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- ABSTRACT -

This paper is concerned with a study of budget constrained
Pareto efficient (B.C.P.E.)} allocations, i.e. allocations which given
a price system satisfy a given income distribution. We prove existence,
show structural stability, and establish a sufficient condition for
uniqgueness of B.C.P.E. allccations. Those properties of the B.C.P.E.
allocations are deduced from similar properties of Walrasian equili-

bria by a duelity theory which is of independent interest.
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by Yues BALASKO™™

1. INTRODUCTION.

The purpose of this paper is to study within the framework
of pure exchange economies those Pareto efficient allocations compati-
ble with a given price system and with a given income distribution.
Compatibility means that every cpnsumer’s budget equation with respect
to the given price system and the income assigned to him is satisfied.
Interest in the study of the budget constrained Pareto efficient
(B.C.P.E.) allocations takes its origin primarily in those cases where
prices do not exhibit enough flexibility to be considered as variable
within a short enough time period. The scope of fixprice analysis
(versus flexprice analysis) is generally limited to the short-run ;
more precisely, short-run is even defined in that context as the time
period during which prices can be considered as fixed with a sufficient

level of accuracy. Recent microeconomic developments of fixprice

* I am grateful to Y. Younés for valuable discussions and to an
anonymous referee for penetrating comments on an earlier version
of this paper.
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analysis have emphasized the aggregate disequilibria resulting from
having individual choices determined by rigid prices and therefore
have focussed on the concept of equilibrium under price rigidity and
guantity rationing (see mainly Benassy [2]1, Dréze [51, and Younés [9].
The so-called short-run period, however, may actually last a very long
time as in the case of economies with centrally regulated prices ;
therefore, besides the guantity rationing approach, it is natural to
investigate efficiency properties of short-run allocations, for exam-
plé‘whether Pareto efficiency can be consistent with the constraints
resulting from price rigidities and fixed incomes. Evidently, effi-
cient allocations, if they exist, won't be decentralized at the
"official” prices and incomes. This situation is not new to economic
theory ; Boiteux [3] was already concerned with (second-best) effi-
ciency under exogeneous constraints, the final allocations being
decentralized with the help of "shadow” prices instead of the official
ones. Summarizing, instead of considering the price system as a tool
to decentralize allocations, an aspect of the price system largely
emphasized by microeconomic theory, we investigate whether Pareto
efficiency is compatible with arbitrary distribution requirements
expressed by way of a fixed price system and of a fixed income dis-
tribution. Compare with the traditionnal approach which establishes
a clear-cut separation between Pareto efficiency and distribution
considerations.

For the sake of simplicity, we consider only pure exchange
economies. Given an arbitrary price system and an arbitrary income
distribution, we prove the existence of allocations which simulta-

neously satisfy every consumer's budget equation and are Pareto



efficient, namely B.C.P.E. allocations. This existence result cannot

be considered as obvious ; its proof is as demanding as proving the
existence of Walrasian equilibria. Then, we investigate the dependance
of the B.C.P.E. allocations on the vector defined by the prices and

the individual incomes. We show that for regular price-income vectors,
i.e. price-income vectors taken outside closed set of measure zero,

the number of B.C.P.E. allocations is odd and every B.C.P.E. alloca-
tion depends smoothly on the price-income vector. We also show uni-
queness of the B.C.P.E. allocation when the imbalance between aggregate
supply and aggregate demand for the given price-income vector is not
too large. The central idea of this paper is that the theory of B.C.P.E.
allocations is formally equivalent to Walrasian equilibrium theory ;
this equivalence relies on a duality theory which is of independent
mathematical interest. To simplify as far as possible this mathema-
tical duality theory, we have felt free to use nice assumptions
concerning consumption sets and preferences.

The paper is organized as follows. Definitions, assumptions
and notation are gathered in section 2. The main properties of B.C.P.E.
allocations occupy section 3. We develope the duality theory in sec-
tion 4. The proofs via duality theory of the main properties of B.C.P.E.
allocations appear in section 5 while section B concludes this paper
with some remarks. Most parts of this paper, section 5 excepted, can
be read with a mathematical knowledge not exceeding elementary calcu-
lus and linear algebra. Section 5, however, requires some familiarity

with elementary differential topology by which we mean the content of



the first five chapters of Milnor's book [10], another excellent

reference being Dieudonné’'s book [7].

2. ASSUMPTIONS, DEFINITIONS, AND NOTATION.

PART A. Prices, consumpiion sets, preferences, and demand.

We consider pure exchange economies with ¢ commodities and
m consumers. We choose the g2-th commodity as numeraire, i.e. we
normalize the price vector by the convention p2 = 1. We assume
that every price is strictly positive and we denote by S the set

of strictly positive normalized price vectors, i.e.

2
S = {p = (p1 v Py seees pk) e IR Py > o, Py > O ,een, p2 =17

We assume that every consumer's consumption set is equal
“to D?Q. This departs from more standard assumptions under which
every consumption set is bounded from below in B?z. This assump-
tion, however, is not really restrictive as long as the boundaries
of the consumption sets are not to be studied. We alsc assume that
every consumer's preferences can be represented by a utility func-
tion ug E?g -+ IR where i varies from 1 to m and where Uy satis-

fies the following properties

1) ui 1s smooth, i.e. differentiable to any order, and

surjective ;

au, (x)
2) ug is differentiably monotonic, i.e. ———— > 0 for
axJ
J=1,2 ,00., &

3) u;q[fc, + )] is strictly convex for every c ¢ IR ;

4) uiq[[c, + ©}) is bounded from below for every c ¢ IR ;



5) the Gaussian curvature of the hypersurface u;1{cJ is

everywhere # 0 for every c ¢ IR.

Surjectivity of us is used for convenience ; otherwise,
assumptions (1), (2}, and (3) are standard. Assumption {4) is
intended to cope with the non-boundedness ?rom below of the con-
sumption sets. Let p ¢ S and W, € R be given. Maximizing ui(xi]
under the constraint pexs < W, has a unique solution, denoted
t.lp wi], which represents consumer i's demand. Walras law
ﬁ.?i(p ’.Wi) = Wy is clearly satisfied for every p € S and every
W o€ R . Assumption (5) is equivalent to smoothness of the indi-
vidual demand mapping Fi : S X IR +-B?2. One checks easily that
under assumptions (1) to (5) the individual demand mapping Fi is

a diffeomorphism, i.e. a smooth bijection having a smooth inverse

-1

f. .
i

PART B. Allocations and price-income vectors.

Let r ¢ E?z denote the vector of total resources. This
vector will be assumed constant throughout this paper. A (feasible)

allocation is an m-tuple x = (x X - xm] ¢ (R such

177 72 00

that Xq * Xo teuut Xy = T We denote by X the space of all these

allocations.

We denote by X the subset of S x IR" consisting of price-

-~

income vectors x = (p , w . wm) such that

,I,WZ s

p.T = W, * Wo *aent W In other words total income is eqgual to

the value p.r of total resources for the given price vector p ¢ S.



-~

Note that X is a convex subset of an affine set of dimention

m+ 8- 2.

The set A{x) of budget-constrained allocations associated

-~ -~

with the price-income vector x = (p , w

N ELEEY wm) e X
consists of those allocations x = [x,I s Xo aeees xm] satisfying
the equation system

PeXq T Wy o BeXp = Wy 2P Xy T
X, + X + X =T,

~

where p , Wy s Wo sene, W and r are fixed. The subset A(x]) of X
is a linear manifold of dimension (2-1} (m-1). Note that A(x]) has
a unique equation system having the above form ; we call it the

-~

canonical equation of A(x).

Let ¥ denote the set consisting of the sets A(x) when x

-~

varies in X , i.e.

% = {A(x) | x € X} .

PART C. Pareto optima and price-income equilibrnia.

We associate with the utility function u, s E?Q -+ IR the

function vi : X > IR defined by the formula

VoIX, 5, Xg ,eee, X ) = u,(x.).
i "1 m i 71

DEFINITION 1. An allocation x = (x X

10 X ares me e X is Pareto

efficient (with respect to the utility functions uiJ if there is

no x' = (x! , X! ,..., x') € X such that v,(x) < v, (x') for
1 2. m — i —_

i=1,2,..., mwith at least one strict inequality.




For convenience, we define Pareto efficiency in term of
utility functions. This property, however, depends only on the
preference preorderings represented by the utility functions.
Let P denote the subset of X consisting of the Pareto efficient
allocations. Let g, ¢ F?z + 3 be the mapping defined by the for-

mula

ou, (x.] au, (x.] au, (x.) du, (x,)
(X ] - 1 1 1 1 1 1 1 1 . 1
8i8 %y 7 ) ’ 7 L

X, X X, X
i i i i
Clearly,'gi[xi) is the vector of S colinear with
Bui(xi) Bui[xi) Bui(x.]

grad u, = s sees, ———— 1. Note that
i 1 2 £
OX. ax’, X,
i i i

gi(Fi(p , wiJ) = p where fi is consumer i's demand function.
Recall that x = (x, , x .y xm] € X is Pareto efficient
if and only if gq(x1] = gzixz) = .. = gm(xm] ; let g{x) be this
common value. We thus define a mapping g : P - S which associates
with every Pareto optimum its supporting price vector. Finally,

let ¢ : P > X be the mapping
X = (xq s Xo saees xm) — (g{x) , g(x).x1 s g(x).x2 s, g[x).xml

which associates with every Pareto optimum x ¢ P its supporting
price vector and individual incomes. We recall the following

properties of the set P.



PROPOSITION 1. The set of Pareto optima P is a smooth submanifold

-~

of X diffeomorphic to ]?m—1. The mapping ¢ : P - X is an embedding.

Recall that ¢ is an embedding if it is an immersion which
maps homeomorphically P onto its image ¢(P), [4] (16.8.4). Let
X = (><1 5 Xy s
belongs to X and let D(x) = A(¢(x)). In other words, D(x) is the 1i-

. me e P. Then ¢{x) = (g(x], g(x).x1 . g[x).xm]

near manifold consisting of those allocations x' = [xi , xé s x%)ex

satisfying the equation system

g(x].xa = g(x] X = Wy
g(x).xé = g(x]) Xy = W,
g[x].xé = g(x) X =W

Let P be the subset of X consisting of the sets D{x), when x varies

inP , i.e.

® = {0x) | xe P}

A proof of proposition 1 is given in the appendix (App.

3.1).

-~

Thinking of a price-income vector x = (p , w ., wm)eX

g0 Wy see
as a proposal for commodity prices and individual incomes in a plan-
ning process, then consumer i’s demand is equal to fi[p,wiJ so that
the sum F1(p , w1] + fz(p , wz) a0t Fm(p , wm) represents the

aggregate demand associated with x € X . The proposal x € X is

feasible if and only if aggregate demand is equal to total resource.



-~

DEFINITION 2. A price-income vector x = (p , w w , wm) e X

100 Wy e

is a price-income equilibrium if the equation

fq(p , w1) + fz(p , w2] ty ot fm[p . wm] =r

is satisfied.

-~

In other words, x is a price-income equilibrium if and
only if it is feasible. Let P denote the set of price-income equi-
libria. Note that the definition of P depends in fact only on the

preference preorderings represented by the utility functions U

. The following proposition establishes a relationship
existing between the set of Paretoc optima P and the set of price-

income equilibria P.

'PROPOSITION 2. We have P = ¢(P).

This proposition is also proved in the appendix (App. 3.2).
It means that the set of price-income equilibria is generated by the
prices and incomes supporting Pareto optima. Note that proposition
2 implies that 5 » being the image of an embedding, cf [4] (16.8.4.),

is a smooth submanifold of X diffeomorphic to P, hence to I?m—1.

Summarizing, we have defined the sets X , %, P , and
6>; they will enable us to reformulate the theory of Walrasian
equilibrium and the theory of B.C.P.E. allocations in a more geo-

metric way.
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PART D. An example.

Let us first iliuétrate the above sets X , ¢, P, and
E>, in the Edgeworth box corresponding to the case of two con-

sumers and of two commodities.

The set of feasible allocations

, x2) € BRZ X B?Z X, + x. = r = constant}

X = {x = (x y 5

1

is a plane. The set X consists of the lines in X which can be

represented by an equation system of the form

where 1*/I , rz s Pqos Wy o and W, are fixed ; recall the
normalization assumption Py = 1. Using the first consumer's

coordinate axes, these lines are exactly those with negative

slope.

If x e P, i.e. x is Pareto efficient, then D(x)
is easily seen to be the common tangent to the two indiffe-
rence curves passing through x. Therefore, 6’15 the family

of tangents D(x} when x describes the set of Pareto optima.

Proposition 1 means that the set of Pareto optima

is a smooth surve {(the "contract” curve) ; proposition 2 says

that the price-income vector x = [p,l s 1, w, w2] determined

1

by the cancnical equation system associated with D(x]) is

feasible, i.e. a price-income equilibrium.
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3. PROPERTIES OF B.C.P.E. ALLOCATIONS.

Taking the price-income vector ; € i as given, the set of
B.C.P.E. allocations associated with ; is the intersection of the set
of Pareto efficient allocations P with the set of budget-constrained
allocations A(;J. The purpose of this paper amounts to studying the

-~

properties of the set P n A(x) when x varies in X.

The first result deals with an existence‘property of
B.C.P.E. allocations x = [x1 s Xy seee, xm) € X assoclated with the
budget constraints pex, < Wy s PeX, < Wy seves PaXo < wm where

x = (p, Wp s Wy sene, wm] € X is given.

THEOREM 1. There always exists a B.C.P.E. allocation x ¢ X associated

‘with any given price-income vector x € X.

Theorem 1 simply says that P n A(;J is non-empty for any
‘given ; € i. This result, however, is not sufficient for a study of
the properties of B.C.P.E. allocations as functions of the price-
income vectors, i.e. for a study of comparative statics. The next

result establishes structural stability for B.C.P.E. allocations.

THEGREM 2. There exists an open dense subsetﬂ(jzf X such that, for

any x € £, there exists an open neighborhood U < K and 2n + 1
- 2n+1 -
smooth mappings s, ¢ U~> X such that U si(y] is the set of B.C.P.E.

- i=1
allocations associated with any y € U.
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Theorem 2 means that, outside an exceptionnal set } = X \ R,

the number of B.C.P.E. allocations is a locally constant odd number.

Furthermore, B.C.P.E. allocations depend smoothly on x when x varies
inlt The mapping si : U=+ X is a smooth selection of B.C.P.E. allo-
cation ; in other words, si[y) represents a B.C.P.E. allogcation asso-

ciated with the price-income vector y which depends smoothly on y.

Note that this is true only for y belonging to some neighborhood of

-~ -~

xeﬂ.

The open dense subset R of X is called the s&t of regular
price-income vectors, its complement Z = X \R the set of singular

price-income vectors. One can shaw that z is closed with measure

zero in X. This gives a precise sense to the adjective exceptionnal

" used above.

We say that two points ; and ; in ji are arcconnected if
there exists a smooth path injijoining ; and ;. This definas an
equivalence relation of which equivalence classes are the connected
components of jt(iabeing open, arcconnectedness and connectedness
are equivalent). The number of B.C.P.E. allocationé, being locally

constant, is therefore constant over every connected component of &.

-

The next theorem provides a relationship between P and the connected

components of .

THEOREM 3. The set of price-income equilibria P belongs to ons

connected component of £. Furthermore, there is only one B.C.P.E.

-

allocation associated with every price-income vector x in that

component.
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There is uniqueness of the B.C.P.E. allocation if the price-

income vector X = (P, W, , We ,se., wm] belongs to the connected com-

1 2

ponent of R.containing P, i.e. if the difference vector
f1[p s wq) + fz(p , w2] ot Fm[p , wm) -r

is small enough. On the other hand, multiple B.C.P.E. allocations

may be observed if the above difference vector is large. This,

however, states only a possibility ; some difference vectors may be
very large while uniqueness of B.C.P.E. allocations still holds.
Anyway, when x varies while the difference vector remains large, one
may observé catastrophes by which we designate the phenomenon occuring
when two smooth selections of B.C.P.E. allocations vanish, a phenomenon

which can be observed only when x crosses the set ZOF singular price-

income vectors.

4. THE DUALITY THEORY.

Though proving directly the properties of B.C.P.E. alloca-
tions is possible, we prefer to develop an alternative method based
on a duality between the theory of Walrasian equilibria and the theory
of B.C.P.E. allocations. This duality theory can be viewed as an exten-
sion of Hotelling's and Roy's duality involving direct and indirect
utility functions from the one-consumer case (see e.g. [7]) to any

number of agents.

PART A. Walrasian equilibrium theory and B.C.P.E. allocation

theory neconsidered.

The set X , X, P, and f>being given, we define the abstract

theories (I) and (W) as follows

(I) : study of the set P n A, when A varies in ¥ ;
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(W) : study of the set {A € J’| x ¢ A where x € X is given},

when x varies in X.

The abstract theory (I) is just a reformulation of the
theory of B.C.P.E. allocations. If in the abstract theory (W), one
considers x € X as a vector of initilal endowments, then, the price
vector p € S associated with A € 6)‘through its canonical equation
system is an equilibrium price vector associated with x. Therefore,
the abstract theory (W) appears to be equivalent to Walrasian equi-

librium theory.

PART B. THE DUAL SPACE.

we reformulate the abstract theories (I) and (W) in the
" gpace X. For a matter of convenience, we shall denote these theories

{I) and (W) respectively.

We have already defined P and X, let us define %€ and & .

Definition of > : Let € consist of the affine subspaces of X

not perpendicular to S and having dimension %-1. Therefore, the
affine subspace A of X belongs to % if and only if it can be

defined in S X ]2m by an equation system of the type

W,l = D-X,] » W2 = p'xz g ue ey wm = p‘xm

where Wy s Wo seees W and p are variable and Xq o Xo seres X

m m

fixed. When it exists, such an equation system is unique which enables

us to identify 3€ with X by the mapping A : X > € where

-~

A(x] = {x

t
=

(p o Wy » Wy seees W) e X | DXy = W, s PiXy = Wy

4
x
u
b-%
—
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Definition of 4 : We define § as the subset of € consisting

of the spaces A(x) when x describes the set of Pareto optima P in X,

i.e. P = A(P].

- -

Although the definitions of P , X , and £ may seem
quite arbitrary for the time being, we can already defins the abstract

theories (I) and (W) under the following form :

(I) : study of the set P n A, when A varies in X ;

~

(W) : study of the set {A e (°| x € A where x ¢ X is

given}, when x varies in X.

We are now going to show that the sets P and P , ¢ and £

-~

respectively, play similar roles in the spaces X and X.

PART C. THE DUALITY THEORY.

The indirect utility function ug o S xR » B?R associated

-~

with uy is the composite mapping u,

' ui ° fi 3 in other words,

ui(p , wi) = ui[fi[p , wi]) represents consumer i's utility for the
demand vector fi(p s wi]. Let vyt X + IR denote the mapping define

by the formula

H

v, : [p, w s wm]  — ui(p , wiJ .

i 10 W

o s

The definition of Pareto efficiency extends to the case of price-

income vectors in the following way :
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DEFINITION 3. The price-income vector x € X is a Pareto minimum

(with respect to the indirect utility functions ui] if there is

no y € X such that vi(y] < vi[x) with at least one strict inequality.

Let Ti(x) denote the tangent hyperplane in x to the hyper-

surface {y € X I vi(y) = vi[x)}.

Taking into account the equality gi(fi(p , wi]] =p, a
straightforward calculation shows that the equation of the tangent

hyperplane in x = (p , w, , Wo soees wm] to the indifference hyper-

1

(- ' ’ ’ ’ ““=““a
surface {x (p' , Wi, Wy suens W) € X | vy (x) = v, (x")} takes

C~

the form
' = '
w p .fi[p s wi)

i

(where p' and wi are variable).

- m « 4
The intersection of these tangent hyperplanes D(x) = 121 Ti(x]

is defined by the equation system

p .F1[p , w1] - oWy o= 0
D .fz(p . w2) - W, o= 0

»

the last equation being the equation of X.



The matrix defined by the coefficients of this equation

system takes the form

1 2-1
Fy e -1 0 ... 0
1 2-1
fy eee Fy 0 -1 ... o©
M= - L ] L] L] L] . a® .
e g 0 0 ... -1
m m
o D

and dim D(x) = dim (S x H?m) - rank {M).

Clearly, rank (M) is higher or equal to m, hence

dim D(x) = 2-1 or %£-2 (and codim D(x) in X is equal either to m-1

or m respectively).

-~ -

LEMMA 1. x is a Pareto-minimum if and only if dim D(x) = 2-1.

This lemma characterizes Pareto minima through the usual
first-order conditions. The strict quasi-concavity assumption con-
cerning the utility functions ;i is, of course, essential for the
sufficiency of the first-order conditions. The lemma will be proved
simultaneously with the next theorem. Though ; has been defined as
the set of price-income equilibria, the next theorem establishes a

-~

formal equivalence between P and P.

THEOREM 4. P is the set of Pareto minima (with respect to the indi-

-

rect utility functions uiJ in X.
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Proof. We shall prove theorem 4 and lemma 1 as follows :

-~ -~ -

%x Pareto minimum => dim D(x) = 2-1 == x price-income squilibrium

== x Pareto minimum.

1) Clearly, the necessary first-order conditions for Pareto minimality

imply  that, if x is Pareto minimal, codim D{x} € m-1 , or

-~ o~

dim D(x) =2 &-1 , hence dim D{x) = 2-1.

2) Consider matrix (M). Then, rank (M) is equal to m if and only if
its last line is the sum of the m first lines, in other words if

we have the relationships

Walras law implies the equality

m
r = .z filp o, wy)
i=1

-~

and x is therefore a price-income equilibrium.

3) To prove the last assertion, namely

- -

x price-income equilibrium == x Pareto minimum

we consider the mapping ¢ : P »+ X already used in proposition 1

and 2. By proposition 2, ¢ is a diffeomorphism between P and P.

Let us consider x ¢ P and assume that it is not Pareto
minimal. Then there exists a Pareto minimum y such that vi(y] < vi[x]
with at least one strict inequality. We already know that such a. vy

belongs to P , the set of price-income equilibria. Taks the inverse
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image of x and y by s. Then, ¢_1(y] is a Pareto optimum since it

belongs to P. However, the inequality

-~

vi(¢“1(fm - Qi(x) > vi(¢_1(§/]) AN

shows that ¢_1[x) Pareto dominates ¢—1(y], hence a contradiction. Q.E.D.

To develop: the duality theory, we now consider the mappings

A and A. Recall that we have the bijections

H

At X+ X where Ax) = {x = (x, . x s Xo) € X |

Wy = PeXg s Wy = PaXy sevs, W= p.xm}
A: X >3 where Alx) = {x = (p, Wy s Wy seee, Wle X ]
Wp = PeXy s Wy = PaXy seee, WooE p.xm}.

LEMMA 2. The inclusion x ¢ A(x) is equivalent to the inmclusion x e A(x).

Proof. Obvious.

- -

x € P. The vector
fix) = (F1(p , w1] , fz(p , w2] seae, Fm(p , wm))

belongs to X since we have chosen x in P (i.e.

f1(p , w1] + fz(p , wzJ oLt Fm(p , wm) = 1),
Furthermore, f(x) is the Pareto optimum supported by p , Wo oo Wy heen, m"

Therefore, the space D(f(x)) is defined by

DIF(X)Y = {x = (X, , Xoy sevn, me e X | PeXy = Wo o, PeXy %W, ,...,p.xm=wrn}
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-~ -~

which proves that D(f(x)) = A(x]) for any x € P. Therefore, we have

proved the equality A(P) = f{ Q.E.D.

We now state the duality theorem.

THEOREM 5. (I) and W), (W) and (I) respectively, ere isomorphic by

the mappings A and A.

Proof. Using the equality ¥ = A(X) , (I) becomes the study of the set

-~ -~

Pn A(;) when - X varies -in  X.. From lemma 2
X € A(;] is equivalent to ; € A(x] ; clearly, x € P 1s eguivalent
to A(x] € A(P) = &’. We restate (I) as the study of the set
{A(x] € 55 such that X € A(x]}, when ; varies in X. Therafors, (I)becomes the
study of {A € @)such that ; € A},when X varies in X , which is theory

-~

W). A similar proof applies for W) and (I). . Q.E.D.

The identity between (I) and UJ] , respectively (W) and (i) , provides

a duality theory between W) and (I). As a consequence, a property
established for (W) yields a dual property for (I) and vice-versa.

This viewpoint has been already encountered in equilibrium analysis

where several results on the number of equilibria and on singular
economies, i.e. properties of (W), have been gstablished with the

help of their formulation through [i). Furthermore, any statement or proof
of (I), resp. (W), has a formal analogue in [i), resp. (ﬁ). For example,
Walrasian equilibrium theory, i.e. (W), provides a list of properties

of GJ] by easy transcriptions and the duality theorem snables us to

deduce from W) a 1list of properties of (I), i.e. of B.C.P.E. allocations.
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5. PROOFS OF THEOREM 1 TO 3.

Thecrems 1 to 3 deal with properties of the theory (I) ;
by the duality theorem, they can be reformulated as properties of
the theory (@J. Now, the theory [w] is built like the theory of
Walrasian equilibria (W), the underlying spaces being diffe-
rent . Therefore, to prove properties of the theory (Q], it is suf-
ficient fo adapt to the case of (@) proofs already established in
the cantext of (W). This is the approach we are going to follow to

prove theorems 1 to 3.

A. - The differential setting.

Equilibfium manifold. Let E be the subset of the Cartesian product

P XX consisting of the pairs (x » X) such that x ¢ Alx). The

relationship x e A(x) being equivalent to x e A(x), we have

I

E = {(x,p,w1,w2,...,wm) e PxX | Wp = PeXg s Wy = PaXy seen,

W = p.xm}.

In other words, Wo oo Wy sunn, W are smooth functions of x and p
and is E smoothly parametrized by x = (x1 s Xo awees xm] e P
and by p € S. Therefore E is a smooth submanifold of P X X diffeo-

L+m-2

morphic to P x S, hence to R . This manifold E corresponds

in (W) to the equilibrium manifold of Walrasian squilibrium

theory (W).

Debreu mapping. The "dual” Debreu mapping T E > X is obtained

-~ ~

by restricting the natural projection (x , x) +—> x to the
equilibrium manifold E. This mapping is smooth as the restriction
of a smooth mapping (the natural projection) to a submanifold of

P X X. The relationship

-

T = L, ) e PXX | x e AGOY = 1P 0 AGDT x (3
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reminds us that the study of B.C.P.E. allocations amounts to the

study of =

.The Debreu mapping is also proper, i.e. the inverse image
of every compact set is compact. To prove this property, let K

be a compact subset of X. Consider T = (ix L x) € E | x € K

-~
~

and x € A(x) n P}. Clearly, ;_1[K] is closed in P X X. To prove
that ;_1(KJ is bounded, we just need to show that the set A(K) n P

~ (where A(K) = _u A(x])) is bounded since we have the inclusion

~

xeK

-

7K e K x (AGK) n P).

It results from (App. 3.4) that we just need to show that the

image of A(K) n P by the mapping u : P ~ R"™ where
ulx) = (u1(x1] , u2(x2) yeews um[xm]]
is also bounded. Let us define

u, = sup u,(f.(p , w,)).
1 g 04 i

We have Gi 2 ui(Fi(p , wi]] whenever x € K. When x belongs to

A(x), we have p.x., = w, , hence u,(f,(p , w,)) 2 u,(x,) , and
i i i i i ii

therefore u(x) < (51 s Uy seees Gm] for every x € A(K) n P,

which proves that A(K) n P is bounded from above.

Now let x(i) be the unique Pareto optimum such that

uk(;(i)l = GK , k 21 (App. 3.3). It results from the definition

of Gk that any x € A(K) n P satisfies the inequalities

u () S U= () with ko= i
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This implies the inequality ui(xi] 2 ui(iti]) since, otherwise,
x(i) would Pareto dominate x , which is itself a Pareto optimum,
hence a contradiction. Therefore, we have proved that any

x € A(K) n P satisfies the inequality
ulx) 2 (u, (x(1) , u,(x(2)) Leee, u (x(m))) ,  and
m

ulA(K) n P) is bounded from below.

Applications of elementary differential topology.

We can now apply to T standard methods of elementary
différentialftopology (see e.g. Milnor [B]). Note that the pro-
perties established in [6] with the assumption that the source
manifold is ?ompact are valid in the context considered here,

the mapping ™ being proper.

-

Finite covering of R defined by T.

~ -

Consider the set Z of singular values of 7. It has measure zero
by Sard's theorem and is closed as the image of a closed subset
by a proper mapping. Its complement:R = X\ Z , in other words,

the set of regular values is open dense and T defines a finite

-

covering of K(see [ 61, p. 8). As a consequenca.;"1(x) is finite

for every x € R and constant over every connected component of K.

Unigueness of the inverse image of a price-income equilibrium.

-~

Let x € P and let us prove that ;_1(x] has just one element.
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-~ -~

Since x € P , the allocation f(x) = (f1(p . w1) R fz(p , w2) .
fm(p s wm]] is feasible, i.se. F1(p , w1] + fz(p , w2) oot
fm(p . wm] = r. Furthermore, f(x) is clearly a Pareto optimum.

We deduce from F[;] e Alx) that (f(x) , x) belongs to F~1(x].

Let now (x' , X) ¢ F_1[xl. By definition, we havs

so that u1(x1] < u1(f1(p , w1)] . u2(xé] < uz(fztp s w2]] yees
u (x') <u (f (p, wl). Since x' is Parsto efficient
_ m m m m m
by definition, we necessarily have the equality ui(xi) = ui(fi(p s wi))
where i =1, 2 ,..., m , and, therefors, x' = f(x) , which proves

that

~—1 -~

TN = (0, X))

-

P belongs to one connected component of R.

We already Know(proposition51 and 2)that P is diffeomorphic to

]?m_1 , hence connected. To show that P belongs to one connected

-~ -~

component of ® , we need to prove that P is included in K.
Let us check that no point of ;_1(P] is critical for 7.
- 1) We know that ey - {(f(x) , x) | x € P}, hence

;‘1(P] is also the set

{(x , ¢(x)) | x e P}

where we recall that o¢(x) = (g(x) , g(x].x1 seaes g(x).xm] , glx)
being the price vector supporting the Pareto optimum x € P.
Therefore, we just need to check that no point (x , ¢(x])],

where x ¢ P , _is critical for .
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- 2) We now give a geometrical characterization of regularity

for T. Namely, {(x , x) € E is regular (resp. critical for

-

7 if and only if the tangent space TX(P] to P at x consi-
dered as a subset of X and the subset

A(;] = {x = (x, , %

1 yreus xm) e X | PeXy ® Wy heee, PuX = W }

2

v

of X are transverse (resp. not transverse).

To prove this property, parametrize E by x ¢ P and p € S.
Then, 7 becomes the mapping

(x , p) —> (p , Wy = PeXg o Wy = PuXy penn, Woos p.me.
This mapping 1s defined from X x S into i.

An easy calculation shows that its tangent mapping in (x , ;]

restricted to the tangent space TX[P] is surjsctive if and

only if Tx[P] and A(x) are transverse.

~

- 3) To prove that (x , ¢(x)) is regular for T » we just need to
check the transversality at a Pareto optimum x ¢ P of the

tangent space Tx[P] and of the set A(¢p(x)) = {x' = [x% s X5 s

xr) e X ] PeX) = Wy seee, pux! = w_} where p is the price

vector supporting the Pareto optimum % , and whers Wy = Pexy
with i =1, 2 ,..., m. This property is well-known (see e.g.

Smale [ 871, proposition 4,).

The degree concept.

-~

The topological degree of T is an invariant defined as the

-~
- -

parity of the number of elements of ?—1(x] when x is a regular
value (see e.g. Milnor [ 81, p. 24). Therefore, by taking x ¢ P ,
one sees that the number of B.C.P.E. allocations associated with

a regular price-income vector x ¢ & is odd. Furthermore, this
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-

implies that T is surjective, i.e. that there always exists a

B.C.P.E. allocation associated with any x ¢ X (otherwise, assume

that 7 is not surjective ; if x does not belong to Im T, then x is

a regular value and =% ;-1(x] = 0 , a contradiction).

The above develbpments parallel the methods of equilibrium
analysis from the differential viewpoint-/
It is clear, however, that a property of Walrasian squilibria, i.e.
(W), need not be formulated in a differential setting to provide
a dual statement, i.e. a property of B.C.P.E. allocations. The diffe-
rential éetting was chosen here both for a matter of convenience and

for proving

CONCLUSION.

The main purpose of this article has been a study of B.C.P.E.
allocations from a static viewpoint in pure exchange economies where
preferences satisfy rather strong assumptions like smoothness, strict
convexity, etc ... Therefore, this study calls for direct extensions
in at least two directions. One consists in weakening the various as-
sumptions concerning the pure exchange economies. The results of this
paper seem to be robust enough to be valid in a more general framework.
The method of proof, however, namely the duality theory would become
more delicate to handle in such a setting. Anocther dirsction for further
research consists in introducing production, public goeods, etc ..., in
the analysis of B.C.P.E. allocations. Once again, it seems that a duality
theory will hold, but in a more complicated form than for the pure

exchange case.
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APPENDTIX

— — - — — = ——

This appendix contains a unified treatment of some now well-
known ‘properties of Pareto optima which, however, seem to lack

convenient refsrences.

We recall that - consumers' preferences (more precisely ,
their utility functions) satisfy the properties 1 to 5 of section 2.
Let Q be the subset of (ﬂ?z)m consisting of the Pareto optima associa-

" ted with a given r ¢ R* , when the vector r varies in R “. Thus,

there is no x' = (x; , x) ,..., x')
m|such that in - ZXi and

oox ) e (RY)
u, (x!) 2 u,(x,) with at least one
i1 i1

strict inequality.

STRUCTURE OF Q.

let f: Sx R™ » (I?zlm be defined by the formula
fp , Wy s Wy surs, wm] = [f1(p , w1) , szp , w2] yei e fm(p , wm])

1.1. The mapping f : S x RrR™ > (ﬂ?llm is an embedding. Its image

F(S x R™ is equal to Q.

Recall that an embedding is an dimmersion - which defines

a homeomorphism between the domain and its image ([4], (16.8.4.).

Clearly, f(p , w W o wm) is Pareto efficient for the

1. 72
total resources r = f1(p , w1] + fz(p , w2] ot Fm(p , wm).
Therefore, we have (S x R") < Q. The mapping

b ¢ x +—> (g(x) , g(x].x1 yeses g(x].xm) where g(x) is the



1.

- 28 -

price vector supporting the Pareto optimum x is defined on Q
and takes its values in S x R By composing ¢ and g , one

immediately checks that ¢ is a continuous inverse of f. There-

fore, we have proved that f(S x R™ = Q and that f is a homeo-

morphism between S x R"™ and Q.

The set Q is a smooth submanifold of [I?l3m diffeomorphic to

R L+m-1 i

It results from (1.1) that Q is the image of an embedding.

Hence, by [4] (16.8.4. ) , Q is a submanifold of (IRg}m diffeo-

morphic to S x B?m , hence to B?2+m—1.

. The mapping ¢ ¢ @ -+ S X Rr" is a diffeomorphism.

We already know that ¢ is a homeomorphism. It is a diffeo-

morphism as the inverse of the diffeomorphism f : S x R™ > Q.

2 - A FUNDAMENTAL DIFFEOMORPHISM.

Let t :

2.

1.

m-1

Q -+ H?m x IR be the restriction to Q@ of the mapping

m
= (X 0 Xy weees X ) > (121 X; Uy (X3 e, um_1(xm_1]].

The mapping t is a diffeomorphism.

let Z = ]?2 X E?m—1. The mapping t is obtained by composing
a: §>7Zx R where
alx) = (in cu ) L U (k) e, (X))

with the natural projection

b:Zx R > Z
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The proof proceeds in two steps. In the first one, we show that
t is a continuous bijection. In the second ona, we show that the

jacobian determinant of t {in a suitable coordinate system) is # 0.

Step 1.

a is an injection. Assume al(x) = aly), in other words in = Zyi and
= i = £ « 1 z
ui(xi] ui[yi] where 1 =1, 2 ,..., m. Let z (x + y)/2 ; if X4 vy
for some i , then u,{(z,) > u,(x,) = u,(y,) by the strict quasi-conca-
i7i i1 i1
vity of us (Assumption 3 in section 2). This contradicts the Pareto

optimality of x and y.

b restricted to a(@) is injective. Let x and y in § be such that

bla(x)) = blaly)), i.e. in = Zyi and ui(xi] = ui(yi) where
i=1,2,..., m1. Assume that u (x ) # u (y )} , for sxample

m "m m - m
um(xm] > um(ym] 3 this contradicts the Pareto optimality of y. There-

fore, we have um(me = um(ym] , 1.e. alx) = aly).

t is a bijection. We already know that t = b , a is an injection.

ye e, U ] EZ

Let us show that t is surjective. lLet z = (r , u m-1

1
be fixed and consider the optimization problem
Find x = (x1 yesas xm) which maximizes um(xm) subject to
the constraints
u,(x,) < u, i=1,.0., m1
i 71 i

Ix; st .

Given the assumptions on preferences, existence of a solution is
straightforward ; by the monotonicity property of preferences the
constraints are binding hence ui(xi) = u, and in = r. It is straight-

forward that a solution x is a Pareto efficient.
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The mapping t is smooth as the restriction of a smooth
mépping to a submanifold. Being a bijection, t is going to be a
diffeomorphism if and only if it has a smooth inverse, which we

prove in step 2.

Step 2.
Using the diffeomorphism f : & X ﬂ?m > Q , wae just have to show that

t o f S X H?m + Z has everywhere a non-zero Jacobian determinant.

of
'l - N __~_j:.=—k
From the relationships grad ui(fi[p , wi)) = Ai (<3 p.apk fi
Bfi
and p Y = 1 (the last two equalities are deduced from Walras law
i

p.fi(p , wi) =W, by taking suitable derivatives), we have to show '

that the following determinant is = O :

; o ; af,  ofy af ok
i 9P 1 %Py W Moer My
; o § ; ofy  of) TIOPR L
i 9Py § Pgq Wy Mg My
1 21
£, £ 1 0 o
1 21
P 0 .. 1 0

il
N
~-

After multiplying line K by Pk where k 2,4, % and adding up,

one obtains the line

1 2 2-1
(- Z fo. - Z £ oaeees - Z L1 1).
1l 1 1l
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We do not change the value of the Jacobian determinant by replacing
the &-th line by the above one. Now, substracting from the 2-th line
the last {m-1) lines, one obtains the line

- f ,D,-.-;D,1).

Putting this line from the &-th position to the last one, one obtains

the determinant

1 1 1 1 1
; 2%, o, a*, of ,  of
i %Py W1 W Woeg Wy
2-1 2-1 2-1 2-1 2-1
; o) o o) TV L
i 9P Wy Wy Mo M
1 2-1
- £, .- 1 0 0
1 2-1
-8 - 27 0 1 0
- 5] - g 0 0 1
m

which is equal up to a + or - sign to the Jacobian determinant of t.

A B

The new determinant takes the form
C I

where I the mxm identity matrix. We are now going to cancel our the

elements of B by suitable combinations of lines. Thus, multiply line
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aF " ~
(g-1) + j by sﬂi . Substract the result from line k and perform

these operations for all k and j. One gets a determinant of the
M 0

form , equal to det (M), where M is a (2-1) x (2-1)
* I

matrix which actually is the sum of the Slutsky matrices of every

consumer, i.e.

Mo M w,)

where

J J
ofy(p , w,) afy(p , w,)
- i i k i i
Mi(p , wi]‘— < —_— fi(p , Wi] *—————-——-)I‘j

Bpk 8wi

cand 1Sk, §SA- 1.

The Slutsky matrices Mi(p , wi] being symmetric and negative definite
with our assumptions concerning consumers' preferences, M is symmetric
and negative definite. Therefore, det (M) is # 0 , which proves the

step 2.

THE SET DOF PARETO OPTIMA P.

Let now r

n
ne~13

xi be fixed. Recall that

_ B L. m _ -
X = {x = (x5 X5 5eeey x ) € (R7) | in =r} and P =Q n X

denotes the set of Pareto optima in X.

3.1. The set P of Pareto optima in X is a smooth submanifold of X

m—1]]

diffeomorphic by the mapping x +—> (uq[x1J , uz(le...., um_1(x

t_o ]Rm—’l.
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Note that P is the inverse image of {r} «x I?m‘1 by the

diffeomorphism t.

The set P is diffeomorphic to P by the mapping

¢+ x —> (glx) , g[x).x1 reses g(x)-xml.

This is a straightforward conseqguence of (3.1) and of the

proof of (1.1).

Let Uy s Uy sees, Urn-1 be arbitrarily given real numbers. Then,

there exists a unigue Pareto optimum x € P such that ui(xi] = Uy
where 1 =1, 2 ,..., m-1.

This results from (3.1.).

Note that (3.3.) extends to the case where ths utility levels
of any (m-1) consumers (not necessarily the first (m-1) ones)

are given.

A closed subset of the set of Pareto optima P is compact if and

only if its image by the mapping : x +—> (u1(x1),u2(x2),....um(xm])

is bounded.

Let K € P be closed. If K is compact then u(K) is compact, hence
bounded in R™. Vice versa, assume that u(K) is bounded. Then

the image of K by the mapping x +—> (u1(x1) yeva, U [xm_ 1)

m-1 1

is also bounded. From (3.1.}, this set being homeomorphic to K

is closed, hence compact, and therefore K itself is compact.



L1]

[2]

£3]

[4]

Lsl

6]

L7]

Lal

(9]

BIBLIOGRAPHY

BALASKO, Y. : "Eeconomic Equilibrium and Catastrophe Theory :
An Introduction”, Econometrica, 46 (1978), 557-564.

BENASSY, J.P. : "Neokeynesian Disequilibrium in a Monetary

‘Economy”, Review of Economic Studies, 42 (1975), 503-523.

BOITEUX, M. : "Sur la Gestion des Monopoles Publics Astreints
a 1’Equilibre Budgétaire”, Econometrica, 24 (1958), 22-40.

English translation : Journal of Economic Theory, 3 (1971),

219-240.

DIEUDONNE, J. : Eléments d'Analyse, Tome 3. Paris : Gauthiers-

Villars, 1970. English translation : Treatise on Analysis.

New York : Academic Press, 1972.

DREZE, J. : "Existence of an Equilibrium under Price Rigidity
and Quantity Rationing”, International Economic Review, 18

(1975}, 301-320.

MILNOR, J. : Topology from the Differentiable Viewpoint.

Charlottesville, Virg. : University of Virginia Press, 1865.

ROY, R. : De 1'Utilité. Paris : Hermann, 1942.

SMALE, S. : "Global Analysis and Economics VI", Journal of
Mathematical Economics, 3 (1976), 1-14.

YOUNES, Y. : "On the Role of Money in the Praocess of Exchange
and the Existence of a Non-Walrasian Equilibrium”, Review of

Economic Studies, XLII (1875), 4839-501.




