove this proposition, consider the unique 

solution of Problem (II) of Section 3, Cc~ 

One has by definition, c~ - e
1 

= z(p
1

,m) , 

* , ... , c ) and ., ... , * m ). n n 
* d -m
1 

= m (p
1

,m) and 

* * * * p
1

c
1 

+ m1 = p
1

e
1 

+ m. Moreover, future consumptions (c
2 , ... , en) and 

. * * * money holdings (m2 , ••• , mn) achieve the maximum of u(c1 ,c2 , ••• , en) 

(m2 , ••• , m) vary subject ta 
n 

* n) where by convention m
1 

= m
1 

. Therefore, by definition (t = 2 ., ... ., 

of the expected utility : 

* u(c
1 

, ... , 



- 36 -

Consider now other values of current consumption and of money holdings, 

* * Cc
1

,m1 J , which differ from (c 1 ,m1) and fÙlfill the current budget 

* that c
1 

is different from c
1 

Note that this implies necessarily 

One can associate to Cc
1

,m
1 J the 

solution Cc2 , ... , en), (m2 , ... , mn) of Problem (III). By definition 

of the expected utility index, 

Since the program Cc
1 , ... en) , Cm

1 
, ... , mn) fulfills the constraints 

* of Problem (II) of Section 3, and since c
1 

differs from c
1 

, one must 

have 

* u(c1 , ... , C*) ( ) n > u c1 , ..• , en ' 

or equivalently, 

which proves the claim. 

The above construction of the expected utility index 
# 

v(c1 ,m1 ,p1 ) justifies accordingly the "introduction of money balances 

in the utility function". Current prices enter the utility function 

tao, since they· determine price expectations. We can thus discuss pre

cisely the validity of the neoclassical claim, stating that "only real 

money balances enter the utility function". The natural counterpart of 

this statement in the present context would be to say that the expected 
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utility index v(c
1

,m
1 ,p

1 ) is homogenous of degree D with respect to 

money balance m1 and current price p1 . If we had let expected prices 

p
2 , ... , pn to vary independently of the current price system p

1 in 

Problem (III), we would have obtained an expected utility index v 

depending upon c
1 , m

1 and the sequence p
2 

, ••• , pn of expected prices, 

which would héve been indeed ho;rogenous of degree D in the money balance 

m1 and expected prices p
2 

,., ., Pn· But once the dependence of price 

expectations upon current prices is recognized, the conclusion is that 

v(c 1 ,m
1

,p
1 ) is not in general homogenous of degree D with respect to 

(m
1 ,p

1 ) unless price expectations are unit ÛMÛŒ with respect to 

current prices. This conclusion is the analogue of results (7) and (2) 

of Section 3 on short run demand functions. 

It might be useful to illustrate the concept of an expected 

utility index by means of an example. Let us consider the case where 

there is only one real good, (t = 1), and where the typical consumer 

plans for the current period and the next one only (n = 2). If the 

consumer's money balance is m1 , and if his price forecast is wCp
1

) , 

he has no freedom of choice in the future, since his consumption c
2 

m1 
must equal then e + --- • In that case, the expected utility 

2 wcp1J 

index is : 

Since the expression 
m1 

can be rewritten -
P1 

the expected utility index v can be viewed as a function of the 
m1 

current consumption c1 and the "real balance" , and of the current 
P1 
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1/J ( p 1) 
price p

1 
in as much it determines the ratio -- . Therefore, given 

P1 

p1 , the expected utility index defines a set of indifference curves 

. th ( m1 ) h h h th 1 h h . F. 3 ( 1 ) in e plane c
1 

, - w ic ave e usua s ape, as s own in ig. .a. 
P1 

It is useful to examine at this stage the effect upon the 

indifference curves of, say, an increase of the current price from p1 

to p1 . Consider an indifference curve corresponding to a given level 

of the expected utility index before that the increase of the current 

price has taken place (see the plain curve in Fig. 3.b). The new 

indifference curve associated to the ~rune level of utility is then 

obtained by applying an affine transformation to the old one, using 

the axis 
-+ 

iµ(p1) P1 
(see the Dc

1 
and the rat.io À = p' 1/J ( p 1) 

dotted curve 
1 

in Fig. 3.b). In the Neoclassical case, that is, when price expecta-

tians are unit elastic, À is equal to 1, and the indifference curves 

are unaltered. But when the elasticity of price expectations is greater 

than unit¼ for instance, the increase of the current price leads to an 

"upward affine transformation" of the indifference curves, since then 

À is greater than 1. The transformation takes place in the other 

direction otherwise. 

Fig. 3.a Fig. 3.b 

(1) The reader will easily check that such indifference curves typi-
-+ 

cally eut the axis Dc
1 

at some point. This fact requires that for 

any current and future consumption (c
1

,c 2), with c
1 

> D and 

c2 ~ e2 , there exists a level of current consumption c1 such 

that u(c1,e2 ) > u(c
1
,c2), which is a quite reasonable condition. 
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The result stated in (7) of the present Section is obvious 

in this simple case : given p
1 , the trader's optimum consumption c1 

m1 
and real balance is obtained by maximizing the expected utility 

P1 
index subject ta the current budget constraint. This budget constraint 

can be written 

e + 
1 

m1 
and is thus represented in the plane (c

1 , -) by a line which is 
P1 

perpendicular ta the vector (1,1) and goes through the point 

m Ce1 , -) . The result of the maximization of the expected utility 
P1 

index is shown in Fig. 4. 

Fig. 4 

It is clear from this diagram that whenever mis positive, 

the trader's optimum consumption c
1 exceeds his endowment e

1 if and 

only if the marginal rate of substitution between real balance and 

consumption evaluated at the point (e
1 

, ~) is less than 1. When the 
P1 

utility function u is of the form w(c
1

) + ow(c
2 ) where w is strictly 

concave, differentiable, and where ois a parameter between O and 1, 

this condition reads : 

0 < 1 • 
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This is of course the same condition which was obtained in the previous 

Section when analysing directly the tradér's intertemporal optimization 

program. 

The relative impacts of the real balance and of the inter

temporal substitution effects, which were discussed in Section 3, 

appear quite clearly on the diàgram tao. Consider an increase of the 

current pries from p
1 

to p1. The budget lins moves then down since it 

goes now through the point Ce1 , ~) (Fig. 5). If pries 
P1 

were unit elastic, the indifference curves in the plane 

expectations 

m1 
(c1 '-) 

P1 
would be unchanged, and the trader's optimum mix of consumption and 

real balance would move from A to A', as shown in Fig. 5. This move 

corresponds to the real balance effect, which is a pure "incarne effect", 

and thus is likely to redues bath the demands for current consumption 

and for real balances. But when pries expectations are not unit elastic, 

indifference curves are modified in the way which we described above. 

The point representing the trader's optimum decision moves accordingly 

from A' ta. say, A" on the new budget lins (ses Fig. 5). This move cor

responds ta the intertemporal substitution effect. When the elasticity 

of pries expectations exceeds 1, there is an upward affine transformation 

of the indifference curves. The intertemporal substitution effect is 

thus likely to Jead to an increase of current consumption in that case. 

and thus to counteract the real balance effect. 

Fig. 5 
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To conclude, the arguments developed in this Section show 

that "the introduction of money balances in a trader's utility function" 

is a valid procedure, provided however that the utility of money is 

derived from the trader's intertemporal decision program which lies 

underneath, as in Problem (III) above. Once this is dons, one can of 

course choose 'to work exclusively with the resulting expected utility 

index, since it embodies all the information which was contained in 

the trader's intertemporal choice problem (1). But this analysis points 

to one of the great dangers of this procedure. For it is greatly temp

ting to start directly with a utility function which depends upon 

current consumption, money balance and current prices, and to forget 

the traders' underlying intertemporal choices. This is in fact what 

many Neoclassical monetarists have done, and still do. It is clear 

that such a neglect makes quite harda precise study of intertemporal 

substitution effects, the importance of which we have stressed at 

length while stÙdying market equilibrating forces. The reason why 

Neoclassical writers have failed to produce a satisfactory monetary 

theory does not seem to lie elsewhere. 

---------------~------------
(1) In this respect, an useful exercise for the reader would be to 

transpose the arguments developed in the previous Section about 

the existence of a short run Walrasian equilibrium, by using the 

expected utility index constructed in this Section in the plane 

m1 
(c1 , -). 

P1 
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6. STATIONARY STATES. 

In order to study stationary states of the economy, we need 

a more detailed specification of the dynamic structure of the model. 

We are working within the framework of an overlapping genera

tion model without bequest and with a constant population. There are 

various "types" of agents. Age~ts of type i are characterized by 

(,l) the number n. > 2 of periods of their lifetime, 
l 

(il) the profile of their real incarne during their life, which 

is described by the endowment of goods e. , a vector with 2 components, 
l T 

which they own in the T-th period of their life, T = 1 , ... , n .• 
l 

(,lil) their preferences over consumption streams, which are repre

sented by a utility function u.(c.
1 

, ... , c. ), where c. , a vector 
i i in. lT 

l 
with 2 nonnegative components, is their consumption in the T-th period 

of their life. 

It is assumed further that, in each period, a "newborn" 

agent of each type cornes into the market. At the same date, an agent 

of each type who arrives at the end of his life leaves the market. 

Thus, in each i:+eriod, there are n. agents of type i who participate 
l 

in market activity, each of them being in a different period of his 

life. The characteristics of the agents of a given type are supposed 

to be independent of time, that is, they are independent of the date 

of their "birth". 
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In this context, a trader a living in a given period, say 

period 1, is described by his type i and ·his "age" T (which means that 

he is in the -r-th period of his life). It is then easy ta deduce from 

the characteristics of his type and from the knowledge of his past deci~ 

sions (if any), the -0hoJU: Jtun èharacteristics of this agent, as they 

were introduced in Section 2. Indeed n is then equal ta the number of 
a 

periods he has still ta live including the present one, i.e., ta 

n.--r+1. The utility function u is obtained from u. by keeping fixed 
i a i 

its -r-1 first arguments at the level of the trader's past consumptions. 

The endowment vectors eat are equal ta his current and future endowments 

of goods. Lastly, his money balance m at the outset of the period is 
a 

equal ta the amount of money he decided ta keep at the preceding date. 

Of course, m = D for a "nswborn" trader (-r = 1), since by assumption, 
a 

there a no bequests in this model. 

We shall use in the present section the following assumptions, 

which are natural counterparts of the assumptions made in Section 2 on 

the short run characteristics of every agent. 

Cal The. u:til..,Uy 6u.nc;U.on u. ,L6 c.ontlnuocu, lnC!l.e.a.6ing a.nd -0:tluc.:ti..y 
l 

q~,l-c.onc.a.ve., no~ e.v~y i. 

(b) The. e.ndoiwre.nt ve.uoM e. have. a.U. :thm c.ompone.n:t-0 poûilve., 60!1. 
lT 

a.U. i a.nd •. 

(c) The. :to:tal. -0:toc.k on mone.y M ~ po-0ilive.. 
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The notion of a -0equence on -0h0Jt:t ~un equiüb!UCl is now 

intuitively clear. Consider this economy ~ta given date, say date 1. 

The economy's past history, in particular past equilibrium prices and 

the traders' past decisions. are then given. We just saw how these data 

determine the short run characteristics of every agent living at date 

1. In order tci apply the analysis developed in Sections 3 and 4, all 

what is needed is ta know how price forecasts are formed. This involve 

the specification of : (i) the information which a trader of type i 

and of age, has in any period about the economy's past history. and 

(ii) the functional relationship linking his pries forecasts for the 

remaining periods of his life with his information on past hi~tory and 

with current prices. For the purpose of this study. it is not necessary 

however ta be precise on these points. It is enough ta remark that 

such a specification implies a relation between expected prices and 

current prices for every trader, and that the notion of a short run 

equilibrium anaiysed in the preceding sections applies directly here. 

Picking up a short run equilibrium price system at date 1 determines 

in particular the traders' actions at that date. One can then repeat 

this procedure at date 2 and sa on. and define a sequence of short 

run equilibria in this manner. 

A -0.:ta,t.ion.aJty -0:tate in this economy is by definition a sequence 

of short run equilibria where prices remain constant over time. It should 

be emphasized that, although the analysis carried out in the previous 

sections casts serious doubts about the existence of a short run Walrasian 

equilibrium in general, stationary states are of independent interest. 
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For they can arise as stationary states of dynamic processes which 

differ from the one which we just described, e.g., from disequilibrium 

processes where prices do not clear markets at every date. The aim of 

this Section is to show that such stationary equilibrium price systems 

can be obtained as solutions of a Classical system like {A) and (B) 

of Section 2. 

It is reasonable to assume that whenever a trader observes 

at some date that the price system has been the same in the past and 

in the current period, he believes that the same price system will 

( 1 ) 
prevail in the future . This assumption -which implies that traders 

have ~ctû,onal. expectations along stationary states- permits a very 

simple derivation of the equations which must be satisfied by stationary 

equilibrium prices. 

Indeed, along a stationary state where the price system is 

p, the consumptions Cc. ) and money holdings (m. ) of a trader of 
. lT lT 

type i during his lifetime will be solutions of the following program 

(1) This assumption postulates implicitly that a trader's information 

about the past contains at least past prices. It should be noted 

that the assumption is a statement on the dependence of expected 

prices with respect to currmt and past prices. It is therefore 

compatible with conditions saying that expected prices are to 

some extent insensitive to, or even independent of current prices, 

like· the conditions which were used in (7) of Section 4. 
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Max.i.nuze ui.Cc1 , ... , c ) wilh nuped ta Cc 1 , ... , c ) ~ o n. n. -
l l 

and Cm
1 

, ... , mn.) > o , 1.>ubjeé.t ta the budget c.aYL.6.:tJr.aint.6 : 
l 

pc + m 
T T 

( T = 1 , , , , , ni) 

(wi..th the c.onventi.an m = D). 
Cl 

When all components of pare positive, (IV) has a solution 

which is unique. We can thus write accordingly the excess of consumption 

over endowments c. - e. and the money stocks m. obtained from (IV) lT U U 

as functions of p , that is, z. (p) and m. (p) , for every T . We shall lT lT 

note z. (p) = l z. (p) and m. (p) = I m. (p). l T lT l T lT 

Consumers forecast correctly the future along a stationary 

state. Accordingly, in any period, what a newborn trader plans to do 

in the future in the T-th period of his life is precisely what the 

agent of the same type and of age T is actually doing in the same 

period. Therefore z.(p) and m.(p) represent the aggregate excess of l l 

consumption over endoMnent of goods, and the aggregate money stock 

of all agents of type i in each period along the stationary state. It 

follows that pis a stationary equilibrium price system if and only 

if it is a solution of the following equations, which express the fact 

that all market. clear 

(Al 

(BJ M 

where the summation sign runs over all types i of agents. 
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Before looking at the properties of these equations, a comment 

is in order. Although the equations (A) describing the stationary equili

brium of the real sector do not depend on the quantity of money, their 

structure depends crucially on the presence of money in the economy. 

Indeed, if money did not existas a store of value, the constraints in 

(IV) should read pet= peit for every t , which would lead to an entirely 

different system of equations. For instance, in the case of a single 

consumption good, the unique solution would be the autarkic one, 

We proceed ncw to showing that (A) and (B) display all the 

properties of the Classical system which we discussed in Section 1. 

First, examination of (IV) leads to the immediate conclusion that : 

The 6unc;t,é,on6 z. Cp) aJte homogenow., 06 deg~ee o, and the 
l 

6unc;t,é,on6 mi ( p) aJte homogenow.i o 6 de.g~ee 1 in p~c.v.,. 

As a matter of fact, this is nothing else than the Ab.6enc.e 

06 Money Illw.,ion properly stated in (7) of Section 3, since a newborn 

agent has no money (m = 0). 
0 

On the other hand, it is easy to verify that 

WaiJLM Law ~edu.c.v.i heJte ta Say' .6 Law, that i-6, p I . z. C p) = o 
l l 
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Indeed, if one takes into account that it is never optimal for an 

agent to keep a positive money balance at· the end of his li fa, summation 

of the constraints in (IV) yields pz.(p) + m.(p) = m.(p) for every p 
. l l l 

and every i, hence, the result. 

We have therefore proved that the equations (Aland (B) 

satisfy all the properties of the Classical system. The Cla.6.tJic.ai. 

Vic.ho.tomy and the Qua.n.tliy TheoJz.y are thus valid propositions when 

applied to stationary states in an economy with a constant money 

stock, The real sector (equations (A)) determine relative prices and 

real vatiables, independently of the quantity of money. The money 

sector (equation (B)) in turn determines the level of money prices 

and of nominal variables, which is proportional to the total money 

stock. 

It remains to be seen whether such a system of equations has 

a solution under reasonable conditions. Since (A) looks like anordi

nary Walrasian system, one can expect that it has a solution under 

standard assumptions. As a matter of fact (1 ) 

(J) A-0-0ume Ca) a.nd (b) oo .the pJz.uen.t Sec..t1on. Then (A) ha.6 a. 

-0oluilon p, whic.h ha.6 ctlt w c.omponen.t-0 po-0ilive a.nd ,l.t, de61ned 
,, 

up .ta a. po-0ilive Jz.eai. numbeJz.. 

Given any solution p of (A), the level of money prices must 

be determined by looking at the money market equation (B). Since the 

functions m.(p) are homogenous of degree 1 in prices, this is dons by 
l 

(1) A formal proof of this statement is given in Appendix B. 
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solving in À the equation l· m.(Àp) = M. This equation has a positive 
l l 

solution, which is then unique, if and on1y if l· m.(p) is positive. 
l l 

or equivalently. if and only if there is a type i of traders such 

that m. (p) > O. 
l 

Und vi the M .6 wnp.üo n,s o 6 ( 7 ) , the. .6 y.6 te.m ( A J and ( B ) hM a 

.6olu:Uon io and only io thvie. ew:t.6 a .6olutlon p oo (A) .6uc.h tha:t 

m.(pJ i-6 po.6i.üve., 0o~ .6ome. i. 
l 

The existence of stationary equilibrium will therefore be 

guarantegd if there is a type i of agents who have enough incentives 

to save when the price system is stationary. Intuitively. this will 

be the case if they experience a fall of their incarne in their life, 

and if their preference for present consumption is not too ~trong. 

In order to make precise this intuition. let us assume that 

there is a type i of consumers which satisfies the following two 

assumptions : 

(d) The. u;tU.Uy ounilion U, ,{,,6 01) the 60~ I 
l T 

i-6 .6:tfuc.:tly c.onc.ave. and 0 < o. < 1 , 
l 

T-1 
o. w.Cc. ) • whvie. w. 

l l lT l 

Ce) Thvie. Me. T and T 1 wilh T < T 1 .6uc.h tha:t e. ~ e. , • w.l:th 
lT lT 

Our goal is to show that under these assumptions. the 

system (A) and (BJ has a solution if the parameter o. is close 
l 

to unity. We shall show in the first place that the result is true 

when there is no preference for present consumption. that is. when 

oi 1. Then by continuity, the result is still true when o1 is close to 1. 
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It is first clear that u.ndeJL M.6umpü.on6 (dl and (el, m. (pl 
l 

The proof of this claim is quite simple. Let us suppose on the contrary 

that there exists a p such that m~(pl = O. This would mean that the 
.L 

* * solution of Problem (IV) associsted to this specific p, say (c ,ml, 
T T 

·* is such that ,n 
T 

* = D for every, . This implies of course pc, pe. 
, lT 

for every T • But this is impossible since pe, > pe. , . As a matter 
lT lT 

of fact, the consumption program which is obtained by replacing 

and by 

1 * * -( C + C l 
2 T T' 

is certainly feasible : the agent can achieve it by saving 

m = p(e. - cl > D when ne is of age T , keeping this amount of T lT T 

money until he is of age,' , and by spending it at that time. 

Given the specific form of the utility function and the fact that 

8. = 1 , this new program yields a higher level of utility, since l 

by strict concavity of w. 
l 

* * w.(c l + w.(c l > w.(c l + w.(c ,l 
l T l T 1 

l T l T 

Hence a contradiction, which proves the claim . 

.. 

* C 
T 

The result we just proved implies that if there is a type 

i of agents which satisfies (dl and ( el, then 'i' m. (pl is positive li l 
-

(A) for every solution p of when 8. is equal to 1 . In that case, the 
l 

system (A) and (BJ has indeed a solution. It is intuitively clear 

that by continui ty, (A) and (BJ still has a solution if 8. is close 
l 
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to unity. This heuristic argument justifies accordingly the following 

( 1 ) 
proposition 

(2) A~~wne. Ca), Cb) and Cc) 06 the. phue.nt Se.won. A~~u.me. 

mohe.ov~ that th~e. -Ll a type. i 06 c.o~u.m~ wtuc.h ~at-Llfie.~ Cd) 

and Ce). The.n the. ~y~te.m (A) and (B) ~ a ~olu.:tlon 16 o. ,Ll c.lo~e. 
l 

e.nough ta 1. 

Remark. Here again, it is understood that a stationary equilibrium 

is one where money has positive value. Under our assumptions on 

utility functions and endowments, it can be shown using standard 

methods of equilibrium theory that there exists a stationary equili

brium where money has zero value. In the case of a single good it 

corresponds to the autarkic state where every consumer consumes his 

own endowment in every period of his life. 

(1) A rigorous proof of this proposition is given in Appendix B. 
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