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LA DIRECTION DE LA REFORME FISCALE 

L'approche traditionnelle des études d'économie normative concentre 

l'attention sur la caractérisation de politiques "optimales" (théorie du 

"second best') La perspective ainsi adoptée conduit à des résultats qu~ 

dans la mesure où ils ne permettent pas le calcul effectif des dites 

politiques optimale,,ont l'inconvénient d'être peu opératoires. En 

d'autres termes, il semble plus important concrètement de connaitre la 

direction de la réforme, c'est-à-dire le sens des petites modifications 

à apporter à la politique économique pour améliorer le système en regard 

d'un certain critère, que d'avoir des informations partielles et abstraite 

sur l'agencement "optimal" des mesures de politiques économiques. 

Dans cet esprit le papier présente un algorithme de "réforme fiscale" 

dans un cadre simple. 

La première partie du papier définit 

- Le cadre théorique de la réflexion. C'est celui d'un modèle qui se 

prête bien à l'étude théorique de la fiscalité indirecte et de son impact 

sur l'allocation des ressources et la distribution des revenus (modèle 
type Diamond Mirrlees), 

- l'état initial du système : C'est un équilibre relativement à un système 

fiscal donné (système fiscal de type TVA). 

- Quelques résultats techniques préliminaires 

La seconde partie de la note présente les conclusions obtenues. 

- Tout d'abord, on caractérise les modifications de taxes q•Ji sont 

"réalisables~ 

- Parmi ces modifications réalisables du système fiscal, onexhibe 

l'en~~mble de celles qui sont satisfaisantes en un sens Parétien. On 

donne des conditions pour que cet ensemble ne soit pas vide. On obtient 

./. 



ainsi comme sous produit de l'analyse la caractérisation des états 

optimas de second rang à laquelle conduit l'approche traditionnelle de 

la théorie de la fiscalité optimale . Cependant le résultat ne repose 

ici ni sur une fonction d'utilité collective ni sur le recours explicite 

à des techniques d'optimisation. 

- On met aussi en évidence. qu'un des résultats essentiel de cette 

théorie -la propriété d'efficience de la production - vrai à l'optimum 

peut être mis en défaut le long d'un chemin y conduisant, Pour améliorer le 

système au sens Parétien,il est nécessaire et inévitable, en certains 

états, d'accepter des inefficacités temporaires, 

- La mise en place d'une réforme de grande ampleour requiert la résolution 

de systèmes d'équations différentielles qui sont présentés, et qui 

font clairement appmraître les antagonismes et les conflits entre agents 

dans le processus de réforme, 
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Oespite of the rapid growth and recent achievements of the 

optimal·taxation literature, the methods and approach of this current of 

research have been criticized on several grounds, Criticisms came either 

from contributors in this field aware of its shortcomings, -~internal" cri

ticisms- or from specialists reluctant to the 11./hole approach -"external" 

criticisms-. "Internal" criticisms put the emphasis on the fact that the 

knowledge of optimal taxes may be useless for ~ractical purposes since 

"ê!ctual changes are slow and piecemeal" (M. FELDSTEIN [ 1975]) and that ''policy 

changes which appear to be steps in the right direction but stop short of 

attaining the full optimum can redues welfare'' (DIXIT [1975]). "ExterMal" 

criticisms express s!s,epticism about the use of a social welfare function 

which does not "exist, independantly of the mutual adjustment process itself" 

(BUCHANAN~975)Jand correlatively stress out that the optimal taxation frame

work ignores the existing tax system, the conflicts about changes, and the 

considerations of horizontal equity which have been an important tapie of 

thè previous public finance literature (see MUSGRAVE [1959]). Such objections 

are clearly exposed in BUCHANANB97~who advocates returning to a previous 

theoretical tradition,; that rie terms "Wicksellian", 

Bath "internal" and "external" critiques could to some extent 

agree with M. FELOSTEIN's proposition L1ij75] aimed at shifting the emphasis 

from "tax design" which is the topic of the optimal taxation literature, to 

"tax reform'' which "takes as its starting point, the existing tax system and, •. 

consider the position of each indivtdual before as well as after any proposed 

change'', 

Actually, as convincinfly argued by Martin FELDSTEIN the 

problem of tax reforrn has many dimensions that cannot easily be simultaneously 

captured, The purpose of this paper is to focus the attention on one aspect 

of studies in the field of'. "tax reform"., concerning what can be terrned the 

problem of· thea' direction of tax reform. More precisely, instead of as king the 

traditional question "what are the characteristics of optimal taxes?", one 

will attempt ta shed light on the following problem "given an existing tax 

system,are there feasible a.nd "satisfactory" (relatively to a given criterion) 

small moves of the tax system which can be implemented ? " In other words, 

"are there desirable directions of tax reform ?" , 

. /. 
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Let us note that preoccupations underlying the above questions 

are not navel and that problems of a similar type have been raised in the li

terature.(see for example the recent work of DIXIT [1975])end specially in the 

international trade literature - cf. NEGISHI [1971]-.The specific goal of this 

note is ta consider the above questions in a Diamond-Mirrlees'world, i.e. in 

the framework of the most well-known modal of the optimal taxation literature, 

with the aim of exploring the relationships between the "tax design» and the 

"tax reform" points of view alluded to above, Keeping in mind this line of 

arguments, two kinds of results will be obtained : 

- First starting from a given equilibrium correipcinding ta the 

existing tax system, one will explore neighbour equilibria in ordèr ta exhibit 

directions of tax reform which are bath feasible and satisfactory in a Pareto 

sense i.e, satisfactory for all agents, When such directions will actually 

exist, they will be characterized in a way allowing an effective computation 

of the càrresponding change of taxes, A striking result will appear making 

clear that temporary inefficiencies in the production sector may be desirable 

in the process of tax reform dispite of the ,;efficièncy" property which holds 

for optimal tax design. 

- Second best optimal states are states for which no feasible 

and satisfactory changes in taxes exist, So, characteristics of optimal taxes 

will appear as a joint product of the analysis of thè directions of tax reform. 

This will provide a diffe~ent proof of soma of the Diamond-Mirrleès'results, 

a proof which does not refer neither ta a concept of social welfare function, 

nor ta explicit optimization techniques. 

The note will proceed as follows 

In a first paragraph, all elements of the problem -model and 

notations AI, the starting point in B1-, and some prelimi-

nary results - CI- and definitions - DI- will be presented. In paragraph 8, 

feasible moves of taxes -BI- and Pareto improving moves -BII-will be characteri -

zed. The results will be commented in III, 
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A PRESENT A TION OF THE PROBLEM AND PRELIMI!\iARY vJORK. 

I - MODEL AND NOTATIONS 

One will adopt notations similar to thos8 used by DIAMOND

MIRRLEES in [1971],In the economy, there are : 

H households indexed ty h = 1, ... ,H 

n commodities indexed bV k = 1, .. ,,n. Commodities are 

specialized in the sense that commodities 1 to n1 can only be cnnsumed in 

negative quantities (or supolied) and co.mmod:i,ties n
1 

+ 1 to n2 can only be 

consumed in positive quantities (or demanded), this being true for each 

household, 

This can be formalized through the definition of adequate 

consumption sets Xh , Assumotions on such Xh, that will be made in the 

following are gathered in H1) 

H1) Xh is such that commodities can te partitionerl in two specialized sets 

(1, ... ,n1
}, (n

1 
+ 1,.,,,n), Furthermore \ is convex and bounded below. 

Each household has preferences on Xh, reoresented by a utility function 

uh which satisfies H2) 

H2) uh is a strictly quasi-concave function, and uh is monotonie (i.e. 

xh > xh =::> uh ( xh) > uh ( xh) ) and differentiable. 

( 1) n · 
Faced with price system q E ~+ - {O} (cr is the consumer pries 

system), household h, which has no other source of incarne than his labor incarne, 

determines his ccnsumotion choies, by solving the program 

Max uh(xhl {xh E Xh , qoxh s O} 

H1)-H2) assure that the solution of this program is unique and that at the 

optimum the budgetary constraint is tight. 

Let us call xh(q) this solution : xh(q) is the demand vector 

of household h • xh: (JR~ -~ {O})-+ :f-n) is the demand function of household h. 

It is homogeneous of degree zero and such that q.xh(q) = 0 

______________________________ .!. ________ _ 

(1) In the following, unless explicit contrary statement, pries vectors will 

be lins vectors and quantity vectors will be column vectors, AT will denote 

the transposed of A (A being a vector or matrix), 
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vh(q) = uh(xh(q)) is the indirect 

The aggregata net demand is X(q) = 

utility function. 
H 
l xh(q). 

h=1 

The production sector has production oossibilities described 

through the production function C(y) ~ O, 

In the following, assumption H3) will be made. 

H3) G is a strictly ouasi convex function defined on JRn and G is monotonie 

y> y' =:- G(y) > G(y') 

Given a production price system p e F: -{O} the competitive supply of the 

production sector is determined by solving the program : 

Max p 0 y {y!G(y) ~ O} 

From H3) when this program has a solution, this solution is unique and at 

the optimum the constraint is tight. 

Let us call n(p) this solution, n(p) is the supply vector of the production sec

tor when production prices are r:, and n : JRn - { O} -+ JRn is the suppl y 
+ 

function, It is homogeneous of degree zero, 

Let us remark that the above formulation rests upon a rnugh 

treatment of production since it only describes a regular aggregate cons

traint for consumption commodities and ovadss the study of thG production 

of intermediata goods in severa1 fir~s. However a more soohisticated descrip

tion of the production possibilities would not basically modify the line 

of argument presented in the following. 

II - THE STARTING POH,IT. 

Let us consider an initial position of the economic system, 

-which takes place at time zero- in which 

- the production pries system is p(O) 

the consumption pries system is q(O) 

- the tax vector is then T(O) = q(O) - p(O) 

- the consumption vector of household h is xh(O) 

- the aggregate production clan is y(O) 

Moreover, this initial position is supposed to be an equilibrium -relatively 

to the tax system T(D)- in the sense that 

,/. 



xh (0) = 

y(O) 
H 

l xh (0) 
h=1 

~ y (0) 

- s -

(a) 

(y) 

More orecisely, one will suopose that constraints corresponding to (y) are 

met : 
H 
l xh(O) = y(D) 

h=1 
When (a),(B) and (~) will be met, one will say that the corresponding 

equilibrium is tight. If (y) holds and (8) does not hold,the equilibrium 

will be non tight. 

Let us first remark, that the implementations of such an 

equilibrium requires that the government be able to disconnect consumption 

and production prices through consumption taxes and to operate a 100 % 

taxation of pure profits. These implicit assumptions on the set of policy 

tools have been lenghtily discussed otherwise, and one will limit ourself 

to this brief recall, 

A second remark concerning this dafinition is that T(O) is considered a data. 

Another approach would have consisted in considering a set of given initial 

taxes T and wondering wether an equilibrium can be reached given these fixed 

taxes (existence problem). For such a problem a positive answer cannot be 

expected wathever T. It follows that the tax vector Î(O) associated with 

our initial equilibrium position cannot be any vector T, but we are not 

interested here in discovering the restrictions on T(O) which makes it 

compatible with en equilibrium. 

One can now state additionnal assumptions. These assumptions 

are local assumptions, in the sense that they only concern characteristics 

of the system in a neighbourhood of the initial situation, In order to be 

distinguished from global assumptions, they t"1ill be denoted not by 

numbers but by greek letters. 

Ha) xh is continuously diffarentiable in a neighbourhood of qW), 'ri h 

HB) n is continuously differentiable in n neighbnurhood of p(O). 

,/. 



- 6 -

If all xh are differentia~le, X the aggregate demand function 

is also differentiable, We will denote 3X(O), the (n x n) matrix whose 

element in i
th 

lins, k
th 

column 

Similarly 3n(D) will denote the (n x n) matrix whose element 

in .Q, 
th lins, kth 

[

an.Q,] 
column is ~-

' pk (p(O) 
. One knolfis that 1nCO) is a symetric 

matrix such that p(0) 0 3n(O) = O. It follows that anC8) is at most of 

rank n-1. 

Assumption Hy) can then be stated, which asserts that an(D) 

is exactly of rank n~1. 

Hy) 3n(O) is of rank Cn-1) 

Ha), HB), Hy) are not, strictly 5'.}eaking, implied b\l H2), H3), 

Nevertheless they do not introduce severe restrictions in addition to H2),H3) (1
), 

III - A PRELIMINARY LEMMA, 

HE) - Hy"\ allows to prove the following useful lemma 

Lemma 1 

Let us consirler V(O} = {u E Jll p(O)•u O} 

Then 3n(O) defines a nne to one correspondance from V(O) onto V(O) 
"' denoted '.ln (O] •. 

The proof of the lemma proceeds as follows : 

As 3n (0) = (3ri(O)T) an CO)• p(ol = 0 . This means that 

P(o) T ( ( belongs to the kernel of the linear mapping dsfined by an 0), Rut an 0) 

,/. 

(1) The problem of differentiability of demand function has been discussed exten

sively elsewhere (see DEBREU, Econometrica 1972). This discussion could be trans

posed to supply functions. In case of demand functions, the only serious distur

bing non-differentiabilities occur at prices in the neighbourhood of which the 

consumption of some commodity changes from zero to a positive quantity, 
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being of rank (n-1)1 the kernel is of dimension 1 and ~n(O), defines a one 

to one correspondance from a supplsmentary of the kernel -as is V(O)

onto its image (Im). It remains to prove that Im V(O) = V(O) ; which 

results from the fact that dim, Im \/(D) = n-1 and that 3Jl(0) 0 u c. V(O) 

since p(0) 0 3n(O) = 0 Q,E,D. 

,.., 
Hence êln (0) V(O) ~ V(O) , the restriction of 3n(D) to V(O) 

has an inverse Which Will be denoted 0n- 1
(0), 

The intuitive content of the argument of the proof and of 

the consequence of lGmma 1 must be emphasised : 
= T êln(O)• p(O) = 0 means that any small move of production prices in the 
direction of actual production pries does not modify the supply vector. (A 

consequence of the homogeneity propertyi ~n(O)•u e V(O) means that any small 

move of production prices leadsto moves in supply,the direction of which 

defines a vector normal to p(O) (an obvious geometric property). 

The fact that êln(O) has an inverse means that any small move in supply,the 

direction of which is normal to p(O) can be obtained through a small modi---- - -- - ----- --- - - -- - - -- ----- ----- -- --
fication of production prices, whose direction can be chosen normal to o(O), - - - - - - - - - --·- - - - - - - - - - - - - - - - - - - - - - - - - - - -
The fact that an (O} is one to one meens that the correspondance between 

directions of small moves in supply normal to p (0) and directions of pro
duction prices associated with such rnoves and normal to p(O) is one to one. 

As soon as one is aware of the normalization rule Il p Il = est e implicit 

to the choies of production pries changes normal to p(O), the two latter 

properties become intuitively appealing. 

IV - SOME MORE PRELIMII\IARY OEFINITIDNS. 

In order to discuss the directions of tax reform one will intro-
o 0 

duce the following sets K(O) , K(O) , 0(0) , 0(0) 

K(n) = {ac. 1Rn I a,xh(O) :::; 0 ( 1 ) h = 1,.,,,H} , 

,/' 

(1) ~ is by definition a line vector. Hence aî is a column vector, 
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Intuitively K(O) is the set of prices systems, for which the 

cost of all consumption bundles xh(O) is smaller or equ~l tri zero, Obviously 

any a= À q(O) belongs to K(O) ~ À i O, 
0 

K(O) will designate the interior of K(O), i.e. the set of 

pries systems for which the cost of 211 consumption bundles is strictly 

smaller than zero. 
0 

K(O) = {a E F.n I a.xh(O) < 0, h = 1, ... ,H} • 
0 

From H1) it is clear that whetever the bundles xh(O) , K(O) 

is not empty (in order ta l0wer the cost of all bundles (frorn q(O)) ftsuffices 

ta raise the price of any "supplied commodity" or to lower the pries of 

any "dernanded commodi t y") . 

0 

Fin~lly, let us consider 0(0) , its interior Q(O), its frontier 

Fr Q(O) 

Q(O) {a JRn 1 p(O)•::IX(O)•a T 
~ O} = "'-

0 

F.n 1 
T 

Q(O) = {a E p (C1 ) • a X ( 0 ) • a < O} 

FrQ (0) = {a JRn! p(O)•aXUJJ•a 
T o} E = 

Q(O) can be given two related interpretations : 

1, Let us consider a smell change of consurnotion prices in the direction of 

The. induced change in consumpticrn is proportionnfll to ;îx(D) • a r. The 
=, T 

value of this change expressed with production cirices is p(O)•aX(O)•fl , 

T 
a • 

So 0(0) is the set of directions of consumption prices changes which imolt 

changes in consumption_w~ose ,,alue_expressed with production prices is 

negative. 

2. Let us consider the budgat surplus A aa a function of o, q 

L'i(p,q) = (q - p)•X(q) + p•n(p), ( 1\ is the sum of receirJts coming from 

consumption taxes and or0fit tax). One can check that A(p(Q),q(O)) = 0 : 

in the initial equilibrium state. the government Budget~ balAnced. Let 

us consider however a small move of consumption prices, production prices 

being supposed to remain constant (generally, this does not define n 

feasible state), Taking into account q,X(q) = 0, it cornes out 

d~ = - p.dX. Thus, Q(O) also nppears as tho set of directions of 

tex changes, which all other things being equal, would preserve the 

Budget balance, 

. /, 
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Let us notica: before pursuing further thot the knowledge of 

K(O) and Q(O) rsouires information of different n~ture. K(O) is known as 

soon as the consumption bundles are known, when Q(D) depends on the set of 

all price-elasticities of the ?ggregete demand function, the evaluation of 

which requires sophisticated investigation. 

In the following, the sets K and Q will sometimes be not 

indexed by time (here zero), but considered functions of production and 

consumption pries vectors, In this wey, without introducing additional 

notations, K(q) will designate {a E JF'nl a•xh(q) s O, \f h = 1,.,.,H}(so 

that K(O) is a notation for K(q(O))) and O(p,q) will be:{a E ]Rn I p•-~X(q) 0 / ~ O}, 

(so that Q(O) is a notation for Q(p(O),q(n))), 

All the elemants of the model are now oresented. We are in 

a position to give a more precise formulation of the orohlem studied here. 

Loosely speaking, our aim is to exhibit small tax changes which are first 

feasible, second, satisfactory in a Pareto sense or Pareto improving, 

For that, one will reason with infinitesimal moves Ca natural idealisation 

of "small" moves) of the system. RelPting these infinitesimal moves with 

infinitesimal moves of an exogenous variable called time -and denoted dt-
dz 

allow defing directions of rrioves of variable z AS dt And lead to formal defi-

nitions of "fn~sibls" and "P2reto improving" directions of tax reform, 

Precisely a direction of move of consumption prices 

denoted ~~ , and a direction of move of product:i.on prices denoted ~~ INill be 

said equilibrium preserving if: 

H dxh dy dxh 
[dqlT -~n(0) 0 (~~JT I ~ with cl xh CO)• 

dy 
= = 

h=1 dt dt dt dtJ dt 

The direction of move of prices dq dp 
,'1111 b.e .said tight equilibrium dt dt 

preserving if 

, I. 
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H dxh 
l -· = 

h•1 dt 

dy 
dt 

with 
= ( dqjT 

= ax. (c1). l-h . dt 
dy 
dt 

= 

Thus, a tight equilibrium preserving direction of change tends to maintain 

the equality 

lity. 

between demand and surply and not only to assure the inequa-

prices 
dq 1 

· dt 
dVh 

2
· dt 

Hence, 

Sirnilarly, directions of movEE of consurnption and production 

at tirne zero~~ and ~~ \..Jill be said strictly Pareto improving if(
1

) 

•• =1Vatlr:
0

;~u(::Ji;:i~m :re:e~i:g 
1
,,,,,H 

ôq r4 t 
prie c nges in .a strictly improving direction, tends to increase 

the welfare of all individuals, 

R STATEMENT OF RESULTS, 

Feasible anrPareto imrraving moves of prices are characterized 

in section I 8t II, Results are commented in III, 

I - FEASIBLE DIRECTION$ OF .PRICE CHANGES, 

One 1,Jill alw3ys suppose that H1-H2) Ha)-W',) Hy) are true 

PROPOSITION I 

For any direction of consumption pricES changes ~~ belonging 

to 0(0), one can find at least one direction of oroduction 

prices changas ~p such that (rq rlp) . be equilibrium r,reser-
rt rt'~t 

ving. 

l".oreover, If ~~ E Fr Q(O) , the associated pro.duction prices di-

ti f h · · d ( dq dp) · t · ht · 1. b . rec on o c ange is unique an dt, dt is .i.g , equi l rium-

preserving. 

./. 

(1) Simply Pareto improving diraction of moves would be defined by replacing 2 bv 2': 

2' ~ 0, ~ h and 4 h 
D 

lrJHh dVh.9_ > n 
dt, 



Proof 

Let dq Fr Q(O) be -E 
dt 

( J T ( J T dX ·- rlq dX = dq 
= ~X(O)o dt and Pen JO dt = P•~X(n)• dt 

dt 

dX 
there exists ~~ Hence, dt E 

V(O) and from Lemma 1 J 

( r dy = d 
It follows that dt = rln CO). d~ = 

dq 
If dt E Int Q(O), 

dX 
dt 3X(O){~~J\s such that p(0) 0

~~ < 0 

dX ]Rn One can take U E - + dt + 
such that p(O)•ll = D , 
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= o. 

"'-1 dX 
= '.'.\n (O)o dt 

'= "'-1 dX dX ?n CO) <~n (O) = -
dt dt 

Using the same argument as above, it can be seen that ~~, ~~ = cln(O) ,U is 

equilibrium preservinr; but not tight 8è;Uilibrium preservin:~, 

Proposition I has a strong intuitive content : with respect to the discussion 

of p. 6, it means that if a small move of consumption prices is such that 

the value of the associated consumption changes, measured with the production 

prices, does not increase, ·-or equivalently is such that the State Budget be 

not affected in the way indicated p. 8, then ths equilibrium of the system 

can be maintained through an adr:iquate change of the production pries system, 

It is worth of noting that the fact of belonging to 0(0) for a direction 

of change only removes one degree of freedom for the prissible movements of 
n-1 the consumption prices vectcr As such a vector is a vector of ]R (tAking 

into account the homogeneity of demand functions), it can be stressed, that 

proposition I implies, loosaly sp8aking, that from any equilibrium the 

system can move in (n-2) directions, 

Proposition II completes proposition I, by establishing the existence of 

small finite moves associated with tight eouilibrium rreserving directions 

of moves, 

. /. 
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PROPOSITION II 

For any aCO) E Fr (:)(0) 

There exists t and peths of prices o(t), q(t), t ~ t , such 
0 0 

that : 

( ~~j t=O 
a (0) 

, p(t), q(t), xh(q(t), n (p(t)) define tight equilibria "r/ t ~ t
0 

Proof 

Let us consider F (Q) as a function of p and q (cf p. 7) and 

let v(p,q) be the rrojection of a(Q) on the hyperplane Fr Q(p,q), 

Let the differential system be dq = v (p, q) ( 1) 
dt 

2.2. = in-1 cp)-~xcol·v cp,q) c2) 
dt 

With !-h-HG) the second member of ( 1) and (2) is continuously differentiflble, 

Hence a standart argument of existence (cf [lIELIDONNE [ 1<169]) nllows ta as sert 

that the system has locally a solution, 

Hence the conclusion, Q, E. o. 

II - THE DIRECTION OF PARETO-IMPROVING PRICE CHANGES. 

The directions of Pareto improving directions of mnve of 

prices can be cheracterized through propositions III and IV, 

PROPOSITION III : ( 1 ) 

For 
O 

any direction of consumption pricES changes ~~ belonging 

to K(O) n 0(0), one can find at least one direction of pro-

duction pries changes~~ such thatcc%t,,~~) be strictly 

Pareto improving, 
d 9-·-. 

Mcreover, if d~ E K(D) n .Fr 0(0) , 

is tight equilibrium rreserving, 

,/. 

dp . 
- lS 
dt unique and (~~.~~) 

(1) As the reader will immediatly verify, a similar proposition aoplies to simply 
0 

Pareto-irnoroving changes, i<:-Co) being rer:.,laced by K (0), 



Proof 

't:/ h 

and 

= 1,,,, .. ,H, 

dVh 
where dt 
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dVh 
Given proposition II, it ia enough to prove that dt > n 

:her[:J~lh is ~h(:q]i~::::ct[~~~

1
lit: fu[n[;t~Jon delfined p. 2 

;:J a ( n ) dt ~ q _ 3 1 k q (0 ) 

But our assumptions ass:re that [
3 

V h] •

1 

À h x (O j ( 1) where À h is a 
élq o(O) h 

strictly positive number which can be interpreted the individual value of 

incarne of h, Conclusions follows. 

The content of proposition III is intuitively clear, if one 

reminds that any direction of price change belonging to Vol tends to 

decrease the cost of c~moti_9J2_bundles of all individuals, 

Proposition IV gives e condition for the existence of 

strictly Pareto improving price changes, in terms of the position of the 

vector p (0), ?J X (0) -vector of production costs associated with lo1;1ering all 

consumption prices of one "small" unit- and of the cane generated by consump

tion vectors. 

PROPOSITION IV 

Proof 

Let .1\(0) be the cane generated by the consumption vectors xh(O) 

H 
.1\(0) = {x I x = l Àh xh(D), for some Àh~ O}. 

h=1 

If the vectot?_lp(0) 0 3i(o)]\' .l\(G), there exist strictly 

Pareto improving directions of prices changes. 

If in addition 
=-" T 

[p(O)•'.'.:\X(O)] 1. /\(0), there exist strictly 

Pareto-improving directions of pries changes which are tight 

equilibrium oreserving, 

With respect to proposi.tion III, it is enough to prove (for 
·== T .9----

the first part) that-[p(O)•élX(O)] i l\.CO) =- K(O) n Q(O),; 0 

. /. 

(1) H2) and Ha) are needed, 

(2) "If "could be replaced by "if and only if" as the reader will \/erify. 
j 
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Let us suppose the contrary : K(O) n 0(0) = 0, Then, from 

the sepBration theorem given in the eppendix, there exists ~-h 2:: O,µ~ 0 such 

that l Àh xh(O) + µ p(D) 9 .é\X(O) = 0, One can rule outµ= 0, 1,,Jhich by the 
h .,..9--. 

same thaorem would imply K(O) = 0 which is wrong (cf p. 6), Hence a contra-

diction is obtained. Using the sams seoaration argument one sees that 
0 

[p(0)•3X(O)]T E A(O) <==> K.(O) n Fr Q(O) = 0, Conclusion follows. 
( 1 ) 

The following corollary · can be stated 

COROLLARY 1 : If [p (0) • 3X(O) J T E A ([J), there exist Pareto improving directions 

of pries changes, all of thern leading ta non tight equilibrü1. 

Implications of the proposition IV for small but finite mrves are given 

by proposition V, 

PROPOSITION V 

Proof 

If 
== T 

-[(p(0),3X(O)] t A(D) u - A(O), there oxist ,3 small but 

finite Pareto improvinE move, which is tight equilibrium pre

serving. 

0 ,,....__, 
One knows that th2. assumptions irnply thet K(O; ~ Fr Q(O) ~ 0. Let 

A(O) E KCO) n Fr Q(O). One can apply oroposition II above and consider along 

the path p(t) ,q(t) (starting from p(O) ,q(O) 1riith (~~J (O) = a(O) ), the quantities 

(xh(p(t)) 0 ~~(t) h = 1, ... ,H). From the continuity of functions xh(p), p(t), 

~~(t) , one can conclude that fort small enough, all these quantities remain 

strictly negative. It follows that the utilities of all individuals strictly 

incr8/3Se. 

III - COMMflHS AND COMPLEMENTS, 

a) The above analysis gives a criterion (Proposition I\/) for determining 

wether a given equilibrium can bs improved upon in the Pareto sense through 

"small" manipulations of the tax system, Testing this critsrinn in a given 

situation requires the knowledge of rrices, (production prices) ~f quantities 

(consumption bundles of all individuels) -which are directly observable-. 

,/. 

(1) Another corollary of proposition IV is.that if T(O) is "small enough" there doss 
not exist Pareto impr·oving directions of tax change (since obviously [p(O) ~(O)]T 
E - A(O)). This suggssts that tight equilibria when such equilibria do exist 
with p(O) close to q(O) are second best optimal : an intuitive property which 
could be made ri~orous. 
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and of elasticities of aggregate demand -vJhich aro not directly observable

(It is worth of noting that the knowledge of elasticities of individual 
demand are not needed, Elasticities of supply are not needed for testing the 
criterion but only for computing the effective tax change), 

On the other hand, it is clear that those equilibria which 

cannot be improved upon by any tax manipulation, do not meet the above crite

rion : hence, characteristios of such states which are termed, conforming 
to the usual vocabulary, second best Pareto-optimal states, appear as a 

straightforward consequence and a joint product of this analysis. 

= T COROLLARY 2: In any second best equilibrium, -[p(O)•~X(O~J e A(O) 

Equivalently, there exists Àh 2'. 0 s.t. -[p(0) 0 ~XCO)J T = l Àh xh(O) , 
h=1 

The conditions are identical to those given by OIAMONO-MIRRLEES 
in their seminal article [1971] (formula (66)). Besides providing another 
proof, this makes it clear that such conditions do not rest on the use of 
a social welfare function, a concept foreign to the analysis attempted here. 

b) However, as stressed in the introduction, the emphasis is put here on 

characterizing strictly Pareto improving directions of moves of a system in 

a given situation, rather than on cheracterizing situations which are 

Pareto optimal. If proposition IV gives a criterion for determining wether 

unanimously advantageous "directions of tax reform" exist, proposition III 

allows to exhibit
0
such directions by selecting directions of consumption 

prices moves in K(O) n n (0) and adapting correspondingly the productfon 
price system. Three remarks will be made : 

1. Giving an operational rspresentation of the set K(O) raises computational 

problams which are slightly different according to wether the number of 

households is smaller or greater than the number of commodities. A 
i f th bl · th rl" ( 1) v ew o ese pro ems is nrovidod in e a~~enJlX . 

. /. 

(1) It is not surprising that loosely speaking the relative "importance" of 
the set of second best optima relatively to the set of tight equilibria 
depends crucially on the relative number of commodities and of households, 
The analysis given in the appendix provides a beginning of formal approach 

to this phenomenon, 
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2. Voluntarily, the attention has not been focused here on normalization pro

blems. If productions prices are modified according to the implicit and spe

cific normalization rule IIP Il= Cste, consumption prices movements are not 

governed by any a priori normalization constraint ; so that taxes - in the 

ordinary meaning of the terrn- are not unambiguously fixed. It is clear 

that ths normalization rulo for production pric~s could be modified and that 

a normalization rule for consumption prices could be irnposed in order to meat 

any a priori requirement in this matter, without affecting the basic line of 

argument. For example, assuming the existence of an untaxecJ commodity - "la

bor"-, leads to economically rneaningful interpratations. Additional insights 

on the tax system could possibly have been gained from such a normalization 

convention. They i~main outside the scope of this study. 

3. Raising a similar problem in a different - and simpler- context (one consu

mer, lump sum transfers feasible), DIXIT [1975] in a systematic investiga

tion was able to obtain stronE rosults : especially, he exhibited moves of 

the tax system (in terms of specific as woll as ad valorem taxes), which 

where bath (in some senss) "distorsions-reducing" and desirable. The reader 

will easily convince himself from the examination of K(O) n Q(O) and propo

sition III that results of a similar type are quite unlikely to be obtain0d 

in this model, both because lump sum transfers are excluded and because of 

the distributional problems appearing in a many agents economy. This rein

foPces DIXIT's conclusion according to which the real problem is not "that 

there are few policies leading to partial welfare improvements ..• nor ••. that 

partial welfare improvements( 1 ) are particularly difficult to charact8rize,.'' 

but "that some particular rulss that were thought to b8 intuitively plausi

ble by some economists turned out to be wrong". Let us add that familiarity 

with tho analysis of direction of tax reform could be an appropriato way of 

doveloping correct intuitions in this field. 

=. T 
4. From Proposi t.ion III, i t turns out that if [p (0). 3X (0) 1 E A (0) the only way 

of obtaining a Paroto-improvemsnt is to implement a non tight equilibrium, 

i.e. with DIAMDND-MIRRLEES vocabulary an inefficient equilibrium. This colls 

frr two remarks : 

• Firstly, since no a priori restrictions are put on tho tox system and on 

aX(O) (but those resulting frnm homogeneity) equiiibria 11Jhen p(O) .ax (0) E A(O) 

can actually occur • 

. Secondly, such a property does not contradict tho efficiency property which 

here straightforwardly holds in any second best oquilibrium (cf H1). It only 

means that despite the need for officiency in tho final stage, temporary insf

ficiencieè may be necessary and unavoidable in the process of tax reform . 

. /. 
(1) Pareto improvements with our vocabulary. 
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c) The above analysis is a local analysis aimed at determining small moves 

of the tax pattern in the right direction and inducing small moves of 

the economy, However these small moves can be linked dnè with another in 

order to define changes of ~inite magnitude in the economic system. 

Such connect8d rnoves obey differential equations,which can be 

straightforwardly exhibited from the local anproach, 

COROLLARY 3 : Let p(t), q(t) be paths of production and consumption prices 

starting from p(O), q(O) and such thet V t E [O,T] 

0 

dq --dt E K ( p, q) n Fr ( Q ( p, q) ) 

dp 
dt 

"'-1 =' dq 
3n (p)u3X(q) 0 dt 

( 1) 

Then, xh(q(t)J, n(p(t),p(t),q(t) define a tight equilibrium V te [n,T] and 

Vh(q(t) is a strictly increasing function of t, V h = 1,,,,,H, 

However, we have just noticeci that paths such those defined 

in Corollary 3 can be stopoed before that Pareto improving changes fail 

to exist ~hen such changes unavoidably lead to non tight equilibria). 

In thp, general case, temporary inefficiencies must be allowed, 

which makes the differential system slightly more complicated, For example 

such a system is given by corollary 4. 

COROLLARY 4 Let p(t), q(t) be paths of production and consumption prices 

and À(t) be a positive number depending upon t, such that lef t (: [O, T] 
0 

dq ~ 

i<.(p,q) n C}(p,q) with Q(p,q) = C}(p,q) ..; -r:' nCp) X(q) dt E 
..LI 

= ]Rn if n(p) > X(q) 

,/. 

(1) cln is supposed to remain inversible along the path, 
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dp ,.., -1 = dq dy À dp J 
= ::ln (p)o[âX(q)•dt -· p dt dt rit 

= dq 
dÀ 

p•?, X(q)•-
dt 

= 
dt li Pll2 

Then xh(q(t)), n(q(t)), p(t), q(t) define equilibria which are tight if and 

only if À (t) = 0, 

Vh(q(t)) is a strictly increasing function of t, ~ h = 1, ... ,H 

The reader will check that if p(,) q(.) satisfy 

equations 

) dp = 0 
a p. dt 

b) Putting 3X(q)·~~ 

c) n(p(t)) = X(q(t)) 

À dp 
dt 

À (t) p(t) 

ci X' 
dt 

dX' , then p • - = 
dt 

À (t) ~ 0 

the above 

0 

It ssems that such differential systems are worth of being carefully studied, 

with reference to the different contexts in which they may be revalant tools 

of analysis, 

- !n the so called "economic the6ry of socialism~planning algorithms which 

have been proposed (see HEAL~g72:1 rest upon the hypothesis that lump sum 

transfers are feasible, Such an assumption remains questionable in a 

socialist economy, If it were given up, finding ootimal taxes would be 

a part of the optimal planning protlem. Oifferential equations of corolla-

ries II and III could be considered idealised formalisations of a tata-

nement planning procedure, \-11her.e Gxchange of informations betwe.en the 

Center and the aGents ~ould be intended to discover elasticities(
1
). 

- In a market economy, if demand and supply function are known not only 

locally but with some plausibility in a reasonably large interval (complets 

systems of demand functio~such that those derived from the linear expen

diture system of STONE (see for example SOLARI [1971] ara supposed ta pro

vide such a knowledge for demand functions), the above dtfferenttal system 

•,/a 

(1) Such a point was made clear tome by Y. YOUNES, 
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would have to be solv8d by the government, in order to implement a tax 

reform which would be not "small". 

Considering the above differential system an idealization 

of a non tatonnement process in the spirit of the non-tatonnement adjus

trnents of HAHN-NEGISHI, would also be possible, but not satisfactory 

with reference to Martin FELOSTEIN's analysis which makes it clear 

that a non tatonnement is nota correct formalisation of the process of 

tax reform in market economiss. 

CONCLUSION 

In conclusion, three possible extensions of the above analysis 

will be pointed out. 

- Sorne parts of thè analysis could be refined (introduction of a specific 

normalization rule for consumption prices, etc. consideration of "spe

cific" or ad valorem texes, etc.), 

The ana1ysis could easily be extended in order take into account one or 

several public goods. The differential systems of B-III,C would be modi

fied accordingly. As argued above, they would renain a topic of indepen

dent interest. 

More generally, the principles of the method exposed here, distinguishing 

feasible from desirable moves, could be fruitfully applied to other second 

best situations. 
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A P P E N O I X 

CONSTRUCTION OF THE SET K(O) n Fr Q(O) 

Let us considsr the case in which K(O) n ~r(O(D)) f. 0 

(equivalently -[p(O)•êJX(D)]T i A(O) and [p(0)•3XCOlJ
1 i /\.CO). 

Let q be the number of extreme directions of the cons A(D) generated by 

vectors xh(O). Dbviously q ~ H. 

In order to select directions in K(O) n Fr 0(0), we will make 

additional requirements 1r 0 a = 0, e condition consistent with the 

normalization rule li 1r Il = 
,..,ste 
l, 

Let us notice that our assumptions assure that the vectors 
= def 

xh (n)., .xh (0) (corresoonding to extreme directions of A), pCO)•élXCO)= t\J 

anâ 1r(O) ar~ linearly independant. 

For constructing the set K(O) n Fr C(O), two cases have to be 

distinguished, 

• In the case q ~ n - 2,extreme directions of this cane can be constructed 

as follows : taking any set Ha) of n-3 indices chosen among q, one can 

consider C~_ 3 systems : xh_•e = 0 (hi ::: Ha), W.a -- D , TI 0 a = 0 
l Each such system hase one dimensional solution. Among these 

solutions some define half lines which are extreme directions of the 

polyhedron K(O) n Fr Q(8), 

Any a E K(O) n Fr Q(O) is a convex combination of these 

extreme directions, 

If q < n-2, the system {xh 0 a D, h = 1, •.. ,q , w.a = 0, 1r,a = O} 

defines a linear manifold of dimension n-q-2. The polyhedron has no 

extreme directions but only extreme faces, It cannot longer be described 

in a systematic way. However one can for example fix v coordinates of a 

./. 
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(v ~ n-q-2) and proceed as above for extracting elements of the cone, 

The incidence of the relative number of commodities and consu

mers on the construction of the set K(O) n Fr Q(O) is nota pure mathema

tical problem : it reflects rnoro or less the economic idea that the degree 

of freedorn in finding Pareto irnproving change of taxes increases when there 

are more tools, 

SEPARATION THEOREM, (for canes of vertex 0). 

Let K , .• ,,K 1 
be p open convex canes and lot K be a convex 

0 p- p 
cane. n K = 0 i~ and only if there exists q , ••• ,q.,.,,,q all of 

p . 0 l p 
o ••• p Ï 

them non zero such that q
2
• = 0, and q.•x s O, ~ x E K .. 

l l 
i=O 

oOo 
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APPENDIX II 

Let us give an example of a situation in Which any "small" Pareto improving 

pries changes result3 in inefficient or non tight equilibrium 

Thsre are three commodities 1,2,3, three households A,8,C. 

At ttme zero the following tight equilibrium prevails 

[ 

1, 5 l 
x

8
(0) = 0,5 

- 2 

p(O) = (1,2,4) q(O) = (1,1,1} 

Furthermore the local characteristics of demand of househ.olds are such 

that all consumers have the same matrix of compensated demand CaX)U=Cst~ A 

but have different incarne affect vectors !~: 
household A : ·· 

household 8 

household C 

(âX lU•Cste = 
A 

( ax ) U=Cste = 
8 

CaX )U=Cste = 
C 

A 

A 

A 

where Ais a negative semi definite matrix 

A [ ~.: 
0,5 

C,5 

- 1 

0,5 

One can then check that 

and 

a><(O} = 

= 

[

- 6 

1,5 

1, 5 

q(0} 0 ôX(O) = (- 3 

p(O}•ÎX(O} = ( + 3 

./. 

0, 5 l 
o,~ 

-1,5 

-5,25 

3,75 

- 3 

+ 3 

= f ~l 
= [-9/~ 6 

+9/16 

= [ 27;16 
-27/16 

7,5 l 
3,75 

-5,25 

6) 

- 6) 
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Then p(O)•aX(O) e: A.CO). Hence there is no direction of ;:,rice changes 

which is bath feasible and Pareto improving. 

Particularly, one can checK that if either one decreases 

the prices of consumption goods or one increases the pries of labor; 

(which are obvious directions of Pareto improving movements) then the 

increase in labor demand from households is always greater than what is 

needed for producing the increase in consumer goods demand. 

The reader might abject that such examples rely on the 

existence of infsrior goods. 

Actually a slightly more complicated example can be given without 

inferior goods. 

It is the folloWing 

p(O) q(O) are as above. 

- The local characteristics of demand of households are modified as 

above 

A 

B 

... C 

cax 1u=:Cste 
A 

(aX )U=Cste 
B 

(aX )U=Cste 
C . 

A 

= A 

= B 

axA 
TR 
ax8 
aR 

axe 
TR 

where Bis the following semi definite negative matrix 

Hence 

And 

B 
[

.:.0~5 

o.s 

axcoJ = r 
3,9 

0,6 

1,5 

0 0, 5] 
2 2 

+ 2 -2.5 

- 1,2 

- 4,8 

+ 3 

p(O)•aX(O) = (0.9 1. 2 

5,3 l 
5,12 

- 4,42 

- 2 .1 J 

The latter vector is approximately 0.3 (xA(O) + x8 (0) + xc(O)) 

and is in the cane engendered by xA(O), x8 (0), xc(O) (Actually it is a 

convex combination of x
8

(D), xc(O)). 

oOo 
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