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This paper presents a study of the allocation and redistribution
problems raised by the use of indirect commodity taxation for financing public
goods. The formal description of the economic world which is adopted rests on
a set of simplified behavioural and policy assumptions which conform to the
prototype for theoretical analysis of commodity tamation proposed by Diamond-
Mirrlees (j971] in their seminal article. However, the approach taken in this
note, although inspired by normative considerations departs considerably from
the traditional optimal taxation viewpoint illustrated by the Diamond-Mirlees

article just cited.

The problems which are raised are of two types which correspond to

the main subdivisions of the article.

The first part is an initial study which attempts to provide a
more accurate and precise understanding of the structure of the set of tax
equilibria which coincides with the basic feasible set of the second best

model considered.

This study starts from the examination of existence questions :
considering an exogenously given tax system —conveniently formally defined—

does there exist (at least) one equilibrium relative to this tax system ?

It must be noted that despite the recent growing concern for the
problem of existence of equilibria with taxes (Sontheimer (1971), Shoven-
Whalley (18733}, Mantel (1875)) there has been no apparent interaction between
.this stream of thought and reflections in the field of optimal taxation. The
results of the former cannot be directly applied —to the best of our knowledge—
to the main models developed by the latter. Cn the other hand, optimal tax
theory puts the emphasis on characterizing optimal taxes i.e. on defining the
relationship between elasticities, prices, levels of demand which are necessa-
rily met when taxes are designed optimally, and sometimes. on computing these
optimal taxes : it is fully coherent to this approach to ignore existence pro-
blems for a given tax system since existence problems for an optimal set of

taxes are automatically solved.

Section IA presents a statement of sufficient conditions assuring

the existence of equilibrium relative to a given tax system. The proof rests on
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traditional fixed point technigues and its specific arguments have the same
flavour as those used in the already mentioned previous contributions on exis-

tence of equilibria with taxes especially that of Mantel (1875).

According to Debreu (1372), the model builder has to face and solve
two types of preliminary questions : has the model at least one outcome 7

How is this outcome sensitive to changes in the exogeneous variables ?

The existence theorem of section IA provides an‘answer to the first
question.an insight intothe second question is gained from section IC devoted
to the study of the continuity properties of equilibria in relation to the
exogeneous characteristics of the tax system. The theorems of section IC follow
from the elucidation of the mathematical structure of the set of tax equilibria,
a study which is not a simple bridge, but derives conclusions which seem to be
of independant interest. The tools used in this section are the Céntral theorems
of differential topology which have been widely applied for the study of the
Walrasian model (Dierker (1975), Balasko (1876}].

The second part of the paper is directiy'concerned with normative

problems.

Section IIA considers the problem of what can be termed the direction
of tax reform : starting from a given tax equilibrium, what are the "small®
changesof taxes and public good production which are first, feasible, and second-
ly satisfactory with respect to a given criterion. The chosen criterion is the
Pareto improvement and the results are simply obtained by adapting previous
arguments of the author (Guesnerie (1877)) to the public good case. The pro-
blem of temporary inefficiencies which appeared in this latter article in also

briefly treated.

Section IIB is an attempt at evaluating the relative "size” of the
set of tax equilibria and of the set of second best Pareto-optima. Obviously
the first best model has accustomed us to the coincidence of the set of Pareto
optima and of the set of equilibria (without taxes) under standard assumptions.
This fact no longer holds here. On the other hand, superficial familiarity

with the optimal taxation approach which focuses the attention on specific
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second best optima —those corresponding to a particular social welfare func-
tion— might incline one to believe that there are "few” second best optima. A
more careful analysis, although remaining at a very informal level, can be
sketched as follows : since economic agents will have in general different ideas
about the "good” tax system and the "good” level of public good , there will

be conflicts between them, the basic features of which can be perceived through
arguments similar for example to those of Zeckhauser-Weinstein (1974). Hence,
there would be many tax systems and public good production levels where con-
flicts are unavoidable ; in other words there would be "many” tax equilibria
which would be second best. This skeleton of argument captures a part of the
truth and is partially validated in section IIB under conditions which make the
role of the relative number of households and of "means of financement” for the

public good clear.

Two remarks will close this introductory section.

The first one is aimed at justifying the title. In spite of its
normative aspects, this contribution cannot be considered as belonging to the
field of optimal taxation, since it is not aimed at defining the relationship
between prices, levels of demand and elasticities which are necessarily met
when taxes are designed optimally.

It could rather be tied up with the "tax reform” viewpoint advocated by Martin
Fledstein (1975). Tax reform theory as defined in this latter article "takes
as is starting point the initial tax system and considers the situation of
each individual before as well as after any proposed change”. It is opposed
to "tax design”, the purpose of usual optimal taxation analysis, which has
been criticized on the grounds that it does not provide a fully satisfactory
framework for a comprehensive tax theory either because of its exclusion of
horizontal equity problems (Musgrave (1853)) or because the "knowledge of
optimal taxes may be useless for practical purposes” (Dixit (1975])) since
*actual changes are slow and piecemeal” (Feldstein (1875}). "Tax reform” would
have attention focused on the improvement of the system through a succession of
linked small changes which allow taking into account the evolution of individual
welfare, rather than through a one step large change designed from an ideal
social welfare function. Even if the topic considered in this note covers

only a small part of the program proposed by Feldstein and if the opposition
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between "tax reform” and "tax design” must not be overestimated, the point of

view adopted in this paper is indeed this of tax reform.

The second and last remark is that the paper attempts to cover a
cohereﬁt —and rather wide— set of problems, with reference to a single model.
An alternative solution would have .been focusing the attention on the problems
separately but in a more general framework. The consequences of the choice made
here are two fold. On the one hand, most methods could be transposed into a more
general framework (existence of income tax, etc...) and most results could pro-
bably be extended in several directions. On the other hand, some of the proper-
ties proved here are not presented under the most appropriate and elegant form.
This is especially the case of the generic properties of section IIB for which
a more satisfactory and general treatment would require'the use of a heavy
apparatus, and for which the approach taken here is an attempt at capturing
the essential properties of the model, while conciling as much as possible

rigor and brevity.



I - EXISTENCE AND CONTINUITY OF TAX EQUILIBRIA.

IA. MODEL AND DEFINITIONS.

We are considering an economy in which thepe are ¢ private commodi-
ties indexad by h = 1,...,8 and for the sake of simplicity one public good

the quantity of which will be denoted g.

Consumers indexed by i, (i = 1,...,m} have preferences represented .

241

by a utility function uy defined on a subset X, x R _ of R . When consumer

i
i is given a consumption bundle xi, and when the quantity g of public good is

available, (xi,q) € Xi X ]R+ the level of utility of i is ui[xi,q).

One firm —numhered 0~ can produce public goods from private cemmo-
dities. The production possibilities of this firm are formalized through a

. . 2+1
production set Y0 c R .

Other firms are indexed by j = 1,...,v produce and use only privata

X

commodities. Their production sets are Yj c R , 3 =" iees, Vo

The vector of excgensous endowments is zero (which means that

gndowments are only of labor typel.

The set of attainable states "a la Debreu” fer this economy can be

defined as follows.

DEFINITICN 1.
An attainable state "% fo Debreu” consists is a sequence (xi)y

(i = 1,...,m],yj(j = 1,..0,v) 0of vectors of R and a vector (; of

]?2+1‘ such that

[xi,q) € Xi x R,

V. € Yj s (yqu) € YD

(1) Throughtout the paper X, > 0 <= Xy >0 , X; > 0 <= Xih =0 ,

> N ’ .
xi . xih >0 xi z 0 :



Now, the institutional assumptions are that the allocetion of

cemmodities are made through markets. On each market consumption prices

and production prices may differ and consumers and firms 1,...,v have an

autonomous behaviour :

Concumer i, faced with a price system w (« eiF£+] . where 7

to be paid for buying commodity h, and

h is the price

consuming g units of public good,

and having no cther income than his labour income will chcose a Consuhption

bundle amcng the solutions of the following program :

Max ui(xi,q)
mex, < 0

i
Xi € Xi

Let gi[ﬂ.q] denote the subset of scliuticns of this program.

Firms j = 1,..:,v are said tc be "uncontrolled”

system p, firm j plans to implement =z

faced with a price

production plan belanging to ths set

nj(p], the set of competitive production plans

dence of uncontrolled firm j.

fine the notion of fessible state”3

n.(p) = {y. e Y, | ney, = Max p.Y,}
jP Y5 Jl Y3 P
gi {(r,g) » gi(ﬂ.q) is the demand correspondsnce of household i.
n. ¢ p-+n,(p) is the supply corraspon
J m I
£E = Z gi is the total demend correspondence and
i=1 :
\Y
n o= Z n, is the total supply correspondence.
j=1
We are now in position to de
la Diamond-Mirrleed' or of weak sguilibrium.

DEFINITION 2.

A feasible state "a La Tdawond-Hinlees” on o weak equddibrium on

a (p-w) weak equilibrium con

bundles for consumers (xi] i
uncontrolled firms [ij, js=
the controlled firm (yo,q) R
X; € gi(n,q) ¥V i=
. € n.(lp) Y i
y3 ﬂJ : J
(yo,q) € YD

m v

ingZyj

sists in a segquence of consumption

1,«ve,m, of production plans for
1,.0:,v , of one production plan of
and of price systems p and 7 such that

1raea,m
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So the set of weak equilibria describes the possible states of
an economy in which no direct transfert can be made to the consumers —who
consequently only have a labour income— and where the planner has three main
policy tools :
He can, through a tax system, disconnect price systems p end m —since thers
is no a priori relationship between p and 7— ; he can implement a 100 % tax
on profits of uncontrolled firms —since no profits are distributed-, and
finally_he decides upon the lsvel of public good to be produced and upon
the production technigues to be chosen —since there are no other restriction
on [yo,ql than technical feasibility.
Models of this type, and assumptions underlying them, have been lengthily
discussed otherwise, and for example in Diamond-Mirrlees (1§71} : the reader

interested in more comments, should refer to this contribution.

The definition of semi-market eguilibrium introduces restrictions

in the conditicns of production of the public goed.

DEFINITION 3.
A semi-manhet equilibrium on a (p-w) semi-market equilibrium

consists in a seguence of consumption bundles (xj), production plans
(yj] > J = 1,0e.,v, of one production plan of the controlled firm
(yo,q) and of price systems p and w such that

x, € £,(w,q)
i i
yj € nj(p}

° > oy ! A .t .‘
PeY, 2 PoYg b4 Yy 8 t (yO ql) e YO

- L. ,0) € , @ o > pevy!
I¥ one calls Vo[p,q) {yD S.t (yO a) € YO and p Yy 2 PYS
Y yé{(yé,q) € Yo} the set of cost minimizing inputs vectors for producing
a level g of public good, an alternative definition of a SM equilibrium is

A SM equilibrium is feasible stata (xi)(yj)(p](w] g such that Y, € VO(p,q],

In a SM equilibrie, the planner has not the freedom to choose the
input combination for producing g units of public good, but is constrained by
the cost minimizetion condition. In other words the nroduction of the public
good is compatible with a private management of the firm producing it : it is

hence called & Semi-Market equilibrium.
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In the set of feasible states the subset of semi-market equilibrisa
is particularly interesting for the following two reasons
It allows taking into account the case, frequent in real economic systems,
where public goods are produced by firms with a private status which are
consequently faced with the production price system.
Even when public goods are produced by public firms, thase firms are not ge-
nerally given special instructions concerning the inputs combination and
. make economic computations on the basis of the price system of private goods
they actually face. Moreover in this model the private management rule is
compatible with the attainment of second best Pareto optimal states. (cf.
Diamond-Mirrlees (1971)).

A definition cof tight equilibria is now given.

DEFINITION 4.

Weak and Semi-Market Equilibria are said to be tight when ? Xy = f yja
‘ i o
We are now going to give a rather gehéral definition of the notion
of fixed tax system : a definition whose abstraction 1s justified by the
alementary homcgeneity property.
If (xi] (yj} is a (p-m) weak equilibrium or semi-market equilibrium, it is
also a (Ap-um) weak equilibrium or semi-market equilibrium (for X > 0, u > 0).
This remark leads us to consider that the basic objects are not the price
vectors, but the direction of price vectors, or the eguivelence classes of
the equivalence relation associated with proportionality : An eguivalence
class of 7mlresp. p) is the set of all price-systems 7' (resp. p’) such that

' = Am (resp. n' = Ap)} for some A > 0.
A general tax reform is then formally defined as follows.
DEFINITION 5.

A general tax sysiem ¢ is a sdngle-valued application from the set
, L, ,
04 equivalence classes o4 vectons of R, 4info ilself.

To svery eguivalence class of production price systems, ¢ asso-

ciates one equivalence class of consumption price systems. So a tax system
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does not de?ine taxes inen usual meaning, since taxes dspend upon the choiee

of one produqtion price vectcr in the eqUivalénce élass of production prices and
of one consbmption price vector in the eguivalence class of consumption prices.
A tax system, in this general sense, is compatible with different tax sche-
dules according to the normalization rule chosen.

On ﬁﬁé other‘hand, it is obvious that a tax system is completely defined
through a tax scheduie. once a normalization rule has been chosen both for
consumpticn and production prices.

For exanmpls & general tax sysfem is completely determined by a single-valued

G
2, the simplex of R"into itself.

mapping & from §
In the following, one will generally reason with both p, 7 belonging

to the simplex and will identify ¢ with thz mapping E. The tax schedule asso-~

ciated with this normalization is t{p) = g(p) - p, and depends upon p, even

if it describes “specific” taxes.

Two concepts of eguilibria relative to a given general tax systam,

can then be presented.

DEFINITICN 6.
Wech equilibrlum nelative o a fax system.

A weak equilibrium relatively to the general tax system 4, is a

(p,m) weak equilibrium such that = = E {p).

DEFINITION 7.
Semi manhet equdlibiium relative o o Lax sustem.

A semi-markst ecuilibrium relatively to the general tax system 4

is a (p~7) semi-market equilibrium such that 7 = 3(p).

Equivalently a semi-market equilibrium (xi).(yj)ip.ﬂ,q relatively

to taex system ¢ is a weak equilibrium relatively to ¢ such that y_ € Vo(p,q}=
L

Définition B concerns tax systems.



DEFINITION 8.

A tax system ¢ is said to be an effective Linancial soukce 1 s
(0)2{p,g) = - pex + X ¢ g(g(p],q) is strictly positive. for every
Q9

pe R ., g=0, were £(p,q) is defined.

The rationale for this definitien can be seen by looking at the
amount of resources dreawn from commodity taxation which is
E(g(p) - p)oz gi (E(p),q]? , an expression which reduces to Alp.g) (when
v £, (ma) = 0).
Noting that Af{p,q) iz independant of the normalization of 7 and that
Alap,g) = Mp,a) (for x > 2), one sees that the fact that ¢ is an effective
financial sourcs does not depend upon the normalization rule adopted for =
and p, so that it ié enough to check property (o) with p e gﬂ and ; as a

specification of ¢.

It must also be noted that the fact that ¢ is an effective finan-
cial source depends a priori both on ¢ itself and cn the economy through

its total demanc function.

However, if one restricts oneself to considering economies in
which commodities can be partitioned in two types, ccmmodities H1 which
can be only consumed in negative quantities (labor typel), commodities HZ2
which can only be consumed in pesitive guantities by all houeehold5[1)
{consumption goods), one can exhibit a class of tax system (therad valorem
taxed of public finance) which are sffective financial scurces independantly
of the specific characteristics of demend ; namely those associated with
3 such that (4

(1) Such constreints are taken through consumption sets X, .
&' ' 1

(2) In corder to nrove that ¢ is an effective financial source let us put

uo= ¥ Pt ) (1+ah] p,, end let us consider
heHt " he HZ '
1 q ~ ) X ~
R = t = .’X‘q —-— E—! 9 : ™~
= (8(,9)) A, q) Toip) 1 2 £, (0(a),0)
1
1

§l

heHZ i '
an expression which is nositive., from the definition of commodities HZ.



...']1..

p
~ ~ : h
¢hfp) = —72 o " Z [1+@h) ph' ¥ h e H1
heHA heH2

(1+a. ) p ,
h.D a >0, YhetH

L

heH1 D heh2
On the other hand, the reader will convince’'himself that in & given economy

it is always possible to define a tax system which is an effective financial

SOUTCE.
EXISTENCE OF EQUILIBRTA RELATIVE TO A GIVEN TAX SYSTEM.

h

THEOREM 1.
Undar the following assumptions :

)y, = a, + R, A, <0 , ¥i .
i i o i _

H2) Ei : (m,q) gi[w,q] is unigue continuous and satisfies

h+ B .
ﬂ“ii(ﬂ,Q] = 0 for every (mw,qg) eiﬁf ! such that Min(noXﬂ < 0.
H3) YD and Yj are closed and convex. O € YO .
H4) The set of atteinable states (of definition 1) is compact .

H5) [yo,q3 € YO and yé«« y => 3} g’ > q s.t. (yé,qs]e YD .

o

And if the tax system satisfies

Ha) It is an effective finencial source.
~ : 2

HE) ¢ is a continuous function on S .

Hy) p» 0 — 'r\;[p]» U

Then, there exists ﬁ*, n o= S(p*) s q* ’ x; s y§ , y: such that
xf = S.(w*,q*} orland'ﬂ*oxf = Min ﬂ*°X, = 0

i i _ i i

* * * * *

: , Y s

vy e nslp) v, € Y lpeal)

mo Voo,

DR

i=1 j=0

Such & state can be termed a quasi Semi-Market eguilibrium with

respact to the tax systam ¢.

Proof.
Let us consider an increasing sequence of compact convex subsets
K ok , k 2
S of §7 such that u S = 57 .

_ k
Let N be a compact disk of 3?2 containing all attainable xj,yj,yo in its

interior and [O;a] be a‘ségment containing all attainable g in its interlor.
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1}

Let Eitg(p],q) k{p,q)l g{[gtpl,q] be with k{p,qg)

with k(p,q) Ming1, Max tlt £, (8(p),a) € N, 3
One can check that k(p,g) is a continucus Function(']. Hence Ei is a continuous

\ k )
fupction on S x K<+.

Let ;j(pl = {yj € Yj!poyj Max po(Yj n N)} be.n, is a compact convex
valued upper hemi-continuous corrsspondence on Sg (hence on SK) and p~gj(p]

is continuous and positive.

And let §(p,q) = - p-J E;(Bp)iq) ¢ pef n,(p) s
L :

~

Let A(p,q) = YO n {ly’,g)|py’ 2 - Stp,a)} n N x (0,9},
is a continuous and convex corrsspondence on Sk x (0,q) (as intersection of
convex continuous correspondences. the interssction of which has a non empty

interior].

Let Qlp,ql : Max‘q'li(y’,q’) ¢ A(z,q)} be. It rasults from the maximum theorem
that @ is a continuous function on SK x (0,q) and that BO(D,q] = {y e ]RQ
{y,8(p.,g) € A(p.gllwhich is compact and convex valued is also upper hemi
continuous on SK x (8,9).

Now let tlp,q) = ] E, ().} - ] ntp) - 6 (p.a) be.

i ~ J
It comes from the definition of § that 2.z(p,g) £ 0. And ¢ is a compact and
convex valued upper hemi-continuous correspondence on SK X (O,Ed.

Let us consider the compact set TK = C(SK x (0,907,

To each z in Tk ilet uk[z) be the set of prices of SK which maximizes pez.
k

To sach (p.,z,g) € S x Tk x (0,g) let us associate the sat uk(z) x z(p,gq)xQ{p,al,

a subset of SK X TK X (D,Eﬂ . This correspondence has a fixed point.
There gxist p*k, z*k, q*k and ><*k = Ei(g(p*k3,q*K) y;K € ﬁj(p*K) ’
v e g (0,9™ such that :
0 0
m v
e : k ,
z*k - Z x;k _ Z yfk ) Z*k c C[D* ,q*K]
i1 j=0 J
g s p*Kez*K > Doz*k Yoo Sk.
/e

o e S o o e e e e e S s e e e S Ay oy A Ry =

(1) The set {tit gi($(p),q) e N} is convex and depends continuously upon
(p,q). It follows from the moximum theorem that k is the minimum of

two continuocus functions.

§ is continuous and strictly positive on S11 x (0,q) (because of Hald.HB, Hy,H1, H2)).

-
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Several remarks can be made :

1. Assumptions H1) to H5) do not call for long comments. H1)-H2)-H4) are
standard assumptions. H2) can be derived from the strict convexity and mono-
tonicity of preferences. H5) is rather inocuous : it tells that if all inputs
are available in strictly greater quentity, strictly more public good can

be produced.

2. The spirit of the proof of Theorem 1 is similar tec this of previous contri-
butions in the fiel: (cf. for example Sontheimer (1871), Mantal (1975)),
where assumptions and the construction of the proof were intended to define
a concept of excess demand meating the Walras law. More precisely, the assump-
tion Ha) for the tax system of being an effective financial source, is guite
similar to G4) of Mantel {1975). The differsence with Mantel's work are
howagver twofold : Mantel whose rezsonings apply to a more complex (unspeci-
fied general tax system) and more sophisticated (interdependant preferences)
system, is only concerned by the existence of what we termed weak equilibria.

Second, Mantel's C3) on continuity of demand correspondence does not hold

here.

3. The proof of Theorem 1 could be straightforwardly adapted for existence of
concepts different from thosz of semi-market equilibrias. Let us suppose for
example that the public firm be given special instructions for choosing its
inputé, so that it minimizes its cost when the production price system is p,
relatively to the shadow price system p(p).

Let us call a p-equilibrium the corresponding equilibrium concept. A state-
ment similar to Theorem 1 could be proved concerning p-equilibria through

appropriate modification of the definition of R(p.gl, Bo(p,q).

4, Anticipating on section IC, when & concept of n-5M equilibrium will be introdu-
ced, the argument of Theorem 1 could also be adepted for proving that such as

(guasi) n-SM equilibria do exist(1’.

(1) For that, the assumption should be made that the tax system is a n-effec-
tive financial source in the sense that the budgetary excess be large
enough to finance the bundle n(&(p,qg) > pen with the notatior of sec-
tion IC).

The reader is invited to sse which modifications should be brought into

the proof, "
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The existence of TSM equilibria with to respect to the tax system is based
upon assumptions concerning the tax system which are not inocuous : In par-
ticuler, HR) and Hy) imply that the image of SQ s 5(323 is 32 itself ($ is a
surjection). However, they ars not unreasonable on economic grounds : HR)
means that a consumption prica cannot be zero whzn the corrssponding produc-
tion prics is not zero. Hyl means that any commodity whose production price

1s zero cannot be neither taxed nor subsidized.

If HB(1) is anusual assumption, HB(2) which asserts that all commodities
which are not desired are "productive” in a strong sense, is strenger than

the assumptions made in similar contexts for the Walrasian model. Especially

HB(2) is stronger than the rescurce relatedness of Arrow-Hahn (1971) or than HI -

VII of Arrow-Debreu (1854). However, the fact that those assumptions are
insufficient for proving corollary II, can be checked by the reader (For
example the Arrow-Hahn argument (1971) crucially rests upon the unicity

of the price system).

THE STRUCTURE OF THE SET OF TIGHT SEMI MARKET EQUILIBRIA.

For an attempt @t exploring the mathematical structurs of the sets
of TSM eguilibria end Pareto-esguilibria, the following differentiability
assumptions concerning supply and demand functions will always be made in

this section.

- 28+ . ©
Hal For all (w,gq) € R s Ei is a C smooth function.
© s
For all p ¢ ﬂ?+, nj is a C smooth functiaon.

°g .
For all (p.g) eZR++1, Vo is a C smooth function.

Two normalisations conventions will be considered.

0

2 {
- the first one is that considered in section II : pe & , 7 ¢ S% . One will

09, Qg o] af
put 87 x S'L x R, def A,
- The sscond one corresponds to P, = n1 = 1 (commodity one is untaxed].

In this case the set of possible p and 7 can be identified with I?%-q. One
On . © 9 o . .
will put R. 7 x RYV xR, = A

o/



..17..

Ha) Being given., TSM equilibria with strictly positive production and con-
sumptien prices and strictly positive production of public good, are
complety defined by (p,w.q). One will restrict the attention to them :

(p,m.q) € Alresp. A') define a tight semi-market equilibrium if
and only if
(1) g g (mq) - § ny) - Yo lp) = 0
One will call € the subsset of A(resp. E' the subset of A’') of (p,m,q)

meeting equations (1].

This section is concerned with the elucidetion of the mathematical
structure of the set E{resp E’'). In economic terms, we would like to under-
stand "how many" tight semi-market equilibria there are and hew they are
related to each other. The preceding section has already given .us the conclu-
sion that there was at least cone tight semi-market eguilibrium as soon as
one was able to exhibit tax systems being effective finahcial sources. It
suggested at the same time, since a whole class of such tax systems can

generally be generated, that there were actually many "tax equilibria”.
Such an intuition is deepened and made precise in theorem 2.

THECREM 2.

If the following assumptions are made :

Ha) .
o anl.h‘
Hb) ¥ p » 0, let the 2 x £ matrix 3n = e -le csvel be
3 %, ¢
Jp]
o ’
N : === anh
¥Y¥p>» 0, VYqg>0, let the 2 x £ matrix 3¥_ = |.... seae
0 ap
» { kjlp,ad
. VR
Yp>0,q>0, { Z anj + 5VQ.15 of rank 2-1. :

. J
H7) The preference relation of each household can be represented

"by an utility function which is separable between private and
public goods :

ui(xi.q] = u,, {x,) + (q)

1171 Y42
H8) The marginal cost for producing the public good is always
strictly positive ¥ p » 0O, q > O,
If El(resp E') is non empty, it is a smooth manifold of dimension
2-1 .




The proof can be tied up with lemma 1, which is of independant
interest.
Lemma 1 : Lat Hal, Hb) be

Let p,7, define a TSM equilibrium such that aither pe(dE) ;o 0 or

’e 3y
— - ("¢
"'[‘a‘d} @ P [‘5’5‘} G =Y

Then, there exists an open neighbourhood U of (5;?353 (4 < A) such that (U n E)

,q)

be a smooth manifold of dimension &-1.

Proof : Let U be an open neighbeurhood of 5}%15’1n A such that everywhere in

R Y
U either p+(3g) =0 or po{%g - 7;?} # 0 ., Let us consider the map f : U > R"
&
such that :
flp,mq) = glmq) - ) ) - Y (e
The jacobian maetrix 4df is
L R, - — i/
Co 1 }": ey S Bro
d'F{ 2 My ) = '3 1 1=-37 -3 {"—- = mam—
Pae ' Lé[."'.q‘]: c_p)__olka Taq (p,m,q)
ay 3 :' aY —
aE o . h ah L ==
where 5q 5q %s the vectoer g - 3 and an § 8nj

- (5;_+ 37;3 is of rank £-1 (cf Hb) ond it is wsll known that p«[3§137;) = 0,

Hence, one can extract from ?? + 37; (2-1) column vectcors YqreeoaYy g

which are linearly independant and such that poyi = 031 =100e,8~%,
I p-g? =2 0 , one can extract from géione column vector Yo such that Py, =0.
8y aY
° —8-5- - _.-9. - « 2] = -?-g- - ..—-—O.. -
If p [Bq_ g 0, ons takes vy Ba 5

In any case, (yi) i=1,..:,8 define a set of 2 linearly independant vectors

and rank df = ¥ p,n,g ¢ U.

{cf. Millnor (1%55]p.1ﬂ, or Guillemin et Pollack (197411].
Hence by the preimage Theorewl n £ (0) is a smooth manifold of dimsnsion

28-1 (dimension of the manifold {) minus ¢ i.2.2 ~1.

QnElDl .
, ' av
Let us come back to Theorem 1 : H7) == EE% = 0 and HB) === p'jig > J.
v
- It follows that po{%% - 7;?} 20 V¥ (n,m,g) € A, Hence conclusion follows.

/-
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One can notice that for proving Theorem 2, one needed H8) which is rather
inocuous and H7) which is strong. This does not mean that the fact that E-
is a (2-1) manifold is a property which is rarely true, where one considers
the "whole” set of economies. At contrary, this property which is always
true in the small set of economies with separable utility functions, seems
to be "generically” true : it may be‘wrong for some specific data defining
the economy but is "nearly always” true.

épchaan assertion can be mads meaningful only if a notion of neighbourhood
0% economy has been introduced, and if a natural measure on the corresponding
tdbological space of economies has been defined.

It is clear that a fully satisfactory treatment of this question —-with all
ele@ents of the economy endowments, preferences, production sets as "para-
meters” of the space of economies— would reqdire an effort which is out of
the écope of this paper.

However, one can catch a part of the essence of the phenomenaon and justify
to some extent our above intuition, through the consideration of a crude
notion‘of neighbourhood of economy.

Let us precisely defins

En = {(p,n.d) € A[g gi(v.q)'-z nj(p) - VO(p,q) = n}.
n can be considered an exogeneois manrna.

Eo is nothing else than E and an n economy with n close to zero is close

to the initial economy in the sense that all components of the exogeneous
manna are "small”. So the set of economies is identified with a subset of the
Euclidean space Eﬁ' and a simple —although imperfect— concept of neighbour-

hood is dsduced.
One has then Theorem 3.

THEOREM 3.

Let V be a neighbourhood in Fﬁ’ of the economy considered in this
{1

section, neighbourhood such that E 2@ ,¥nel.

Then, there exists a closed set, U , of measure zero in }? such that,

Yne Vlo ’ En is a smooth manifold of dimension 2-1.

Proof : Let us consider f : (p,m,q) ¢ A » f(p,m,q) ¢ ]Rgdefined just above.
According to SARD's theorem (cf Millnor (1965), the set of critical values

l/l

(1) Cf. remark 4, p. 15.
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of f in V is of measure zero. The inverse image Theorem already referred to

leads immediately to the conclusion.

THE CONTINUITY OF TAX EQUILIBRIA.

o (-]
Hc) : Ha) and Hb) above are true on HR& x IR& x R_ .

Let us consider now E' < A’ when E' is a smooth manifold of dimen-

Ty

27P2

sion #-1. Let then be v : E' +» BRQ 1 defined by v(p,m,q) = - ip . v is a
: . : (AL

{smooth) function associating every tight semi-market equilibrium with the

tax vector corresponding to the second normalization rule adopted in section IC.
(which is the more natural from an economic viewpoint). It is remarkable that

the map "starts from” and "arrives in” manifolds of the same dimension.

Hence, a very informal reflection suggests that the function general-
ly defines local diffeomorphisms between equilibria and taxes, which means in
economic terms that the number of equilibria is locally constant and that these

equilibria are continuous functions of taxes.

One will try in this subsection to make this argument precise while
remaining reasonably simple. For that one will introduce assumption Hec) which
provides a minor technical precision on the differentiability of gi, VO, nj and
assumption HY) which mainly concerns the boundary properties of supply and demand

functions :

4

Hc) extends the differentiability properties Ha) and the rank property
(] o [
Hb) to g = 0, i.e from the boundaryless manifold ﬂ?f X ]?f X ]?+ to the manifold
o o
with boundary ]Rf X ]Rf’ x ]R+ .

: (]
H9) 1<V h=2..,0,E(mng >0 forall (1,g) ¢ R x R,
2-Vh=2,.0,8, if —=>+0 then |[[E(m)]|» + =
“ ]
3-V¥h=2..2,Yq20if —>+0, then Intp) + ¥V (p,q) || » + =
h
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Kk
p

4-VYh=2,...,0,VYq20if ED'* + 0, then Ye2 0, for k large enough,
1 !
Kk K
nh(p ) o+ Voh(p ,q) < e .

H3) is economically justified if there is in the economy one type of
labor —commodity 1-, if all others commodities are desired in the sense of HB1)
—which implies H92)—, if these commodities tend to be supplied in infinite amount
'when their prices tends to infinity relatively to labor price H383) ~which is
assured for example if labor is productive in the sense of H62)— and if their
supbly:tends to be negative when their prices (relative to labor) tend to 2ero
Hs4) .

Then, one can state theorem 4.

" THEOREM 4.
Let Hel), H4}, H7), HB), HI) be.
Then, for all T_ e 3?2—1 ., which are outside a closed subset of a

| measure zero in B?£—1 . the following holds
. The number of tight semi-market equilibria associated with a given

tax vector TO is finite(ql.

. 3 a neighbourhood of TO s V(TO] where ’

-V Te V(TO], the number of TSM equilibria associated with T is
constant.

- In V(TOJ characteristics of a given TSM equilibrium can be expressed

as continuously differentiable functions of T.

[o] o}
Proof : We first note that B?f x ﬂ?f x IR, is a manifold with boundary denoted

A’ . Hence, with Hc),the argument of theorem 2 can be repeated and

B - {(p,m,q) e A" | g;(ma) - alp) - ?O(p,q] = 0}

is a smooth manifold with boundary of dimension £-1. Let then consider
"2 5 P2

; : (p,7,9) € E' > E € 3?2—1 and let us prove that ; is proper .
Ty T Py

4

Let € be a compact set in IF\’Q'_I and let an infinite seguence [bk,ﬂk,qk) be

(1) Obviously this number may be zero. However, one may notice that for TO >> 3,
the tax system is an effective financial source : hence, if H3) and H5) are

added, theorem 1 assures that this number is positive for a such a To’
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in ;—1(81. This sequence 1s necessarily bounded : if not, there would exist

at least one h such that both ﬂg and pﬁ be unbounded (since qk (H4] and |nE - pE'
are bounded) ; but E% would tend to zero, which is excluded by H83)} and H4).
Hence the segqguence Egs an accumulation point pw,ﬁm,qm.

By H82), W: is different from zero, V h. Hence lim Eh(ﬂk,qkl = Eh(ﬂm,qw) > 0.
But p: = 0 would imply that for k large enough, nh[pk) + Voh(pk,qkl <eg,VYVe>0

$1894)) which contradicts the fact that pk,wk,qK is a TSM equilibrium.VY k,

Hence (pm,ﬂm,qu e A , which proves that v is proper. Conclusion follows.
Let us briefly discuss the assumptions underlying Theorem 4,

- As we noticed that assumptions Hb), H7J, HB) were not nemessary fer sbtaining
the statement of theorem 3 which could be proved in a suitable framework to
be generic, we may remark that a corresponding generic version of theorem 4
could be given which would not refer neither to the rank assumptisn in He) nor
to H7), H8J.

. It also clear that Hal) could be relaxed, smoothness of n. being only required
. o J
on aset T { 2 E?f), the interior of the polar of the asymptotic cone of

Yj( 2 IR?J. HS) being modified accaordingly, theorem 4 would remain true.

. It is more difficult to dispense with H39) which may look strong.
However, it is only for the sake of simplicityv that intermediary goods are
excluded (cf H81) : they could be introduced without major difficulties. It
must also be noted that H91) and H83) are standard. Even H94) is reascnable.
Furthermore one was unable to see how it could seriocusly be relaxed without
introducing considerable technical difficulties for proving the theorem. The
most serious restriction is in the assumption of existence of one type of

labor which plays apparently a decisive rocle for letting the argument simple.

Finally, let us briefly discuss the case, corresponding to the first
normalization:procedure, where the tax system is defined by a mapping Ea depending

upon a vector of parameters belonging to an open subset 0 of an euclidean space.
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If adequate differentiability (¢ is C” on § x 0 ) and transversality condi-
tions were assumed on ¢, and if HQ 1) were reinforced in order to rule aut
cases wers Ty and P4 tend to zero, a theorem similar to theorem 4 (T € HQ -

being replacsd by a, € () could be obtained.

11 - THE PARETO RANKING OF TAX EQUILIBRIA.

~Contrary to'the first section, which focused the attention on the
founcations of the model, its logical consistency and its basic prdpertiess
this section is devoted to the study of its normative properties aﬁd concen-
trates on the Pareto ranking of tax equilibria. This guastion is examined from
two viewpoints
Given a semi-market equilibrium, is it possible to find, & neighbour semi-market
equilibrium whiCh would be Pareto better ? This is the prublem of . the direc-
tion of tax reform treated in IIA.

Are there many tax gquilibrie which cannot be 1mpraved upon by tax
and public good productian manlpulaulans ? This is the problem 0? the »gize”
of the set of second best Pareto optima relatively to the set of tax equili-

bria, trested in section 118.

In the whole section. we will have to consider the marginal willing-
ness to pay of agent i for the public good.
C {r,q) will designate the merginal willingnsss to pay of household i when
tha consumption price systam is 7 and the level of public good a.
Commodity 1 being the numeraire and taking & differentiable reprasentation
U of i's preordnring ~gunposed to exist—, and assuming Ji(w.q) unigue one

has :
BUi :
def  3a
C (w,q) e N wheare (.1 = .[Ei(v,q3.Q] .
{
w—(.]

Bx1

We will need'iﬁ saction IIB smoothnsss of C? , under the following form

of s



IIA.

- 24 -

. o s
Hel Ci-:'(w,q}~+~ci(w,q] is a smooth C function on ]Ri » Fg_, ¥4 = 1, camvemMe

THE DIRECTION OF TAX REFORM.

The 1line of argument for the analysis of the direction of tax reform
proposed in this section does not depart very much from that proposed by the
author in a prsceding article, applying to a similar model without public
good. Hence, the proofs will only be sketched, and the amphasis will be put

on the conclusions and on their specifieity.,

Let us first introduce scme piece of notations :
The TSM equilibrium we start from is indexed by zero (as if it were the point
of departure of a time process).

We put xi(o] = gi(w(o)) . yj(o) = (pla)) ., yO(o] = Vofp(o),q(o]]

"3
and denote Ezg(o) . 5}5(0] , g?g(o} the speecification in ple), wlo), glc}
of the matrices precedently defined. Eé(o) denotes the vector of partial deri-

3q
Y
vatives of total demand with respect to g and 7%? {0) is the vsctor of margi-

nal inputs necessary for a marginal increase of public good.

Ci[o] = Ci(ﬂtol.q(o]) is the marginal willingness to pay of i in state G.

aU

75:{0) is the vector of marginal utilities associated with a differentiable
U,

Ui in xi(o) » glo) and 75%[0) is the corresponding marginal utility of public

good.

We are now in position of defining the following sats :

Ko} = {(ab) ¢ R" x Rla.x,(0) = b Clo) < 0 , ¥i}

Kta) = {(a,b) ¢ R" x Rla.x, (o) - b Clo) < O , Wi}
. 3y

Qo) = {la,b) ¢ B" x R |p(o).9¢(c).a + b plo) - %%[o) - 7;9(03} < 0O}
e ———y e%’l

FrQ(a) = {(a,b) € R" x R|plo).3E(0).a *+ b plo). %—2—(0) - Tqﬂtol] = 0}

One will give precise definition formalizing the intultive ideas of Peasible

and advantageous directions of tax reform.



A direction of consumption prices chenges —dénoted'%% as if it were related

to an infinitesimal move of a t%Te variable 1 of production prices changes
change S
dp , of public good production/denocted %% , are equilibrium preserving if

dt
and only if
X dx
Lo @Y o L SR on 9T . i tg
G= S @with g7 = e ek gr ¢ 5ol
3Y
& . T o)) 88 . 8. %
= (anlo) + 23 o(O)] e + 3q(o) T

1 dx, ,
EE-EE-QEJ will be tight equilibrium preserving if and only if Z 75} - & .
i

(dt’dt dr dt
(dp dm dg} . . . o e
xdf'ﬁT’dr will be strictly Pareto improving if and only i :
a) It is equilibrium preserving.
dUi an — dn BUi n
—~= = —~—(0]J.9 e —={p} == > 0O , .
b) = 3 (o) agi(o) i 3 o) e ¥ i

Onz can prove the following.

Let us suppose that (plo),m(o),glo)) ¢ A’ is a tight semi-market equilibrium
such that :

- utility functions Ui are continuously differentiable in xi[o],q[o] and
au, au,

1 1
3X[O) > 0 ,—-é-a—(ol >0 .

monatonic in the sense that

- Ei s nj > Vo ’ Ci are continucusly differentiable in state 0.
- ?;Yo] + 37;(01 is a matrix of rank £~1[‘].
Then, for any direction of consumpticn prices and public good production

changes Pﬁlﬁgq belonging to Qo) , there exists at least one direction of

dt’ dr
producticn prices changes g such that dp dm dg be equilibrium preserving.
N K dt ' dt’drt’dt ' ’

e o - = e gy = T T ou S e o i n - . S i = o

(1) Hence, in addition to the differentiebility of U, , we need local versinns
of Hal, Hb), Hel.
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If, moreover [%%u%%ﬂ e FrQ(o) , the direction of production prices change is
. dp dn d . . A
unique and {dT'dT’dT is tight equilibrium preserving.

The proof rests on the following preliminary result.
Lemma_: Let V(o) = {u ¢ IRnlp[o),u = 0}
Then 3?10) + 3Y(0) defines = one to one linear mapping from V{2l on to itself,

denoted Alol.

The lemma rests on a simple argument of linear algebra, that the

reader will find in Guesnerie (1877).

Let [g%fgg} e Frl(o)
dX = dm 3 SVO dg
Let us put el 3&(o) s + {53(0)<- ~§Er(o)] P
As p(o).gé- = 0, the above lemma implics that one can define %%-= A(o)-1 %é .

It follows that —q‘i,ﬂ,—qﬂ ie tipght eguilibrium preserving.
dt 'dt drt) .

dt’dt

the reader will notice that there are several ways of defining g% and that

o
I [dﬁ dQJ e Qo) , the argument will be slightly modified. In this case,
p dr dg is no longer tight eguilibrium preservin
S dtide’d) g‘ ig q np &

Under, the same assumptions as in proposition 1, for any direction

() ¢
EE.EE € Qlo) n K(o) , one can find at leest one direction B sueh that
dr’dr dt

dp dmr dg . P ,
(dr’dT’dT] be strictly Pareto-improving.
(o]

If, moreover, 93323 e Frlc) n K(o} , de is unigque end is tight equilibrium

drdr dt
preserving.

dUi 8U13=m d BUi dq

For proving it, it is necessary to con51der‘7ﬁr = (?;?}a 1 H?~+ 5 o
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It results from the assumptions that gilw.q] is a solution of the pragram

Max U, (x.)]{x,|7(o)vx, = O} . Hence, there exists u (o} > O s.t.
TR it” i U i
i i
— = . . 3 VWG e = C .
ax(o) " ui(m] m(o). It follows aq(o} pi[D) i(o]

Finally ~=(a)® - u, (o)x, GF + (o) G R

Considering the definition of Qlc) n K(c) and proposition 1 leads to the
conclusion.

The directions of unanimously advantageous directions of tax reform have
pean proved to belong to the intersection of a certain number of hyperplanes.
The various possible’configurations of such an intersection are‘examined in

theorem 6.

THEOREM 6,

. , £+

Let Alo) be the following cone in R .

Alo) = {la,bd)|a = Z A xi(o) » bBo=o- Z A Ciiol.
i i

for some A, 2 OJ.

i
Then, the existence of strictly Pareto impreving dirsctions of tax

reform depends upon the position of vector v(Q)

o o aY
v(o) def (plol.38la) , p(o]e{%g(o] - 7;${G)}) relatively to Alol.
al If vio) ¢ - Alo), thers does not exist strictly Pareto improving

directions of tax reform.
b) If v(o) € + Alo) , then there exist strictly Pareto improving
directions of tax reform but none is tight equilibrium preserving

c) If v(o} e ClA(cY u - Alo)) , then there exist tight equilibrium
' preserving and strictly Pareto improving directions of tax refor,.
The proof, which is only sketched, consists in establishing that cases al and
b) are respectigely equivalent to ;[o] nQ = 2 , ;[o) n COlo) = @

(at least when K(o) is non empty, which ie clsarly true herel.

n/u
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,The'statement cells for three types of comments.

One must underline the intuitive content of proposition 1 et 2.
ar dg
dt’ dt

of the public firm induced by the prices and public good production changes

e (o) means that the change in total excess demand of consumers and

and measured with prrductlon prices is negative.

dt’dt
consumption bundles induced by the prices changes corrected by the willing-

{girgg € K(o) means that for every consumer the variation of cost of his
ness to pay for the public good production change is nsgative.

Proposition 1 also gives an intuitive understanding of the fact that thg
TSM equilibria define a smooth manifold of dimension £-1 ¢ -1 "degrees of
freedom” are given in choosing consumption prices, one corrassponds to the
public good production choice, and one is substracted since ths preceding
changes are related through the fact that the corresponding vectors belong

to Fri(o).

Part b) of the theorem points out & property which may loQk strange at
first sight. It indicates that it tends te be impossible to obtain a small
Pareto-improving movement of the system without keeping aside some of the
produced goods. In others words, small Pareto improving movements may be
impossible without inefficiehcies in production. Thess inefficiencies will

be temporary in the sense that second best Pareto optima of the model are

‘known to imply —under minor restrictions— efficiency in production, This

prcblem of the existence of "unavoidable temporary inefficiencies” has been
lenghtily discussed in Guesnerisz (1877), in a model where public goods are
not taken intc account. The specific insight which can be gained from the
analysis of this sectioh, where public goods are explicitly considered, is

that the occurence of the phenomenon of unavoidable temporary insfficiencies

is more unlikely, due to the fact that condition b) can bz met ooly when

plo) “E(O] is negative and greater in absolute value that p(o)a—«—(ol

For example one can state, in the case where utility functions nre separable
between private and public gocds that the phenomencon of unavoidable temporary

inefficiencies disappears.

Proposition 3.

Under H 7 , case ) of Theorem 5 cannot occur.

l/l
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THE SIZE OF THE SET OF SECOND BEST PARETO OPTIMA.

It is known from the literature that the second best Pareto optima
relative to the feasible stetes 'd la Diamond-Mirrlees'—i.e. the maximal
elements of the Pareto preordering on the set of feasible states"a la
Diamond-Mirrleed™ coincide approximately {under minor restrictions) with
the second best optima relative to the set of semi-market equilibria.

It is why one will directly focus the attention on these latter second best

optima. -

-

. mhﬁfﬁ¥ﬁ*:iﬂ*. q*J be one of them supposed tight. Intuitively,in such a state

there will not axist strictly Pareto improving directions of changes. Hencs

it will mset condition a) of Theorem 6. This is confirmed by Theorem 7.

THEQCREM 7. (Diamond-Mirrlees)
Let [p*,ﬂ*, q*] be a tight semi-market equilibrium sscond best
Parato coptimal, and meeting the assumptions of proposition II8.1
Then 4 Ai =z 0 ms.t.

p (3 g = - ) A E (¥)
(*)
i=1

aY m
G 1514 B () _
P [{aq][*) {aq]t*}] LB

A proof could be given from thecorem 6, by proving that when condition a) is

ag
a sm111 but finite strictly Parets improving move of the system, by an ad hoo

not satisfied and thét &30(5%) p* [ag)(*] - [ C)(*)] # 0, there exists

'argument similar to this used in Guesnerie(1877). An altsrnative classical

proof would use the Kuhh-Tucker theorem.

Thia preliminary characterization result being recalled, we will
try to understand the basic features of our problem through a dlmple speci-
fic exampls.

Let us then look at an economy with 4 commodities. Commodity one is labour.

Commodity 2, 3 are consumptlon commodities. Commodity 4 is & Ublic good.

" Technologies are of Leontleff type 30 that competitive production prices

equals 7labour value"” E' = 1,,..352. Commodity one being supposed untaxed,

ﬂ/ﬂ
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a consumption price system is completely determined by the taxes tz, ty:
N =

Taxes t2, t3 associated with a tight
semi-market equilibrium defines a
subset oFZRz, which if cone refers
to theorem 1, may have rcughly the

shape indicated in figure 1.

Let us now suppose that t, belng

2
given the receipts of the Governement
are an increasing functicn of t3
{this is not a genersl propertyl.
Then, t2

prices being constant, thers is a one

being given and production

to one relationship betwean t3 and
the level of g which can be produced.

The set of feasible (tz,q] can be

represented on figure 2, which

visualizes the manifolds E' of saction 1(1),

Figure 2.

Now one can represent preferences of each household as indirect preferences
depending upon the tax system —implicitely determined by tz and g, and upon

the quantity of public good. 0

Generally these indirect prefersnces
will determing & bliss point (the
optimal tax system for the considered

consumer) and indifferences curves

surrounding it as shown in figure 3.

Obviously these preferences have™no

N

reasorn’ to be convex .

Figure 3.

(1) Let us remark that this figure suggests that the manifold E' is arc

wise connected, a property which does not seem to be pgeneral.
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A synthetical view of the problem is given in figure 4 which
con31ders the case of three consumers A B C. This diagram which bears some
51mllar1ty with the diagram supporting the analy31~ of Zeckhauser—Weinsteln

(1974) in & related but diffsrent context, suggests vhe fallowing remarks.

- All points outside the curvilins triangle A B C are Pareto dominated by
point inside A B C which are second best Pareto optima. If preferences
where convex, the set A B C would be topologically close to a simplex as
arguad by Zeckhauser- Weinstein (1874). As they are not, the topological
nature of the set of second best optima 1s generally more complicated

than what is suggested hers.

- If there wers only two consumers A B, the set of second best Pareto optima
would reduce to A B and would gensrally be negligible in ths set of tax
equilibria.  With three consumers, unless Cis on A B, A B C has a positive

measure and may be "big" with respect to the menifold E’'.

\\\-\__m R
s

Figure 4.

e
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This analysis shows that an importent parameter of the size of the set of

" sgcond best Pareto optima is the relstive number of goods and consumers.

This point will now be sxplored.

As following will make it clear, the property we want to focus on
is not always true, but only ”generic” in the sense of differential topo-
logy. So we are led to consider as in section IB. a set of ecconomies asso-
ciated with a notion of distance of sconomies which realize a compromise
between simplicity and generality.
To that extent, one will suppose that an economy is associated with a vector

Q, -

IRZ a=(v,e,u),ve}RQ,ee]RQq,ueIR.
The refarence economy we consider in the paper is characterized by its
total supply function n(pl) , the public supply function Ve(p,q), its demend

functions gi(n,q) and marginal willingness to pay function Ci[w,q).

The a-ecanomy is characterized as follows :

nlp,a) = nlp) + v
= 4 3 - = I
Voh(p,q,a] /Dh(p,q, me, - o= 1eeea, 871
Vozip,q,a) = Vog(p,q]
Eih[w,q,a) = Eih(w,q] ey s h=1,..,2-1 , 1i=11,...,m
iiﬁ(n,q,a] = Eig(n,q]
Ci(n,q,a] - C, (m,a) .+ u ' 1= 1, eae,me
One defines naturally :
Ela) = {(p,ma) e A |JE (mgse) - Ln,(pae) - ¥ (pgsa) = O
j J
the set of TSM equilibria of the economy o .
And
P(a) = {(p,7,q) ¢ E{(0) ! 3 Ai > ( such that
e BVO g
3 7T 389, U.J + g Ei[’ﬂ;q;a] = 0 ’ pel- "':,:—‘5" [D;q;ﬂ] + %(WJQ)a)]
- z Ai [ﬂ g.a) = 0} the set of Parsto equilibris in economy o , i.e.
i

the subset of TSM equilibria which satisfy the necessary conditions of

sacond best Pareto optimality established in Theorem 7.

:/l



. The main conclusion suggssted by the above specifiec example can

now be confirmed by Theorem &.

THEOREM 8,
‘Let us suppose that the assumptions Hal to Hc] held.
Let @ be an open neighbourhood of O in E? such that ¥ a ¢ 8,
Pla) # 0 .
' Then, for all ¢ e O\1 whers 1 is a closed subset of measure zero
the following holds : '

Ifm< 2 Pla) is of measure zera in E{al.

. , _ o (M)
Proof. Let us consider ¢ @ A x Ff?-*ﬁng defined by
wh[p.n,q.kl = Z Eih(ﬂ,q) - nh(p] - Yoh(p,q] , h=1,044,8
1 (o 5
l’)h(p;‘":q:l) = - ZDK{ET) ('ﬂ':q} - zxigik(ﬂ'q) h = 2"1; s .,2(‘
Itk VR i
1
1 {
A oY
0y, (Po1aG0) = = |n. {25\ () - 5=tpaa)| - IaC tmd)
)Y “ i .
4 .
i
Let Pla) = w_q(u] . It is not difficult to check that
Pla) = ProjA Plald.

But Sard’s theorem assures thet the set t' of critical velues of ¢ in © is
of measure zero.
P

For any oo € & \ t', Pla) is a smooth manifcld of dimensinn 28-1 + m - 22 = m~"

(inverse image theorem].

Let now ¢ : A=~ R" be.
(b(D;TT;CI] = Z gi('ﬂ-:q) - n(p) - yo[p,q)a
5 i )
One can check that Ela) = ¢ 1(&] and for all o ¢ ® / t", where 77 i5 2

subset of measure. zero in © , E(a) is a smooth manifold of dimension =1,

(1) It is important to notice that in the optimal tex formula, Ai and p
cannot both normalized. This implies that one has to consider H@ as the

set of possible A in this proof.
i
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Let then v be the prajection function : wip,m,g,A) = (p,w,q) and v its
restriction to Pla) : v : Pla) » Ela),
It is clear that Image v = Pta). Then, accorcding to Sard’s theorem

m-1 < 2-1 implies the searched property, for e. e 0 / ' U 1",

The result calls for one Fihél remarka

Remark : It is clear that our notion of o economy is not fully satisfactory
so far as one did not prove that the supply and demand functions can bea
derived from preferences and production sets, a point which is not rigorously
true (ef the boundary problems]).

One can justify the approach presented here, by arguing again that a fully
satisfactory treatement would require e heavy apparatus and a longer and
more technicel analysis and by noting that a less ambitious interpretation

of the prooerty can be given.Ela) being considersd the set of states which

"

are "nearly” equilibria "& v prés” and P(a) being & set of states which are

»”

nearly Pareto equilibria "a e pras”.
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