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INTRODUCTION

The recent literature on thecretical public finance has shown
an increased:concern. for the problems of gradual tax reform, putting a
particular emphasis - on the local analysis of the feasible and desirable

moves of the system.

Desirability itself can be evaluated according to different
criteria. Taking the example of the rather similar models studied in
Dixit (1878), Diewert (1878), Guesnerie (1977),cne sees that the Pareto
criterion has been considered by the latter one, when the others advocate
a local optimisation of the directions of tax changes[ql. Dixit looks
for a "best small improvement” with respect to a social welfare index

when Diewert considers an "optimal tax perturbation problem" associated

with linearized objective function and'constraints.

These procedures will remind the reader of the classical
algorithm of search of the direction of steepest constrained ascent in
applied mathematics. Such a direction is cbtained by projecting the
gradient of the objective function on the linear local approximation
to the feasible set ; this is the gradient projection method or the

gradient projection algorithm,

A furthervbrief.exploraﬁion of the‘interest of the gradient
projection algorithm in theoretical public finance(Z) is the main
purpose of this note. Three diffefént classical models will be consi-
dered and for each of them dynamic‘propesses will be exhibited which
define é cohtinuous time[S% version of the gradient projection algorithms.
At variance with Diewert who is mainly concerned with the existence of
a solution for his optlmal tax perturbatlon problem or with Dixit who
concentrates on the desirability of productlon efflclenoy, we will focus
the attention on explicit tax revision formulas and one will put the
emphasis on developing intuition OF thelr econom&c mean&ng (Section 3,
4,5). Moreover, we will check that ‘under reasonable assumptions the pro-
cesses which are con51dered have satlsfactory existence and convergence

properties (section B).



The paper is precisely built as follows.
In section 2, notation common to all models is presented. In section 3,
a model of the Diamond-Mirrlees type is considered, and in addition to the
economic discussion of tax revision:formulas, a brief discussion of the
similarities and differences between the gradient projection method and
Dixit's best small improvement problem is presented. In section 4, the
model incorporates a public production sector and focuses on the analy-
sis of the best investment policy of the public firm outside the optimum.
Section 5 is concerned with the application of the method to a one consu-
mer model with price distortions. Section 6 provides a more careful
mathematical analysis of the processes and provides existence and

convergence theorems.

IT - PRELIMINARIES

Notation is close to Diamond-Mirrlees’one (1871) and similar

to Guesnerie's one [19771(4).

' o
There are n commodities and P is the positive orthant B?T .

Consumers are indexed by h = 1,...,m. x, is the consumption bundle of

h
consumer h.

Uy, being a utility function for h, g a consumption price vector, Rh an
exogeneous income, consumer h solves the program Max uh(xh]lq-xh < Rh .
The solution of this program, supposed unigue, is denated xh(q,Rh]

(when Rh = 0 , which is the case of the models of section 3,4 , it will
be denoted xh(qJJ. X is supposed to be a C2 function on the interior of
its domain (and particularly for q e P, R, = 0) . Vh = uh[xh[q,Rh]) is
the indirect utility function. x = Z Xp is the total demand function.
3X denotes the (nxn) jacobian matriz associated with the partial deri-
vatives of x with respect to prices. x_, is the vector of derivatives with

R
respect to R.

There is one private production sector with production set Y, °
the production plan of which is denoted y . Faced with the production

price system p, the private sector has a competitive supply denoted



n(p) which is single valued and C2,on P. ¥ designates its jacobian
matrix which will be supposed hére of rank n-1 for any p in P . Then,

it is khown that an defines a ohe to one mapping between the vectors

Su s.t. peSu =0 and the Vebtofs ’p' such that p<*8§p = 0 . The inverse
of 3n , (restricted to the appropriate d&u) is denoted 3;—1 and one
notes §&p = 33_1 Gﬁ [see’Guesnerie (19771).

From an economic point of view, this assumption means that the private
sector can be induced, through a small change of the production prices
(and a unique change if p 1is normalized), to meet any small change

in net demand which has a zero value méasured with the production

price system. |

Finally, there is a public production sector controlled by the Govern-
ment, the production plan of which is deﬁoted z . 2z satisfies gl(z) <O
where - g is a Cz function. Vg denotes the gradient of g

For general comments on_the poli;y assumptions in this framework the

reader is referred to Diamond-Mirrlees ({1971) or Guesnerie (1977).

-~ THE GRADIENT PROJECTION METHOD IN A MODEL WITHOUT PUBLIC

SECTOR.

In this section we assume Rh =0, Y h.
Suppose that at time t the system is in a situation of

tight equilibrium :

I x (alt)) = nip(t)) | (1)
h |

def

Consider p+3X(qg) $(p,q) _ . (2)

An interpretation Df”%¢ can be prdpdsed from the following remark :
suppose that some policy change induces a Changé in aggrégate consump-~
tion &X . If pe8X < O (resp. > 0), meeting demand would require

that the production plan shift into the interior (resp. outside) the
production set. - p*&X can be'conSidered a gain and p+6X a cost
associated with the policy aﬁd measufed with the production prices. They

will be termed (equivalent) production. gains or costs.



X
Hence - ¢, (p,g) = =~ z p L is the (egquivalent) produc-
L k k aqz
tion gain or surplus associated with a unit increase of the price of

commodity & . Equivalently ¢ méy be termed the vector of production'
costs of price changes. o

Following Guesnerie (1877), a diréction'of price change {%%u%%ﬂ is tight
equilibrium preserving i.f.f.

tig _
¢p.qle—mr = O | (3)
t t
dp - ~—1 .—— Y dq
=t 3n  (p)+dX(q) oo (4)

Given some social welfare function (linear for simplicity) W = Z o uh ,

. h
one notes W(t) = 2 o uh(xh[q(t)J . It follows from our assumptions that
h Vv
(-L z g, (t) gﬂ~x (g(t)) ; B, = a, =—— being the social marginal
dt £ PhtTTdtTh ©Ph o YhoaRp
value of h's income.
¢ _ Z 8. x
Elementary geometry indicates that , | R h h
the projection of the gradient of !

1 \
i \
|

W, - z Bh X, on the tangent \

\

hyperplane to the set of feasible
moves [{u|¢-u = 0}) is a vector
of the form - ) By, X, ~ M t¢
(see diagram 1). An immediate

computation gives u and

DIAGRAM 1.

PRCPOSITION 1

The gradient projection method defines the following process

t
d t
i E B (@) x (@) - ulp,g) "¢(p.q) (5)
op.q)e| - ] B (q) x, (a)
with w(p.,q) = : g7 3
[ECARL .
t t
9 L v Vo) 3Xig) =9
= 30 (p) 3X(q) —1 (7)



First, let us make clear the relationship of the present approach and
of Dixit's analysis (1978) which applies to a QUite similar model(s).
Rephrasing Dixit's problem of finding the "best small improvement

associated with the euclidean norm” for a general objective function

f(x) and a unique constraint ¢(x) < 0 , one obtains the following
program : _ A
Max VF(x_Jex Vpix Jex <0, Ix]| <1
First order conditions give : + VF(xD] - A Vw(xo) = U x* .
VPplx_Jevf(x )
When x~ satisfies Vw(xOJ-x* =0 , A=+ ° ° and x*

“W’[Xo] [
Vw[xOJ-Vf[x )

is proportional to + Vyf(x )} - Vp(x_ ), which is nothing

lvwtx 3| |
else than the gradient projection in Xo ot ’
However when the constraint Vyex < 0 - is not binding, x* is propor-
tional to Vf[xDJ . |
Then, the directions defined by formulas (5), (6) of proposition 1,
may differ from Dixit's "best small improvemeht with the euclidean norm”
essentiaily because we impose here that the above feasibility constraint
(3) holds with equality, i.e. because we postulate efficiency in the
private production sector, even when it is not desirable (see Guesnerie

(1877)).

Actually, Dixit's conclusions on the desirability of produc-
tive efficiency have counterparts here : if vip,g) > O production effi-
ciency postulated here is shown to be desirable in Dixit whose formula
(28) defines price changes colinear to those of formulas (5), (8) ;5 if
ulp,g) < 0 , production efficiency is no longer desirable and our tax
revisions differ from Dixit's best small improvement .

Let us comment now on proposition 1 and stress the economic meaning of
tax revision formulas.
Let us suppose first that ulp,q) > 0O .

dg

The direction of change e is the combination of two opposite changes

- In the first one ( - Z Bh th » consumption price of commodity & 1is

"reduced” in proportion to the sum of the quantities consumed by each
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consumer weighted by the social,marginal utilities of incomes. Hence,
the price of a consumption good Ixhg > 0) should be reduced more
if this good is much consumed .or if it is demanded by people who

have a high social marginal utility of income.

- In a second step, corrections should be made in order to fit feasibi-
lity. These corrections consist in increasing (y > 0) the price of
commodity & in propertion of the production surplus generated by a
unit increase of this price (if - ¢£ > 0) . Hence the price of a com-
modity whose price reduction is costly in terms of equivalent pro-

duction should be increased more.

The appropriate weights of these two opposite changes —the first one
which is the more socially desirable and the second one which gives
the cheapest correction— have to be inversely correlated with respec-
tively their production cost ¢F( - Z Bh xh] and gain ¢-t¢ . Hence,
the directions defined by formulas [5?, (6J.

u  is negative if the first step price reduction induces a positive
production surplus ¢ ( - Z Bh xh) » 1.e. if it releases, instead of
consuming, resources. In this case, the second step, which is both

costly and socially harmful, would not be desirable.

- THE GRADIENT PROJECTION METHOD AND THE BEST INVESTMENT

POLICY OF A PUBLIC FIRM.

The model of this section differs from the preceding one in
considering one public firm.
At time t,the prevailing equilibrium is tight and public production is

efficient i.e.

) x (alt)) = nlp(t)) + z(t) (1)
h
glz(t)) = 0@ : (23

-

In the same spirit as above, one can define a tight equilibrium preserving



direction of prices and public production changes {S%*%%*%%J as
follows :
¢fp.ql-;%§ ~ w%% = 0 | (3)
RZICOL S . (4)
Eﬁ? = an () [EZ[qJ-égg - ] (5)

Following textbooks, the gradient projection is obtained as

\ \
[— Bh Xy 0 ¢
+ A + Y (B)

dz t
at 0 J | VgJ p

IO~

A 'and v being computed for meeting constraints (3) and (4). It

comes

PROPOSITION 2 :

Revisions associated with the gradient projection are the

following :
tdq t
- - ) By, (a) x, (@) - vip,a,2) "¢(p,q) (7)
dz _ :
dt = vp.a.z2) Projy ., p (8]
t, t
—.Ej.E = e 1 X 'ﬂ E
e an (p) [BX(q)e—y sl (9)
6(p,q)e [‘ 18, (a)x fQi]
where v(p,q,z) = n - 9 Ho)
_ [pevg(z)]
lotpad ]l + Ilpll - Ve
) _ | peve(2) t
and PrDJH[z) p = [HﬁéizﬁT]]Vg(z) * P (11

. 1s the projection of p on the hyperplane
Hiz) = {u|bvgzden = 0} .



The most remarkable characteristic. of the process exhibited in propo-
sition 2 is given by (8) : supposing v > 0 , one sees that at each
time the "best" direction of public production change 4s obtained by
profecting p Zthe production price sysiem on the tangent hyperplane

Lo the public production set, and this conclusion holds inrnespective

04 the specific s0cial weights B, . Hence, the production price sys-
tem which is an adequate reference shadow price system in any second
best optimum of this economy, is also an appropriate reference, in

the sense just mentioned, ocutside the optimum all along a process
directed to the steepest ascent.

However this latter condition would fail to be true if v(p,g,z) < O
where the right direction of change of public production would be the
opposite of ProjHEij . Noting that in formula (10}, the denominator
is necessarily positive, v < 0 <= ¢-|~- z Bh xh } < 0 . Referring
to the discussion of the preceding section, v < 0 occurs in the follo-
wing circumstances : if production were blocked in the public sector,
production efficiency in the private sector alone would cease to be
desirable. Then, although production inefficiency in the private sector
remains forbidden, a public production change into the direction of

- p provides a substitute for the desirable inward move to the interior

of the private production set.

Let us now recapitulate and give an intuitive economic
understanding of formulas (7) to (11) when v > 0O . The best move is
obtained as the addition of three moves :

- First, a move of public production in the direction ProjH[Z]p » with

magnitude o . This move generates a social surplus o - fp;ngz + ”pll]
(positive if o > 0 ). g

- Second, a move of the consumption price system in the direction of
- ¢(p,q) , with the same magnitude o . The social surplus generated
is allefl .

= Third and finally a move of the consumption price system in the direc-~
tion -} By X, » with magnitude 6 . The cost associated is .

t
90 = ] B x)
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Observing that the first and second step surplus has to be
integrally consumed during the third step, a and & have to be pro=
. . t (pevg)2
portional respectively to “¢-( - J B, x,) and T vl el +1lsll

Vg
This explains v in formula (7), (8).

Hence, the mechanisms of revisions are quite similar in pro-
position 1 of section III and in proposition 2 above : in each case;
a "reduction” of prices in the direction of the gradient of the social
welfare function is combined with a correction in the direction of the
vector of social costs of price changes. However the weights of the
two basic moves are modified, as compared to the previous section
the weight of the correction is smaller thanks to the additional surplus

generated by the public investment.

THE GRADIENT PROJECTION METHOD IN A ONE CONSUMER ECONOMY

WITH INITIAL DISTORTIONS.

We consider in this section a one consumer economy in which a
price distortion exists and where income can be transferred from the

government to the consumer in a lump sum way(7)

. For such a model the
desirability of a partial reduction of price distoftion from the distor-
ted initial situation is an issue which has often being considered in
the literature. The problem has actually a reasonably simple structure
and strong and appealing results have been obtained (see in particular
Dixit (18975) for the derivation of the most important ones, and a

more comprehensive set of references).

It seems worth exhibiting what is the best infinitesimal change defined
in this model by the gradient projection method. We will do that here,
while letting the reader compare the results more carefully with classi-
cal ones.

ODropping index h , we define, aé precedently a tight equilibrium
R

preserving change

gt gt at s satisfying
ty dR
$(p,auRI— + T(p,q,R) & = O (1)
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with. ¢(.) = pe<axX(q,R) (2) ,. r = p-xR[q,R)- (3)
t t
o | . o R
el [ aX el dt] (4}
Considering (.) = p°[§7fq,RJ]U=CSte where (3X)°°C%® i the matrix
dR’ _ dR _ dg |

- =7*x and using Slutsky

of compensated derivatives ; putting It T Ot

relations, (1) becomes

t

o._d.ﬂ ﬁ' = :
¥p,q,R)—== + rlp.q.R) 5 0 (5)
tcl
With respect to the new set of variables , the price changes Tﬁg' and

real income change being proportional to the utility change,

R
dt
it is straightforward that the gradient projection algorithm will select
a direction proportional to - ¢ . Considering t =g -p , the vec-

tor of taxes, it comes

PROPOSITION 3 :

The feasibility conditions being rewritten as in (5), the

gradient method will select the following consumer prices and

. . . (8)
real income revisions rules.

t

dg _ . (a7 U=Cste

5 = T te(3X) (6)
dR’ _ LAy U=Cste
&= leox | (7)
Reminding the symmetry of (ax)UmCste , [t»[5§5u=65te]h has

a remarkably simple interpretation : it is the reduction of consumption
of h 1if taxes are increased proportionally to their actual values i.e.

if the "intensity" of_zheugeétgystem increases. By analogy with Mirrlees

. Lte(3X) ]h
(1976) who calls v the index of discouragement of com-
h
. — U=Cste . .
modity h , we may call [t-(3X) ]h the absolute index of discoura-
gement of h . Stipulations of (8) and (7) can then be summarized-.

as follows (when r > 0). Consumption prices of commodity h should be
reduced proportionally to thein absolute index of discouragement. It is

only in the case where such indices are perfectly correlated with distortions
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that the direction of steepest ascent actually coincides with a prop-

portional reduction of distortions.

Actually, following a line of reasoning inspired of section 3
and 4, one can argue that the case r < 0O corresponds to a situation
where the (postulated) efficiency of private production is no longer

desirable[gj.

VI - EXISTENCE OF TRAJECTORIES AND CONVERGENCE FOR GRADIENT

ALGORITHMS.

In this section we will consider existence and converg?nce
problems for the system of differential equations (7) (8) (9) of sec-
tion IV i.e. for the model with one public firm. Very similar results
would apply to the more specific problem of section III. Similar methods

would apply to the process of section V.

First we have to check that a solution of the process has
actually the properties expected from its design. This is easily done

in proposition 1.

PROPOSITION 4 :
A solution p(t), q(t), z(t) of the system of differential
equations (7) (8) (39) of section IV defined on [0,T] and

starting from p(0), g(0), z(0) which is a tight equilibrium

has if it exists, the following properties

1) At each time t, {p(t),q(t),z(t)} define a tight equili-
brium and ||p(t)]| = ||p(0)] lattl]| = ||qtoy]

2} W 1is a non decreasing function of t

’ .

The proof of the first part of 1) is straightforward. The fact that the

euclidean norm of prices is preserved, results from the integration of

t
'?ﬁ? = 0 , -which as in Guesnerie (1977) is a consequence of the
t
definition of 39n 1—-and qe dg _ 0 which is easily shown from (7)

dt
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. 2
For proving the second part, let us put D(t) = ||¢] + ||p]| - Lﬁﬁgﬁl— -One has
dw 1 [pevg]2
N L T S R R DA [ Rt

Then %% is strictly positive unless

a) plt] = A Vglz(t)) A>0 , Cep(t),altd) = - § g (qlt)x, (q(t))
h
b) p(t] = A Vglz(t)) A >0 , Celplt),qlt)) = J B, (alt)x, (qlt)]

h

In the following, the corresponding points will be said either o4 fype a)
or o4 type b).

_The next question to be raised ' concerns existence of solutions
to the system. Actually, local existence would be assured by the diffe-
rentiability assumptions as soon as D > 0 . But we need more, existence
of trajectories i.e. of solutions on [0,+») . For that, we will intro-
duce the following assumptions
H1} There does not exist p,g,z and A > 0 s.t. z xh(q) = nlp) + 2z ,
¢(p,g). = 0 , p = A vVglz), glz) 0[10].

Actually H1) assures that D is always positive. This assumption has

to be compared with assumption H7](in Fogelman-Guesnerie-Quinzii (1978).

As they do, one can argue here that H1) 1is likely to be generically

true.

H2) Let A = {xh,y,z ) X, T Ytz ,x €X . yeY , glz)=0},
the set of "physical feasible states”. A is compact.

This is a standard assumption. It assures that any trajectory would

remain in the compact set K n Proj_A where K = {(p,q) s.t. ||p|| = ||p(O)

lall = llqtoy] 3
For avoiding problems of the boundary of P , we will add two other

»

assumptions which should be compared with A "and H3) in Fogelman-

Guesnerie-Quinzii, to which the reader is referred for justifications.

H3) Let q, be. a sequence of consumption prices such that qn > E' ,
some (but not all) Ei = 0 . Then either ||x(qn)” + +o  Qor
w[...,xh[an,...] < W[...,xh(q(O)J,...] for n large enough.
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H4) Let P be a sequence such that P, P , some Ez = 0 then
lIntp ) || >+ .

One has :

PROPOSITION 5

Whatever the initial tight equilibrium p(0), q(0), z(Q) ,
the system (7) (8) (9) has a solution defined on {0,+)

Proof : Thanks to H3), H4) and H2), any trajectory remains in the com-
pact subset of feasible states N contained in {K n P x P} x ProjzA
Because of H1), there exists an open set 0 containing N and such
that the second member of equations (7), (8}, (8) is continuously dif-
ferentiable. Hirsch-Smale theorem (1974) gives the conclusion (p. 196)
Finally we have |

PROPOSITION 6 : N

Every trajectory converges either to points of type a) or to

points of type b).

Proof : We use an extension of Liapounov theorem, with the Liapounov

function V = Max W(p,qg,z) - Wip(t),q(t),z(t))
N
V' is non increasing on trajectory and being bounded below from zero

has a 1imit V < Max W - W(p(0},q(0),z(0))
N

Let P+ be the limit set of the process i.e. the set of points which
are accumulation points of p(tn], q[tn], z[tn) for infinite sequences
t , t_ > +o ., One can see thaton T , V = V and &Y - g

n n dt
Then according to Hurewicz (1958), any trajectory (which is bounded)
converges to r and therefore to the set of points a) and b) which

+
contains T .

Points of type a) are local social welfare extrema in
the sense that the necessary conditions of optimality are
satisfied : they may be either global optima or local optima or saddle

points.

Points of type b) are points in which an increase of social

welfare is impossible if one is constrained, as supposed here, to have
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an efficient public production. Hence in such points temporary produc-

tion inefficiencies in the public sector are desirable.

CONCLUSION.

The investigation reported in the pfesent note had two aims

First, it attempted to show that the gradient projection
provided rules of tax revisions Wthh are economically meaningful. From
this point of view, two economic 1n31ghts on the models under conside-
ration deserve a partlcular emphasis : the appealing public production
revision rule (section IV) the meaning of which should be deepened and
the tax revision rule of section V which could be more systematically
compared with previous llterature.

Second, it tried to demonstrate that the gradient projection
defined processes which had rather satisfactory properties. The tech-
nical analysis of section VI makes clear that these properties can

rigorously be established at reasonable additional cost.



(1)

(2)
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(4)

(5)

(6]

(7)

(8}
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FOOTNOTES.

See alsoc Weymark (1879) for a comparison of the papers by

Guesnerie and Diewert.

Let us notice that the use of gradient process in economics goes
back at least to Arrow-Hurwicz. A systematic analysis of the usual
planning processes of the first best theory in 1ight of the gradient
projection method has been recently attempted by d'Aspremont-Tulkens

[1978).

Gradient projection algorithms are usually defined for processes
operating in discontinuous time (see Rosen (1961)). They can’be
adapted for processes in continuous time which only will be consi-

dered here.

Throughout the paper, gquantity vectors xh,y,z will be column vectors,
price vectors will be line vectors. tx will designate the trans-

posed of X .

ll H designates the square of the euclidean norm : ||¢H = ¢~t¢
It should be noted, that the direction defined by formulas (5), (6)

—which is the only relevant information— is not modified if all Bh are
doubled ; i.e. does not depend upaon the cardinal representation

of W (W could be changed in U(W) , U monotone increasing).
This issue was clarified thanks to conversations with A. Dixit.
We do not consider the public firm.

By using (1) as local equations, different formulas would have been

obtained.There is no mystery in that if one reminds from section III
that the gradient direction is the best small improvement with res-
pect to some particular norm, the euclidean one, and if one remarks

that the euclidean norm puts different constraints on the vector



(9)

(10}

_'!7_

{%% g%} or on the vector {g%,%%;} . For the same reason, the
gradient direction is not invariant with respect to the choice

of units of measurement, as shown in particular by formula (6).

Let us note however, that the‘désirability of production ineffi-
ciency is much less likely than previously. When all commodities
are not inferior r > 0 (see Dixit (1975) for very closely related

remarks p. 107].

The reader will check that thgre is a close connection between H1)
and the fact that D > 0 and the constraints qualifications of the

optimisation literature.
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