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LA DIRECTION DE LA REFORME FISCALE

L'approche traditionnelle des études d’économie normative concentre
l'attention sur la caractérisation de politigues "optimales” (théorie du
"second besti} La perspective ainsi adoptée conduit & des résultats qu%,
dans la mesure od ils ne permettent pas le calcul effectif des dites
politiques optimale /ont 1’inconvénient d'é&tre peu opératoires. En
d'autres termes, il semble plus important concrétement de connaitre 1la

direction de la réforme , c'est-a-dire le sens des petites modifications

~

a apporter & la politigue économique pour améliorer le systéme en regard
d'un certain critére, que d'avoir des informations partielles et abstraite

sur l’'agencement "optimal” des mesures de politiques économigues.

Dans cet esprit le papier présente un algorithme de "réforme fiscale”

dans un cadre simple.

La premiére partie du papier définit
- Le cadre théorigue de la réflexion. C'est celui d'un modéle qui se
préte bien & 1'étude théorique de la fiscalité indirecte et de son impact
sur l'allocation des ressources et la distribution des revenus (modéle

type Diamond Mirrlees].

- L’état initial du systéme : C'est un équilibre relativement & un systéme

fiscal donné (systéme fiscal de type TVA).

- OQuelques résultats techniques préliminaires

La seconde partie de la note présente les conclusions obtenues.

- Tout d'abord, on caractérise les modifications de taxes gqui sont

"réalisables?

- Parmi ‘ces modifications réalisables du systéme fiscal, onexhibe

l'ensamble de celles qui sont satisfaisantes en un sens Parétien. On

donne des conditions pour gque cet ensemble ne soit pas vide. On obtient
./l



ainsi comme sous produit de 1l'analyse la caractérisation des états
optimas de second rang & laguelle conduit 1'approche traditionnelle de
la théorie de la”¥iébalifé optimalé . Céﬁéﬁdant le résultat ne repose
ici ni sur une fonction d'utilité collective ni sur le recours explicite

& des technigues d’optimisation.

- On met aussi en évidence - qu'un des résultats essentiel de cette
théorie -la propriété d'efficience de la production - vrai a 1l'optimum
peut &tre mis en défaut le long d'un chemin y conduisant Pour améliorer le
systéme au sens Parétien,il est nécessaire et inévitable, en certains

états, d'accepter des inefficacités temporaires.

- La mise en place d'une réforme de grande ampleour requiert la résolution
de systémes d'équations différentielles qui sont présentés, et qui
font clairement apperaitre les antagonismes et les conflits entre agents

dans le processus de réforme.



‘Despite of the rapid growth and. recent achievements of the
optimal “taxation literature, the methodg and approach of this current of
research have been criticized.on several grounds. Critioisms came éither
from contributors in this field aware of its shortcomings, f”internalf cri-
ticisms— or from specialists reluctant to the whole approach —"external”
criticisms—. "Internal” criticisms put the emphasis on the fact that the
knowledge of optimal taxes may be useless for practical purposes since
"actual changes are slow and piecemeal” (M. FELDSTEIN [1975]) and that "policy
changes which appear to be steps in the right direction but stop short of
attaining the full optimum can reduce welfare” (DIXIT [1975]). "Exterral”
criticisms express skepticism about the use of a social welfare function
which does not "exist, independantly of the mutual adjustment process itself”
(BUCHANAN [1875)) and correlatively stress out that the optimal taxation frame-
work ignores the existiﬁé'tékvéystem, the conflicts about changes, and the
considerations of horizontal equity which have been an important topic of
the previous public finance literature (see MUSGRAVE [19531). Such objections
are clearly exposed in BUCHANAN [1975]-who advocates returning to a previous

theoretical tradition, that he terms "Wicksellian".

Both "internal” and "external” critigues could to some extent
agree with M. FELDSTEIN's proposition L1875] aimed at shifting the emphasis
from "tax design” which is the tepic of the optimal taxationvliterature, to
"tax reform” which "takes as its starting point, the éxisting tax system and...
consider the position of each individual before as well as after any‘proposed

change”.

Actually, as convincingly argued by Martin FELDSTEIN the
problem of tax reform has many dimensions that cannot easily be simultaneously
captured. The purpose of this paper is to focus the attention on one aspect
of -studies in the field of "tax reform”, concerning what can be termed the
problem of-the direction of tax reform. More precisely,instead of asking the
traditional question "what are the characteristics of optimal taxes ?", one
will attempt to shed light on the following problem "given an exisﬁing tax
system,are there feasible and "satisfactory” (relatively to a given criterion)
small moves of the tax system which cen be implemented ?” In other words,

"are there desirable directions of tax reform ?"
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" Let us note that preoccupatidns uhﬁerlying the above questions
are nﬁt novel and that problems of a similar type have been raised in the 1i-
‘terature. (see for example the recent work of DIXIT [13751)and specially in the
international trade 11terature — ¢f. NEGISHI [1971]—.The specific goal of this
nofe is to consider the above questions in a Diamond-Mirrlees'world, i.e. in
the framework of the most well-known model of the optimal taxation literature,
with the aim of exploring the relationships between the "tax design” and the
"tax reform” points of view alluded to above. Keeping in mind this line of

arguments, two kinds of results will be obtained :

- First starting from a given equilibrium corresponding to the
gxisting tax system, one will explore neighbour eqdilibria in order to exhibit

directions of tax reform which are both feasible and satisfactory in a Parsto

sense i.e. satisfactory for all agents. When such directions will actually
exist, they will be characterized in a way allowing an effective computation
of the correspondlng change of taxes. A striking result will appear making
clear that temporary inefficiencies in the productlon sector may be desirabls
in the process of tax reform dispite of the "efflclenhy" property which holds

for optimal tax design.

- Second best dptimél states are states for which no feasible
and satisfactory changes in taxes exist. So, characteristics of optimal taxes
will appear as a joint pfoduct'df the ahalysis of the directions of tex reform.
This will provide a different probF‘oF some of the Diamond-Mirrleeés'results,

a proof which does not refer neither to a concept of social welfare function,

nor to explicit optimization techniques.
The note will proceed as follows

In a first paragraph, all elements of the problem — model and
notations AI, the starting point in Bi—, and some prelimi-
nary results — CI— énd definitions — DI— will be presented. In paragraph 3,
feasible moves of taxes-BI-and Pareto improving moves -BIT-will be characteri-

Zed. The results will be commented in III.
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A - PRESENTATION OF THE PROBLEM AND PRELIMINARY WORK.

- MODEL AND NOTATIONS :

One will adopt notaticns similar to those used by DIAMOND-
MIRRLEES in [19711In the sconomy. there are :

H households indexed by h = 1,...,H

. n commodities indexed by Kk - 1,250 Commodities are
specialized in the sense that commodities 1 to n, can only be consumed in
negative guantities (or supolied) and commodities n1 + 1 to n, can only be
consumed -in positive quantities (or demanded), this being true for each
household.

This can be formalized through the definition of adequate
consumption sets Xh . Assumotions on such Xh , that will be made in the
follawing are gathered in H1)

H1) Xh is such that commodities can be partitioned in two specialized sets

(1,...,n1) ; n, + 1,...,n). Furtharmore Xh is convex and bounded below.

1

Each housshold has prefarences on X, , represented by a utility function

h

uh which satisfies H2)

H2) Uy, is a strictly gquasi-concave function, and u,_ is monatonic(i.e.

h
¥ —_— 3 'Y .
Xy > X uh[xh) > uh(xh] ] and differentiable.
. . (1) n : . .
Faced with price system g e R, - {0} (g is the consumer price

system), household h, which has no other source of incnme than his labor income,
determines his consumption choice, by solving the program :

Max uh(xhl {xh € Xh » aex, < 0} o
H1)-H2) assure that the solution of this program is unique and that at the
optimum the budgetery constraint is tight.

Let us call_xh(q) this solution : xh(q] is the demand vector

of housshold h . xh:[IRS - {oh~ ¥7) is the demand function of household h.

It is homogeneous of degrees zesro and such that q.xh(q) = 0

{1) In the following, unless explicit contrary statement, price vectors will
be line vectors and quantity vectors will be column vectors. AT will denote

the transposed of A (A being a vector or metrix).
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Vh(q] = uh(xh[qJ) is the indirect utality function.
The aggregate net demand is X(g) = Z xh(q).
h=1

The production sector has production possibilities described
through the production function Glyl) £ 0.
In the following, assumption H3) will be made.
H3) G is a strictly ouasi convex function defined on R" and G is monotonic :

y > y' = Gly) > Gly")

Given a production price system p ¢ ]PT - {0} the competitive supply of the
production sector is determined by solving the program :

Max pey {y|6ly) < 0}
From H3) when this program has a solution, this solution is unique and at
the optimum the constraint is tight.
Let us call n(p) this solution. n{p) is the supply vector of the production sec-
tor when production prices are ©, and n : ]R? - {0} ~» }¥1 is the supply

function. It is homogeneous of degree zero.

“Let us remark that the above formulation rests upon a rough
treatment of production since it only describes a regular aggregate cons-
traint for consumption commodities and svades the study of the rcroduction
of intermediats goods in several firms. However a more sophisticated descrip-
tion of the production possibilities would not basically modify the lins

of argument presented in the following.

THE STARTING POINT.

Let us consider an initial position of the economic system,
~which takes place at time zero— in which :
- the production price system is p(0)
- the consumption price system is g(0)
- the tax vector is then T(3) = g(0) - p(0)
- the consumption vector of household h is xh(O)
- the aggregate production plan is y(0)
Moreover, this initial position is supposed to be an eguilibrium -relatively

to the tax system T(D)~— in the sense that

o/



xh(DJ = xh(q(D)) - (o)
y(@) = n(p(0)) (8}
H

z xh(D] < y(O) {v)

h=1

More precisely, one will suspose that constraints corresponding to {y) are
met H
Iox (@) = y(@ .. ()

h=1
When (o), (8) and (8) will be met, one will say that the corresponding

equilibrium is tight. If (y) holds and (8) does not hold,the squilibrium

will beg non tight.

Let us first remark, that the implementations of such an
gquilibrium requires that the government be able to disconnect consumption
and production prices through consumption taxss and to operate a 100 %
taxation of pure profits. These implicit assumptions on the set of policy
tools have been lenghtily discussed ctherwise, and one will limit ourself
to this brief recall.

A second remark concerning this definition is that T(D) is considered a data.
Another approach would have consisted in considering a set of given initial
taxes T and wondering wether an sguilibrium can bg reached given these fixed
taxes (existence problem). For such e problem a positive answer cannot be
expected wathever T. Tt follows that the tax vector T(0) associated with

our initial equilibrium position cannot be any vector T, but we are not
interested here in discovering the restrictions on T(0) which makes it

compatible with an equilibrium.

One can now state additionnal assumptions. These assumptiocns
are local assumptions, in the sense that they only concern characteristics
of the system in e neighbourhood of the initial situation. In order to be
distinguished from global assumptions, they will be denoted not by
numbers but by greek letters.

Hot ) Xy is continucusly differentiable in a neighbourhood of gl0), V h

H3) n is continuously differentiable in a neighbourhood of p(0),

-/n



If all xh‘are differentiable, X the aggregate demand function

is also differentiable. We will denote~5Y(0], the (n x n} matrix whose
ax
t 2
glement in zth line, k h column is 3—;
9KJ (gt0))

© Similarly 3n(0) will denote the (n x n) matrix whose element

th th on | —
in 2 line, k column ig |z . Dne knows that 3In(0) is a symetric
ap .
kf (p(O)
matrix such that p(OJo??[O) = 0. It follows that ?:(D] is at most of

rank n-1.

Assumption Hy) can then be stated, which asserts that'gﬁ(ﬂl
is exactly of rank n-1.

Hy) 3:(0) is of rank (n-1)

Ho), HB), Hy) are not, strictly speaking, implied bv H2), H3J}.

;
Nevertheless they do not introduce severe restrictions in addition to H2],H3)[1",

ITIT - A PRELIMINARY LEMMA.

HE) - HyY allows to prove the following useful lemma

Lemma 1 :

Let us consider V() = {ue R'| p(0)eu = 0} .
Then 3:(0) defines a one to one correspondence from V(0) onto V(O]
denoted 3n(0)..

The proof of the lemma proceeds as follows :

v T
As an(DB) = (Bn[OiB an(0)s p(Q) = 0. . This meens that

e e e e e o g MR e mm e om e e m S A m s e e e Sm e e oy e e e e

(1) The problem of differentiability of demand function has been discussed exten-
sively elsewhere (see DEBREU, Econometrica 1972). This discussion could be trans-
posed to supply functions. In case of demand functions, the only serious distur-
bing non-differentiabilities cccur at prices in the neighbourhood of which the

consumption of some commodity changes from zero to a positive quantity.



being of rank (n-1), the kernel is of dimension 1 and g:k@],defines a one

to one correspondence from a supplementary of the kermel —as is V(0)—

onto its image (Im). It remains to prove that Im V(Q} = V(0) ;5 which
results from the fact that dim. Im V(0) = n-1 and that ?:(O]vu e VI(Q)
since p(O]°§?¥D] = 0 ., . . B.E.D.

Hence 3n(0) : V(O) + V(0) , the restriction of 3n(0) to V(0)

has an inverse which will be denoted 5%—1(0).

The intuitive content of the argument of the proof and of
the consequence of lemma 1 must be emphasised :
?:(D)-p[D)T = 0 means that any small move cof production prices in the
direction of actual production price does not modify the supply vector. (A
consequance of the homogeneity propsrtyl:E:(D]°u e V(0) means that any small
move of production prices leadsto moves in supply, the direction of which

defines a vector normal to p{0) (an obvious geometric property).

e s v el i e W e dme rhem e e i e h e
o —— o — — — —— — — — —— ho—— onat) i i — e dwmn —— —— —

—— v — — W, oy VU Vr— - A" o e —— o

T e e e e e mmm mma e M e R W S e S M o RS e S o abr e MM o i e o e amn i wmen e - r—r

The fact that 55(03 is one to one meens that the correspondence between
directions of small moves in Supply normal to p(2) and directions of pro-
.duction prices aséoéiafed with such moves and normal to p(G) is one %o cne.
As soon as one is aware of the normalization rule H p ” = CSte implicit
to the choice of production price changes normal to p(Dj, théufwo latter

properties become intuitively appealing.

IV - SOME MORE PRELIMINARY DEFINITIONS.

In order to discuss the directions of tax reform ane will intro-
(o] o]
duce the following sets K(0) , K(0) , @(0) , 2
KO = e ® e mezo . ne=r,..,m"

(1) a is by definition a line vector. Hence aT is a column vector.



Intuitively K(0) is the set of prices systems, for which the
cost of all consumption bund185'xh(D) is smaller or equal © zern. Obviously
any a = A q(0) belongs to K(O) ¥ X > O.

Q(O] will designate the interior of K(0), i.e. the set of
price systems for which the cost of 11 consumption bundles is strictly
smaller than zero.

E(D] = {ae R"] a.xh[D] <0, h=1,...,H . .

From H1) it is eclear that whetever the bundles xh(O] , K(O)
is not empty (in order to lowsr the cost of all bundles (from g(0)) itsuffices
to raise the price of any "supplied commodity” or to lower the price of
any "demanded commodity”).

‘ °
Finally, let us consider Q(0) , its interior Q(0), its frontier

Fr Q(0)

A

Q(0) fa = BY| p(0)-a%X(0)ea' < O}
Q(D) {a e R"| p(0)eBX(D)e5" < O}
Fr0(0)= fae R"| p(0)-3x(N)ea’ = 0)

il

Q(0) can be given two related interpretations :

. . ; . . . . T
1. Let us consider a small change of consumption prices in the direction of a .

The. induced change in consumption is nroportionnal to 5?(0)°aT. The

value of this change expressed with producticon prices is p(ﬂ]°8X(D)°aT.

So Q(0) is the set of directions of consumption prices Changés which imply

changes in consumption whose value expressed with production prices is

‘negative.

2. Let us consider the budget surplus A as a function of p, g
Alp,a) = (g - plex(g) + pen{p). (A is the sum of receints coming from
consumption texes and profit tax). One can check that A(p(0),q(0}) =0 :
in the initiel equilibrium state, the government Budgst i balanced. Let
us consider however a small move Df.donsumption prices, production prices
being supposed to remain constant (generally, this does not define a
feacible state). Taking into account q.X{g} = 0, it comes out
dA = - p.dX , Thus, Q{0) alsoc agppears as the set of directions of
tax changes, which all other things being equal, would preserve the

Budget balance.



Let us notice. before pursuing further thet the knowledge of
K(8) and Q(0) ‘requires information of different neture. K(G) is known as
soon as the consumption bundles are known, when §(0) depends on the set of
all price-elasticities of the aggregete demand function, the evaluation of

which requires sophisticated investigation.

In the following, the sets K and @ will sometimes be not
indexed by time [hefe zero}, but considered functions of production and
consumption price vectors. In this wey, without introducing additional
notations, K{g) will designate {a ¢ }3n| a°thq) £ 0 ; Y h=1,...,H (50
that K(0) is a notation for K{g(3))) and 0(p,q) will ba:{a € If1| p:§§(q)°aTS 0},
{so that Q{0) is a notation for Q(p(0),q(M)).

All the elements of the model are now presented. We are in
a position to give a more precise formulation of the nroblem studied here.
Loosely speaking, Duf.aim is to exhibit sﬁallntax changes which are first
feasible, second, satisfactory in a Pareto sense or Pareto improving.
For that, oneg will reason with infinitesimal mcoves (a natural ideslisation
of "small” moves) of the system. Releting these infinitesimal movas with
infinitesimal moves of an axogenous variable called time —and denoted dt—

dz

allow defing directions of moves of variable z as prS and lead to formal defi-

nitions of "feesible" and "Poreto improving” directions of tax reform.

Precisegly a direction of move of consumption prices

denoted g% ; and a direction of move of production prices denoted g% will be

said equilibrium preserving if :

H dx i dx, T T
h . dy . h o dq] dy — dr
— < == with — = 23 0} = -~ = O o ==
h§1 at dt dt X, (0) [dt, Ot e
; : . dg dp . ; . s g s
The direction of move of prices prral e will be said tight equilibrium

preserving if




H dx dx . (T e
B R = A h - 3. 199 & - T )’
hZ1 t at T TR X, (0 i - T T OO E

Thus, a tight equilibrium preserving direction of change tands to maintain

the equality between demand and supply and not only to assure the inequa-

lity.
Similarly, directions of movesof consumption and production
’ . Y
prices at tlme zero Eﬂ and %% will be said strictly Paretoc improving 1F[ )
dq
1. , - are eau11ibr1um preserving

dv
h j——~ {03 >0 5, ¥Yh = 1,...,H _

el
Hence, pric nges 1n a strictly improving direction, tends to increase

the welfare of all individuals.

B - STATEMENT OF RESULTS,

Fegasible and Pareto improving moves of prices are characterized

in section I et IT. Results are commented in TII.

T - FEASIBLE DIRECTIOCNS OF PRICE CHANGES.

One will always suppose that H1-H2) Ha)-H3) Hy) are true

PROPOSITION I :

For any‘direcfion of consumption prices changes g% beglonging
to Q(0), one can find at least one dirsction of production
prices changsag %% such thgt LJ% iZ] ‘be eguilibrium preser-
ving.

Vareover, If == ¢ Fr Q(0) , the associated production prices di-

dt dq do

rection of change is unigue and (dt dt] is flght equ111br1um—

preserving.

{1) Simply Pareto improving dirzction of moves would be defined by replacing 2 hv 2':

dv dv
—td ho

20+ = 20, ¥handdh_ with —2 > n
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Proof :
Let %%-e Fr (0} be
T T
dx = s .d_g ..gl<. = v Me _C:.g- =
pral AX[D]o[dtJ and p(ﬂ]odt peaX(N) [dt | O.
dX 1o _C.j_p_ = A -1 o.gl
Hence, prey e V(0O) and from Lemma 1, there exists prrs in (D) el
that L = 3n(0) dp) esn Ty & o X
It follows a e an Pk an(C)e3n 0 =% ot
dg
It s e Int Q(0},
X 'gz(O) d9 Tis such that (D]ogz <0
dt at LRI S
dX n _
Nne can take U ¢ pre + TR+ such thet p(0)+U = 0 .
. . dq dp _ o X
Using the same argument as above, it can be seen that prl il n(0).U is

gquilibrium preserving but not tight ecuilibrium preserving.
4

Proposition I has a strong intuitive content : with respect to the discussion
of p. 6, it means that if a small move of consumption prices is such that

the value of the associated consumption changes, measured with the production
prices, does neot increase, —or eguivelently is such that the State Budget be
not affacted in the way indicated p. 6, then the equilibrium of the system
can be maintained through an adequatebchange of the production price system.
It is worth of noting that the fact of belonging to Q(0) for a direction

of change only remdves ong degree of fraesdom for the pnssible movements of
the consumption'priceévectcr As such a vector is a vector ofﬁRn_1 (taking
into account the homogeneity of demand functions)}, it can beg stressed, that

proposition I implies, loosely speaking, that from any equilibrium the

system can move in (n-2) directions.

Proposition IT completes proposition I, by'estabiishing the existence of
small finite moves associated with tight equilibrium preserving directions

of moves.
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PROPOSITION IT :
For any af0) ¢ Fr Q(0)
There exists to and peths of prices p(t), g(tl, t < to' such
that :

dq}'
.= = ald)
[dt +=0

. plt}, alt), xh(q(t), n (p(t)) define tight equilibria ¥V t < t

Proof :

Let us consider F (Q) as a function of p and g (cf p. 7) and

let v(p,q) be the projection  of al(l) on the hyperplane Fr Q(p,q).

Let the differential system be : %% = vl(p,q) (1)
L - ) aX ) ev (py) (2)

With Ho-HR) the second member of (1) and (2) is continuously differentiable.
Hence a standart argument of existence (cf DIEUDONNE [196381) allows to assert
that the system has locally a solution.

Hence the conclusion. J.E.D.

IT - THE DIRECTION OF PARETO-IMPROVING PRICE CHANGES.

The dirsctions of Pareto improving directinns of move of
prices can be cheracterized through propositions IIT and IV.
' (1)
PROPOSITION IIT :

For any directlon of Consumotlon prices changes a9 belonging

dt
to KT53 n 01, one can find at least one direction of pro-
dp dg dp .
duction price changes prs such that((dt dt] be strictly

Pareto improving.

dq 4 e uni dg dp
Mereover, if dt € K{D] n Fr 0(0) , gl unigue and (dt dt]

is tight equilibrium preserving.

(1) As the reader will immediatly verify, a similar proposition anplies to simply
Qe

Pareto-improving changes, K(0) being replaced by K(0),
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Proof av
Given proposition II, 1t ig enough to prove that 75?- >N
Y h=1,...H, where V. is the indirect utility function defined p. 2
av YA T Y iy
h h dag . h _ “Vh
and where - - o i with rra i Fy
| Ham 9 Yk a(o)
Yy Ey
But our assumptions assure that |—— = A, x (@) where ), 1s a
gy NN h

strictly positive number which can be interpreted the individual value of

income of h. Conclusions follows.

The content of proposition IIT is intuitively clear, if one
) [o]
reminds that any direction of price change belonging to K(0) tends to

decrease the cost of consumotion bundles of all individuals.

Proposition IV gives o condition for the existence of
strictly Pareto improving price changes, in terms of the position of the
vector D(D):??[DJ ~vector of production costs associated with lowering all
consumption prices of one "small” unit— and of the cone generated by consump-

tion vectors.

PROPOSITICN IV :

Let A(0) be the cone generated by the consumption vectors x (0)

H
A = {x | x = ) A_x_(0), for some A_3z 0}.
‘ Ly Th h h*

Tf the vectorl -8p(0)eax(0)]1'¢ A(N), there exist strictly

Pareto improving directions of prices changes.

. - . == T S
If in addition [p(0)eaX(0Q)] ¢ A(0) , there exist strictly
Pareto-improving directions of price changes which are tight

gquilibrium preserving.

Proof :
With respect to proposition ITII, it is enough to prove (for

' = L2
the first part) that"[p[D)°BX(D]de A{0) = K(0) n QIC) # 7

(1) H2) and Ho) are needed.
{(2) "If"could be replaced by "%F and only if” as the reader will wverify.
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Let us supposa the contrary : K(Q) n Q(0) = @. Then, from
the separation theorem given in the eppendix, there exists Xh 2 0,ux O such
that Z A %, (0) + u p(0)edX(0} = 0O . One can rule out p = O, which by the
same thaorem would imply (%nﬁ # which is wrong (¢f p. 8). Hence a contra-
diction is obtained. Using the same separation argument one sees that

[0(0)+3X(0)] ¢ A(D) <= KO} n Fr §(0) = 7. Conclusion follows.

1
The following corqllary['] can be stated :

COROLLARY 1 : IF [p(D)°§7(D]]T e A(0), there exist Pareto improving directions

of price changes, all of them leading to non tight equilibria.

Implications of the proposition IV  for small but finite moves are given

by propositicn V.

PROPOSITION V :

If [ (p(0).3x(0)1'¢ A(D) U - A(D), there exist a small but
finite Pareto improving move, which is tight equilibrium pre-

serving.

~Pr‘oof H °

o
One kpows that the assumptions imply thet K(O! ~ Fr Q0] = #. Let
al0) € K(Q) n Fr Q(0). One can apply proposition IT above and consider along

the path pltl),qlt) (starting from p(0),q{0) with = a(0)), the guantities

2
atj (0)
(x (p(t)]° (t) h = 1,..,,H]. From the continuity of functions thﬁ], plt),
dqr+)

dt
strictly negative. It follows that the utilities of all individuals strictly

, one can conclude that for t small enough, all these quantities remain

increass,.

COMMENTS AND COMPLEMENTS,

a)l The aboVé analysis gives a criterion (Proposition IV} for determining
wether a given eguilibrium can be improved upon in the Pareto sense through
"small” manipulations of tha tax system. Testing this criterion in a given
situation reguires the knowledge of prices, {production prices) of guantities
(consumptibh bundles of all individuels) —which are directly observable-—.

l/l

(1) Another corollary of proposition IV is that if T(0) is "small enough” there doos

not exist Parete improving directions of tax change (since obv1ously[b(D]'5?(Dﬂ
€ - A(0)). This suggests that tight eguilibria when such equilibria do exist
with p(0) close to q(0) are second best optimal : an intuitive property which
could be made rieorous. .
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and of elasticities of aggregate demand —which are not directly observable—
(It is worth of noting that the knowledge of elasticities of individual
demand are not needed. Elasticities of supply are not neseded for testing the

criterion but only for computing the effective tax changel.

8n the other hand, it is clear that those eguilibria which

cannot be improved upon by any tax menipulation, do not meet the above crite-

rion : hence, characteristies of such states which are termed, conforming

to the usual vocabulary, second best Pareto-optimal states, appear as a

straightforward consequence and a joint product of this analysis.

== T
COROLLARY 2 : In any second best equilibrium, “[D(D)'BX(D%1 e A{D)
Equivalently, there exists Ah 2 0 s.t. -[D(O]°??(D)]T = z Ah xh(D] .
h=1

The conditions are identical to those given by DIAMOND-MIRRLEES
in their seminal article [1971] (formula (86)). Besides providing another
proof, this makes it clear that such conditions do not rest on the use of

a social welfare function, a concept foreign to the analysis attempted here.

b) However, as stressed in the introduction, the emphasis is put here on
characterizing strictly Pareto improving directions of moves of a system in
a given situation, rather than on cheracterizing situations which are
Pareto optimal. If proposition IV gives a criterion for determining wether
unanimously advantageous "directions of tax reform" exist, proposition III
allows to exhibit such directions by selecting directions of consumption
prices maves in KfBEMn 0(0) and adapting correspondingly the production

price system., Three remarks will be made :

1. Giving an operational representation of the set K(G) raises computational
problems which are slightly different according to wether the number of
households is smaller or greater than the number of commodities . A
view of these problems is provided in the aopendix(ql.

e
(1} It is not surprising that loosely speaking the relative "importance” of
the set of second best optima relatively to the set of tight equilibria
depends crucially on the relative number of commodities and of households.
The analysis given in the appendix provides a beginning of formal approach

to this phenomenon.
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2‘

Voluntarily, the attention has not been focused here on normalization pro-
blems. If productions prices are modified according fto the implicit and spe-
cific normalization rule Hp]|= Cste, consumption prices movements are not
governed by any a priori normalization constraint ; so that taxes —in the
ofdinary meaning of the term— are not unambiguously fixed. It is clear

that the normalization rule for production prices could be modified and that
a normalization rule for consumption prices could be imposed in order to meat
any a priori requirement in this matter, without affecting the basic line of

argument. For example, assuming the existence of an untaxed commodity — "la-

‘hor"— , leads to economically meaningful interpretations. Additional insights

on the tax system ¢ou1d possibly have been gained from such a normalization

convention. They remain outside the scope of this study.

Raising a similar problem in a different — and simpler— context {(one consu-
mer, lump sum transfers feasible), DIXIT [18757 in a sySteﬁatiC'investigam
tion Qas able to obtain strong results : especially, he exhibited moves of
the tax system (in terms of specific as well as ad valorem taxes), which
where both (in some sense) "distorsions-reducing” and desirable. The reader
will easily convince himself from the examination of K(0) n Q(0) and propo-
sition III that results of a similar typé are guite unlikely to be obtained
in this model, both because lump sum transfers are excluded and because of
the distributional problems appearing in a many agents economy. This rein-
forces DIXIT's conclusion according to which the real problem is not "that
there are few polioies leading to partial welfare improvements...nor...that
partial welfare improvements(1] are particularly difficult to characterize..”
bﬁt "that.some parﬁicular rules that were thought to be intuitively plausi-
ble'by some economists turned out to be wrong”. Let us add that familiarity

with the analysis of direction of tax reform could be an appropriate way of

developing correct intuitions in this field.

From Proposition III, it turns cut that if {p(03.3§f017Te A(Q) the only way
of obtaining a Pareto-improvement is to implement a non tight equilibrium,
i.e. with DIAMOND-MIRRLEES vocabulary an inef?icient equilibrium. This calls
frr two remarks : | .

. Firstly, since no a priori restrictions are nut on the tax system and on
3X(0) (but those resulting From homogéneity) equilibria when'p(D].§§(D) e A(D)

can actually occur.

. Secondly, such a propsrty does nnt contradict the efficiency property which
here straightforwardly holds in any second best eqguilibrium (cf H1). It only

means that despite the need for efficiency in the final stage, temporary inef-

ficizsncies may be necessary and unavoidable in the process of tax reform.

/e

{1) Pareto improvements with our vecabulary.
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c) The above analysis is a local analysis aimed at determining smeall moves
of the tax pattern in the right direction and inducing small hoves of
the economy. However these small moves can be linked one with another in
order to define changes of ®inite megnitude in the economic system.
Such .connected moves cbey differential equations,which can be

straightforwardly exhibited from the local approach.

COROLLARY 3 : Let pltl), g(t) be paths of production and consumption prices
starting from p(0), q(0)} and such thet ¥ t ¢ [0,T]

o]

— ¢ Klp,gq) n Fr(Q(p,al)

dt

dp _ -1 e dg 1)
s an (p)edx(a) 9t

Then, xh[q(t]). n(pt),p(t),qlt) define a tight equilibrium ¥ t ¢ [0,T] and

Vh(q[t] is a strictly increasing function of t, ¥V h = 1,...,H

However, we have just noticed that paths such those defined
in Corollary 3 can be stopped hzfore that Pareto improving changes fail

to exist (when such changes unavoidably lead to non tight equilibria).

In the general case, temporary inefficiencies must be allowed,
which makes the differential system slightly more complicated. For example

such a system is given by corollary 4.

COROLLARY 4 : Let p{t), glt) be paths of production and consumption prices
and A(t) be a positive number depending upon t, such that ¥V t ¢ [0,T]
[e] .

g% e K(p,q) n 0p,q) with D(p,q)

n

Qlp,g) 4if nlp) = X(qg)

= Rr" if nlp) > X{g) .

(1) 5} is supposed to remain inversible along the path.
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dp ~ =1 e dg - dy dp
B = a of D © war— A - ———
at n  (p)e[2X(g) prrs =T P s
a pea X{qg) s
dt 2
li pll
Than xh(q(tl), nlalt)), plt), g(t) define eaquilibria which are tight if and
only if A{t)} = 0O,
Vh[q[t)) is a strictly increasing furction of t, Vv h = 1,...,H
The reader will check that if p(.]) g(.) satisfy the above
gquations
dp _
a) hers 0
e dg di dp dx’ dx’
8 Q bt —— - — = —— ’ O =
b) Puttlng X(qg) prs el A s s thenvp g
c) ntp(t)) = X(glt)) - A{t) plt) S A(E) g0
Tt seems that such differential systems are worth of being carefully studied,

with reference to the differant contexts in which they may be revelant tools

of

analysis.

In'the so called "economic theory of socialism”, planning algorithms which
have been propesed (see HEAL{1972;) rest upon the hypothesis that lump sum
transfers are feasible. Such an assumption remains questionable in a
socialist economy. If it were given up, finding optimal taxes would be

a bért of the optimal planning problem. Differential equations of corolla-
ries II and III could be considered idealised formslisations of a tato-
nement planning procedure, where exchange of informetions between the

1]

Center and the agents would be intended to discover elasticities(
In a market economy, if demand and supply function are known not only
locally but with some plausibility in a reasconably large interval (complets
systems of demand functiors such that those derived from the linear expen-

diture system of STONE (see for example SOLARI [1971] are supposed to pro-

vide such a knowledge for demand functions), the above differential system

(1) Such a point was made clear to me by Y. YOUNES,



_19_

would have to be solved by the government, in order to implement a tax

reform which would be not "small”.

Considering the above differential system an idealization
of a non tatonnement process in the spirit of the non-tatonnement adjus-
tments of HAHN-NEGISHI, would also be possible, but not satisfactory
with reference to Martin FELDSTEIN's analysis which makes it clear
that a non tatonnement is not a correct formalisation of the process of

tax reform in market economies.

CONCLUSION :

In conclusion, three possible extensions of the above analysis

will be pointed out.

- Some parts of the analysis could be refined (introduction of a specific
normalization rule for consumption prices, etc. consideration of "spe-

cific” or ad valorem texes, etc.).

- The analysis could easlily be extended in order take into account one or
several public goods. The differential systems of B-III.C would be modi-
fied accordingly. As argued above, they would remain a topic of indepen-

dent interest.

- More generally, the principles of the method exposed here, distinguishing
feasible from desirable moves, could be fruitfully applied to other seccnd

best situations.
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APPENDTIX

CONSTRUCTION OF THE SET K(Q) n Fr Q(0)

Let us considser the case in which K(2) n Fr{Q{0})} # @
; T
(equivalently -[p(0)+3X(0)] ¢ A(D) and [p(01-ax(0)1 ¢ A(D).
Let g be the number of extreme directions of the cone A(0) generated by

vectors xh[O). Obviously g < H.

In order to select directions in K(Q) n Fr Q(0), we will make

additional reguirements mwea 0, & condition consistent with the

normalization rulse ||Nl|=. CSte.

Let us notice that our assumptions assure that the vectors

X [ﬂ]...xh {(0) (corresponding to extreme directions of A), p(D)ogiko)ggi W

ané 7 (0) are linearly independant.

For constructing the set K(0) n Fr 0{(0), two cases have to be

distinguished .

. In the case g 2 n - 2,extreme directions of this cone can be constructed
as follows : taking any set He) of n-3 indices chosen among g, one can
consider Dﬁ—B systems : X, °8 = 8 (hy ¢« Hyh Wea = 0, mea = 0
Each such syste% has & one dimensional solution. Among thess
solutions some define half lines which are extreme directions of the
polyhedron K(O} n Fr Q(0).
Any a € K(0) n Fr Q(0) is a convex combination of these

extreme directions.

. If g < n-2, the system {xh°a = 0, h=14...,0, Wwaa =20, m.a = 0}
defines a linear manifold of dimension n-g-2. The polybedron has no
extreme directions but only extreme faces. It cannot longer be described

in a systematic way. However one can for example fix v coordinates of a

/s
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(v 2 n-g-2) and proceed as above for extracting elements of the cone.

The incidence of the relative number of commodities and consu-
mers on the construction of the set K(0) n Fr Q(0) is not a pure mathema-
tical problem : it reflects more or less the ecconomic idea that the degree
of freedom in finding Paretb'improving change'of taxes increases when thers

are more tools.

SEPARATION THEOREM. (for cones of vertex 0.

Let Ko""’Kp—1 be p open convex cones and let K) be a convex

cone. n K = [ if and only if there exists qo,...,qi,...,qp all of
Oeeap
‘them non zero- such that g a; = 0, and q,°x <0, ¥xe Ki.
i=0

oo
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APPENDIX II

Let us give an example of a situation in which any"small’ Pareto improving
price changes results in inefficient or non tight equilibrium :
Thers are three commodities 1,2,3, -three households A,B,C.

At time zeroc the following tight equilibrium prevails

1) 1,5 ) 0,5 ‘(3
x,(0) = | 1 x5(0) = | 0,5 x.(0) = 1,5 y(0) =|3
' -2 -2 -2 ~6
p(0) = (1,2,4) , q(0) = (1,1,1)

Furthermore the local characteristics of demand of households are such

that all consumers have the same matrix of compensated demand (3X]U=CStE'A

but have different income effect vectors Eﬁ-:

aR
| e e ax 1
household A 1 (ax )" CSt® = A £ = |0
_ . A 3R 0
‘ —_ U= X 1
household B : (BXB]U Cste . 4 Tﬁ? = |-9/16
: +8/16
' —_— = ax 1
household C : (axCJ““CSte = A _"'aRC = | 27/16
-27/186
where A is a negative semi definiteIMQtrix
- 1 C,5 0,5
A = | 0.5 -1 0,5
0,5 8,5 -1
One can then check that
- B -1,5 7,5
O = 1,5  -5,25 3,75
1,5 3,75  -5,25
q(0)+3xX(0) = (-3 -3 B
and ' .
p(0)+aX(0) = ( + 3 +3 - B)
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Then p[O)-??(OJ e A(0). Hence there is no direction of nrice changes

which is both feasible and Pareto improving.

Particularly, one can check that if either one decreases
the prices of consumption goods or one. increases the price of labor ;
(which are obvious directions of Pareto improving movements) then the
increase in labor demand from households is always greater than what is

needed for producing the increase in consumer goods demand.

The reader might object that such examples rely on the
existence of inferior goods.
Actually a slightly more complicated example can be given without
inferior goods.
It is the following 4
- xA(D) . xB[Ol , xC[O] , y(0) o, p(0) , g(0) are as abovs.

- The local characteristics of demand of households are modified as

above .
: = = . ax 1
A : (3x )U.Cste - A . 0
§ oR N0
—_— s X (O]
B : (3X JU—CSte - A ——g -1
BY 3R
0)'
= = axX 0.8
to: (axaUttste . g £ - lg.2
: c R 5

where B is the following semi definite negative matrix

(0.5 o 0,5
B = 0 -2 2
0,5 + 2  =2,5
- 3,9 - 1,2 5,3
Hence ™ = |-0,8 - 4,8 5,12
1,5 + 3 - 4,42
And p(0)+BX(0) = (0.9 , 1.2 , - 2.1)

The latter vector is approximately 0.3 (xA(O) + xB[O) + xC(D)]
and is in the cone ehgenderéd by xA[D), xB(O). xC(O) {Actually it is a

convex combination of xB(DJ, xC[O)].

00o
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