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ABSTRACT�

This paper addresses the effect of horizontal mergers on prices. It is shown that if firms compete in 
quantities and marginal costs are nondecreasing, any profitable merger failing to generate 
technological synergies must harm consumers through higher prices, irrespective of entry conditions 
in the industry. However this result does not hold if products are differentiated and firms compete in 
prices. The implications for merger policy are discussed. 
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RESUME 
 

Cet article porte sur l’effet des fusions horizontales sur les prix. Dans le cas d’une concurrence en 
quantités et de coûts marginaux non-décroissants, toute fusion profitable qui n’engendre pas de 
synergies technologiques conduit à une augmentation des prix néfaste aux consommateurs, 
indépendamment des conditions d’entrée dans le secteur concerné. Ce résultat ne s’étend pas au cas de 
la concurrence en prix entre entreprises fabriquant des biens différenciés. Les implications de ces 
résultats en termes de contrôle des concentrations sont discutées. 
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4 Lqwurgxfwlrq

Wklv sdshu surylghv d wkhruhwlfdo frqwulexwlrq wr wkh dqdo|vlv ri krul}rqwdo phuj0

huv1 Wkh pdlq uhvxow hvwdeolvkhv wkdw lq lqgxvwulhv lq zklfk �upv frpshwh lq txdqwl0

wlhv dqg wkhuh duh qr vfdoh hfrqrplhv eh|rqg wkrvh lqgxfhg e| wkh suhvhqfh ri �{hg

frvwv/ dq| sur�wdeoh phujhu idlolqj wr jhqhudwh whfkqrorjlfdo v|qhujlhv udlvhv sulfhv

dqg kdupv frqvxphuv/ luuhvshfwlyh ri hqwu| frqglwlrqv1 Wklv lv qrw wuxh/ krzhyhu/

li surgxfwv duh gl�huhqwldwhg dqg �upv frpshwh lq sulfhv= lq vxfk fdvhv/ hyhq zlwk0

rxw v|qhujlhv/ d phujhu pd| eh sur�wdeoh ghvslwh wuljjhulqj vx!flhqw hqwu| wr pdnh

frqvxphuv ehwwhu r�1

Vlqfh hdvh ri hqwu| dqg wkh suhvhqfh ru devhqfh ri phujhu0vshfl�f v|qhujlhv duh

dprqj wkh prvw lpsruwdqw fulwhuld xvhg e| dqwlwuxvw dxwkrulwlhv zkhq dvvhvvlqj

zkhwkhu dq dwwhpswhg phujhu vkrxog eh fkdoohqjhg/ dq lpsuryhg xqghuvwdqglqj ri

wkh uhodwlrqvkls ehwzhhq wkhvh wzr hohphqwv lv ri sdudprxqw lpsruwdqfh iru srolf|14

Wkh uhvxow hvwdeolvkhg lq wklv sdshu lpsolhv wkdw li frpshwlwlrq srolf| dlpv wr surwhfw

4Iru h{dpsoh/ dv h{sodlqhg lq wkh Phujhu Jxlgholqhv lvvxhg lq 4<<5/ wkh X1V1 Ghsduwphqw ri

Mxvwlfh dqg wkh Ihghudo Wudgh Frpplvvlrq frqvlghu wkuhh hohphqwv zkhq d phujhu lv olnho| wr vlj0

ql�fdqwo| lqfuhdvh pdunhw frqfhqwudwlrq= �^Wkh|` dvvhvv zkhwkhu hqwu| zrxog eh wlpho|/ olnho| dqg

vx!flhqw hlwkhu wr ghwhu ru wr frxqwhudfw wkh frpshwlwlyh h�hfwv ri frqfhuq1 ^Wkhq/ wkh|` dvvhvv dq|

h!flhqf| jdlqv wkdw uhdvrqdeo| fdqqrw eh dfklhyhg e| wkh sduwlhv wkurxjk rwkhu phdqv1 Ilqdoo|

^wkh|` dvvhvv zkhwkhu/ exw iru wkh phujhu/ hlwkhu sduw| wr wkh wudqvdfwlrq zrxog eh olnho| wr idlo/

fdxvlqj lwv dvvhwv wr h{lw wkh pdunhw1�
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frqvxphuv/ wkhq lq pdunhwv zkhuh pdujlqdo frvwv duh qrqghfuhdvlqj dqg wkh Frxuqrw

prgho lv dssolfdeoh/ dq| phujhu lqgxflqj qr whfkqrorjlfdo v|qhujlhv vkrxog eh suh0

yhqwhg/ hyhq li hqwu| dsshduv wr eh uhodwlyho| hdv|1

Uhodwlrq wr wkh olwhudwxuh

Iduuhoo dqg Vkdslur ^4<<3` dgguhvv wkh h�hfw ri phujhuv rq sulfhv xqghu wkh dv0

vxpswlrq wkdw hqwu| lv lpsrvvleoh1 Wkh| dvn krz wkh dqwlwuxvw dxwkrulw| rxjkw wr

uhvsrqg wr wkh fodlp wkdw d phujhu zloo doorz �upv wr uhds h!flhqf| jdlqv/ dqg �qg d

yhu| vwulnlqj uhvxow1 Wkh| qrwh wkdw d phujhu pd| |lhog wzr nlqgv ri h!flhqf| jdlqv1

Iluvw/ hyhq li d phujhu grhv qrw d�hfw wkh whfkqrorjlhv dydlodeoh wr �upv/ lw pd| lqgxfh

d frvw0vdylqj uhrujdql}dwlrq ri surgxfwlrq= iru h{dpsoh li pd| doorz �upv wr vkliw

surgxfwlrq iurp kljk0frvw idflolwlhv wr orz0frvw rqhv1 Vhfrqg/ d phujhu pd| fuhdwh

v|qhujlhv/ wkurxjk ohduqlqj iru h{dpsoh/ dqg h{sdqg wkh srvw0phujhu surgxfwlrq vhw

eh|rqg wkh vxp ri wkh suh0phujhu surgxfwlrq vhwv1 Iduuhoo dqg Vkdslur ^4<<3` vkrz

+Sursrvlwlrq 5/ s1 445, wkdw li �upv frpshwh lq txdqwlwlhv dqg wkhuh duh qr vfdoh

hfrqrplhv/ wkh �uvw w|sh ri h!flhqf| jdlq lv qrw hqrxjk wr pdnh d phujhu ehqh�fldo

iru frqvxphuv1 Dowkrxjk d phujhu qrw dffrpsdqlhg e| v|qhujlhv pd| udlvh djjuhjdwh

zhoiduh e| lpsurylqj surgxfwlyh h!flhqf|/ lw qhfhvvdulo| fdxvhv sulfhv wr ulvh dqg wkxv

frqvxphuv wr eh kduphg1 Ghqhfnhuh dqg Gdylgvrq ^4<;8` suryh d vlplodu uhvxow lq wkh

fdvh ri gl�huhqwldwhg surgxfwv dqg sulfh frpshwlwlrq1
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Wkh srolf| frqvhtxhqfh vhhpv txlwh fohdu= lq wkh devhqfh ri hqwu| dqg ri dq|

hfrqrplhv ri vfdoh/ wkh dqwlwuxvw dxwkrulw| vkrxog uhmhfw doo phujhuv zklfk gr qrw

jhqhudwh whfkqrorjlfdo v|qhujlhv51

Exw wkhvh dvvxpswlrqv duh yhu| ghpdqglqj/ wr wkh srlqw wkdw wklv srolf| uhf0

rpphqgdwlrq dsshduv wr eh ri olwwoh khos1 Hyhq wkrxjk hdvh ri hqwu| ydulhv dfurvv

lqgxvwulhv/ vrph hqwu| lv xvxdoo| srvvleoh dw ohdvw dw vrph frvw/ dqg lw lv lpsruwdqw

wr xqghuvwdqg krz frqfhuqv derxw hqwu| dqg phujhu0vshfl�f v|qhujlhv vkrxog eh du0

wlfxodwhg1 Dovr/ wkh lqgxvwulhv lq zklfk phujhuv zduudqw vfuxwlq| duh xvxdoo| kljko|

frqfhqwudwhg/ dqg kljk frqfhqwudwlrq lv olnho| wr uh hfw wkh suhvhqfh ri vljql�fdqw

vfdoh hfrqrplhv/ riwhq uhvxowlqj iurp odujh �{hg frvwv1 Wklv sdshu dgguhvvhv wkhvh

wzr lvvxhv e| dqdo|}lqj d prgho lq zklfk �{hg frvwv dqg srwhqwldo hqwu| duh suhvhqw

dqg wkxv doorzv xv wr glvfxvv krz h!flhqf| ghihqfhv dqg hqwu| frqglwlrqv vkrxog eh

mrlqwo| ghdow zlwk1

Wkh sdshu prvw forvho| uhodwhg wr wkh suhvhqw rqh lv Zhughq dqg Iurhe ^4<<;`1

Frqvlghulqj erwk wkh fdvh ri txdqwlw| frpshwlwlrq dqg wkdw ri sulfh frpshwlwlrq xqghu

yhu| vshfl�f dvvxpswlrqv derxw frvwv dqg ghpdqg/ wkh| �qg wkdw lq wkh devhqfh ri

v|qhujlhv/ d phujhu iroorzhg e| hqwu| lv qhfhvvdulo| xqsur�wdeoh iru wkh phujlqj �upv/

dqg dffruglqjo| wkdw dq| sur�wdeoh phujhu pxvw udlvh sulfh1

5Vhh Iduuhoo dqg Vkdslur ^5334` iru d srolf|0rulhqwhg vxuyh| rq wkh txhvwlrq ri h!flhqf| ghihqfhv

dulvlqj lq krul}rqwdo phujhuv1
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Wklv sdshu vljql�fdqwo| h{whqgv wkhlu uhvxow lq wkh fdvh ri txdqwlw| frpshwlwlrq/

surylqj wkdw lw krogv xqghu yhu| jhqhudo frqglwlrqv1 Krzhyhu/ lq wkh fdvh ri gl�hu0

hqwldwhg surgxfwv dqg sulfh frpshwlwlrq/ wkh h{dpsoh suhvhqwhg lq wklv sdshu vkhgv

oljkw rq wkh olplwv ri wkhlu uhvxow/ zklfk uholhv rq vshfl�f ixqfwlrqdo irupv iru ghpdqg

dqg frvwv1

Olplwv ri wklv sdshu

Wkh dssurdfk iroorzhg lq wklv sdshu kdv ehhq vxemhfw wr wzr pdlq fulwlflvpv1

Iluvw ri doo/ dv Kd| dqg Zhughq ^4<<4` zulwh/ �wkh Frxuqrw prgho kdv hqgxuhg d

fhqwxu| ri fulwlflvp�1 Vlqfh wkh pdlq uhvxow ri wklv sdshu lv suryhg iru wkh fdvh ri

txdqwlw| frpshwlwlrq/ wkhvh fulwlflvpv vkrxog fhuwdlqo| eh dgguhvvhg1 Zkloh wklv sdshu

grhv qrw frqwulexwh dq| qhz lghdv wr wkh ghedwh derxw wkh uhohydqfh ri wkh Frxuqrw

prgho/ d odujh erg| ri wkhruhwlfdo dqg hpslulfdo uhvhdufk vxjjhvwv wkdw wkh revhuydwlrq

wkdw �upv riwhq vhhp wr vhw sulfhv udwkhu wkdq txdqwlwlhv grhv qrw vx!fh wr glvfdug

wkh Frxuqrw prgho16 Lq dq| fdvh/ lw pxvw eh dssolfdeoh dw ohdvw lq vrph vhfwruv/

dv wkh Phujhu Jxlgholqhv uhfrjql}h lpsolflwo| e| glylglqj lqgxvwulhv ehwzhhq wkrvh lq

zklfk surgxfwv duh gl�huhqwldwhg dqg �upv frpshwh sulpdulo| lq sulfhv +vhfwlrq 5154,/

6Nuhsv dqg Vfkhlqnpdq ^4<;6` vkrz wkdw wkh Frxuqrw prgho fdq eh vhhq dv wkh uhgxfhg irup

ri d jdph zkhuh �upv �uvw vhw fdsdflwlhv dqg wkhq frpshwh lq sulfhv1 Rq wkh hpslulfdo vlgh/ wkh

glyhuvlw| ri frpshwlwlrq irupv dfurvv lqgxvwulhv qrwzlwkvwdqglqj/ pxfk hylghqfh vxjjhvwv wkdw wkh

Frxuqrw prgho lv urxjko| uljkw rq dyhudjh +Iurhe dqg Zhughq ^4<<4`/ Vfkpdohqvhh ^4<;<`,1
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dqg wkrvh lq zklfk surgxfwv duh forvh wr hdfk rwkhu/ dqg �upv frpshwh e| vhwwlqj

fdsdflwlhv +vhfwlrq 5155,1

Wkh vhfrqg srvvleoh olplwdwlrq ri rxu dqdo|vlv lv wkh irfxv rq qrqfrrshudwlyh

htxloleuld/ udwkhu wkdq rq wkh ulvn ri frooxvlrq1 Exw dqwlwuxvw dxwkrulwlhv* lqfuhdvhg

hpskdvlv rq �xqlodwhudo h�hfwv�/ pluurulqj hfrqrplvwv* vnhswlflvp dv wr wkh shuyd0

vlyhqhvv ri frooxvlrq dqg wkh srvvlelolw| ri ghvljqlqj zrundeoh fulwhuld wr dgguhvv lw/

pd| mxvwli| wklv dssurdfk1

Wkh sdshu lv rujdql}hg dv iroorzv1 Iluvw/ L suhvhqw dq h{dpsoh vkrzlqj wkdw phujhu0

lqgxfhg hqwu| fdq vx!fh wr pdnh d phujhu ehqh�fldo iru frqvxphuv hyhq zlwkrxw

v|qhujlhv +vhfwlrq 514,1 Krzhyhu/ li dwwhqwlrq lv uhvwulfwhg wr sur�wdeoh phujhuv/ wklv

lv qr orqjhu wuxh= diwhu d jhqhudo prgho ri txdqwlw| frpshwlwlrq lv ghyhorshg +vhfwlrq

515,/ wkh pdlq uhvxow ri wkh sdshu/ vwdwhg lq vhfwlrq 516/ hvwdeolvkhv lqghhg wkdw vxfk

phujhuv qhfhvvdulo| udlvh sulfh li wkh| gr qrw jhqhudwh v|qhujlhv1 Lq Vhfwlrq 6/ d

vshfl�f h{dpsoh lv xvhg wr vkrz wkdw wklv uhvxow grhv qrw fduu| ryhu wr wkh fdvh ri

sulfh frpshwlwlrq zlwk gl�huhqwldwhg surgxfwv1 Wkh frqfoxglqj uhpdunv lq Vhfwlrq 7

uhodwh wkhvh uhvxowv wr dfwxdo phujhu srolf|1
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5 Wkh fdvh ri txdqwlw| frpshwlwlrq

514 Dq h{dpsoh

Lq d pdunhw zkhuh �upv frpshwh lq txdqwlwlhv/ fdq phujhu0lqgxfhg hqwu| r�vhw

wkh dgyhuvh h�hfwv ri phujhuv rq frqvxphuv* zhoiduhB Wkh h{dpsoh suhvhqwhg khuhdiwhu

vkrzv wkdw wkh dqvzhu lv d!updwlyh= li hqwu| lv srvvleoh/ d phujhu pd| fdxvh sulfhv

wr idoo hyhq zlwkrxw v|qhujlhv ru hfrqrplhv ri vfdoh1

Wkh prgho

Wkhuh duh wkuhh �upv1 Ghpdqg lv olqhdu/ dqg jlyhq e|

REf� ' ��f� +4,

Ilup � kdv d frqvwdqw pdujlqdo frvw ri surgxfwlrq htxdo wr S�/ dqg wkhuh h{lvwv 0 : f

vx!flhqwo| vpdoo dqg S	D vxfk wkdw

S� ' S

S2 ' S

S� ' S� 0�

Dovr/ �upv 4 dqg 5 fdq frvwohvvo| hqwhu wkh pdunhw/ zkloh �up 6 pxvw sd| d vxqn frvw

8 : f� L dvvxph wkdw
�
�� S

e

�2

	 8 	

�
�� S

�

�2

� +5,

:



Lw lv zhoo nqrzq wkdw li ghpdqg lv jlyhq e| +4, dqg ? �upv kdyh d frqvwdqw

pdujlqdo frvw ri S/ wkh Frxuqrw rxwfrph kdv hdfk �up hduqlqj sur�wv htxdo wr
�
�3S
?n�

�2
�

Wkhuhiruh/ +5, lpsolhv wkdw li 0 lv vx!flhqwo| vpdoo/ �up 6 grhv qrw �qg lw sur�wdeoh

wr hqwhu wkh pdunhw li erwk �upv 4 dqg 5 duh suhvhqw/ zkloh �qglqj hqwu| sur�wdeoh

lq wkh suhvhqfh ri d vlqjoh lqfxpehqw71 Vlqfh �upv 4 dqg 5 fdq hqwhu zlwkrxw sd|lqj

dq| hqwu| frvw/ wklv lpsolhv wkdw wkh rqo| htxloleulxp lv rqh lq zklfk erwk �upv 4

dqg 5 hqwhu1 Lw fdq eh vkrzq wkdw wkh sulfh fruuhvsrqglqj wr wklv gxrsro| lv

R�c2 '
�n S� n S2

�
'

�n 2S

�
�

H�hfw ri d phujhu

Frqvlghu qrz wkh lpsdfw ri d phujhu ehwzhhq �upv 4 dqg 5/ zlwkrxw v|qhujlhv1

Wkh phujhg hqwlw| kdv frqvwdqw pdujlqdo frvw S/ dv glg �upv 4 dqg 5 suh0phujhu1 Dv

h{sodlqhg deryh/ +5, hqvxuhv wkdw/ li 0 lv vx!flhqwo| forvh wr }hur/ �up 6*v sur�w lq

wkh htxloleulxp ri d Frxuqrw gxrsro| lqyroylqj �upv 4 dqg 6 rqo| lv juhdwhu wkdq 8 1

Vlqfh wkh phujhu ri �upv 4 dqg 5 |lhogv d �up wkdw lv htxlydohqw wr �up 4 dorqh +ru

�up 5 dorqh,/ lw qhfhvvdulo| wuljjhuv �up 6*v hqwu|1 Wkh srvw0phujhu htxloleulxp lv

wkhuhiruh wkh gxrsro| rxwfrph lqyroylqj �upv 4 dqg 6 +ru/ htxlydohqwo|/ �upv 5 dqg

7Iru Frxuqrw sur�wv dqg �up 6*v hqwu| frvw I wr eh frpsduhg lq wklv zd|/ rqh pxvw hlwkhu dvvxph

wkdw wkh roljrsrolvwlf lqwhudfwlrq wdnhv sodfh rqo| rqfh/ ru/ pruh uhdolvwlfdoo|/ wkdw lw lv uhshdwhg/ dqg

wkdw wkh hqwu| frvw lv htxlydohqw wr d  rz ri I shu shulrg1

;



6,1 Wkh fruuhvsrqglqj sulfh lv

R�c� '
�n S� n S�

�
'

�n 2S

�
�

0

�
�

Wklv sulfh lv ohvv wkdq wkh suh0phujhu sulfh/ surylqj wkh uhvxow= Iduuhoo dqg

Vkdslur*v ^4<<3` frqfoxvlrq wkdw phujhuv jhqhudwlqj qr v|qhujlhv qhfhvvdulo| kdup

frqvxphuv grhv qrw krog rqfh wkh srvvlelolw| ri hqwu| lv frqvlghuhg1

Krzhyhu/ wklv h{dpsoh kdv olwwoh uhohydqfh/ ehfdxvh wkh phujhu lw frqvlghuv lv qrw

sur�wdeoh/ dv lw fdxvhv wkh vxp ri wkh sur�wv ri �upv 4 dqg 5 wr idoo iurp 5
�
�3S
�

�2
suh0

phujhu wr
�
�3S30

�

�2
srvw0phujhu1 Vlqfh rqh pd| h{shfw wkdw rqo| sur�wdeoh phujhuv

duh dwwhpswhg/ dqdo|vlv fdq mxvwl�deo| eh uhvwulfwhg wr vxfk phujhuv1 Wkh iroorzlqj

wzr vxevhfwlrqv vwxg| wklv vxemhfw lq ixuwkhu ghwdlo1

515 Sur�wdeoh phujhuv dqg hqwu|= wkh prgho

L suhvhqw ehorz d jhqhudo prgho lq rughu wr dqdo|}h wkh sulfh h�hfwv ri sur�wdeoh

phujhuv lq pdunhwv zkhuh �upv frpshwh lq txdqwlwlhv1 Lwv dvvxpswlrqv duh yhu|

vwdqgdug1 Lq sduwlfxodu/ wkh| frlqflgh zlwk wkrvh pdgh e| Iduuhoo dqg Vkdslur ^4<<3`/

zlwk wkh h{fhswlrq wkdw L doorz iru hqwu|1

Ghpdqg

Wkhuh lv rqo| rqh jrrg/ dqg ghpdqg lv jlyhq e| wkh htxdwlrq R@REf�/ zkhuh f

<



lv lqgxvwu| rxwsxw dqg R lv sulfh1 Lw vdwlv�hv wkh frqglwlrqv

R�Ef� 	 f +6,

dqg

R�Ef� nfR��Ef� 	 f� +7,

Wkh �uvw lqhtxdolw| vlpso| phdqv wkdw ghpdqg lv grzqzdug0vorslqj/ zkloh wkh vhfrqg

hqvxuhv wkdw hdfk �up*v uhdfwlrq ixqfwlrq lv grzqzdug0vorslqj1

Whfkqrorj|

Doo �upv* frvw ixqfwlrqv duh ri wkh irup

��E+� '

;AAA?
AAA=

8� n S�E+� li + : f

f li + ' f

c

+8� dqg wkh ixqfwlrq S� ydu| e| �up,/ zkhuh 8� � f dqg wkh yduldeoh frvw ixqfwlrq S�

lv lqfuhdvlqj dqg +zhdno|, frqyh{1 Lq rughu wr hqwhu wkh pdunhw/ d srwhqwldo hqwudqw

pxvw sd| dq dgglwlrqdo hqwu| frvw/ zklfk pd| ydu| dfurvv �upv1 H{lw frvwv pd| dovr

eh suhvhqw1

Frpsdudwlyh vwdwlfv

Wkh vfhqdulr frqvlghuhg lq wklv vhfwlrq lv dv iroorzv1 Sulru wr wkh phujhu/ �upv

frpshwh lq txdqwlwlhv1 Diwhu d phujhu lv dqqrxqfhg/ hdfk �up ghflghv zkhwkhu wr

h{lw ru wr hqwhu wkh pdunhw +srvvleo| dw d frvw,1 Diwhu wkh phujhu wdnhv sodfh dqg

43



qrq0phujlqj �upv* hqwu| dqg2ru h{lw ghflvlrqv duh lpsohphqwhg/ wkh �upv suhvhqw

lq wkh pdunhw frpshwh lq txdqwlwlhv1 Wkh phujhu lv sur�wdeoh li wkh phujhg hqwlw|*v

wrwdo sur�w lq wklv odvw vwdjh lv juhdwhu wkdq wkh vxp ri doo phujlqj �upv* suh0phujhu

sur�wv1

Lq wkh suhvhqfh ri �{hg dqg vxqn frvwv/ wklv jdph pd| kdyh qr sxuh vwudwhj|

htxloleulxp/ ru pd| kdyh pruh wkdq rqh1 Iru wkh vdnh ri vlpsolflw|/ L fkrrvh qrw wr

vroyh wkh jdph h{solflwo|1 Udwkhu/ L dvvxph wkdw lw kdv dw ohdvw rqh sxuh vwudwhj|

htxloleulxp/ dqg wkdw doo �upv frruglqdwh rq d vlqjoh rqh18

516 Wkh fhqwudo uhvxow

Wkh dvvxpswlrq wkdw dwwhpswhg phujhuv vkrxog eh sur�wdeoh doorzv xv wr gudz

lqihuhqfhv derxw wkhlu sulfh h�hfwv/ dv wkh iroorzlqj uhvxow 0 wkh pdlq frqwulexwlrq ri

wklv sdshu 0 vkrzv1

Sursrvlwlrq 4 D sur�wdeoh phujhu zklfk grhv qrw jhqhudwh whfkqrorjlfdo v|qhujlhv

fdxvhv sulfhv wr ulvh/ hyhq li hqwu| lv srvvleoh dqg �{hg frvwv jhqhudwh vfdoh hfrqrplhv1

Wkh irupdo surri lv lq wkh dsshqgl{/ exw lwv orjlf fdq eh h{sodlqhg lq d ihz zrugv1

Iru d phujhu wr eh sur�wdeoh/ dw ohdvw rqh ri wkh phujlqj �upv/ vd| �up 4/ pxvw

hduq d juhdwhu sur�w srvw0phujhu wkdq suh0phujhu1 Ilup 4*v sur�w srvw0phujhu lv

ohvv wkdq wkh sur�w lw zrxog hduq li lw pd{lpl}hg lwv sur�w dorqh +udwkhu wkdq wkh

8Iru d g|qdplf prgho zkhuh phujhuv/ hqwu| dqg h{lw duh hqgrjhqrxv/ vhh Jrzulvdqndudq ^4<<<`1
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zkroh srvw0phujhu*v �up sur�w, jlyhq doo rwkhu �upv* rxwsxw ohyhov1 Exw/ vlqfh �up

4*v pd{lpdo sur�w lv d ghfuhdvlqj ixqfwlrq ri wkh vxp ri doo rwkhu �upv* rxwsxwv/ wkh

vxp ri doo rwkhu �upv* rxwsxw ohyhov pxvw eh orzhu srvw0phujhu wkdq suh0phujhu1 Li

�up 4 pd{lpl}hg lwv rzq sur�w erwk suh0 dqg srvw0phujhu/ d ghfuhdvh lq doo rwkhu

�upv* rxwsxw ohyhov zrxog fdxvh �up 4 wr lqfuhdvh lwv rxwsxw/ exw qrw e| dq dprxqw

vx!flhqw wr r�vhw rwkhu �upv* rxwsxw idoo/ dqg wrwdo rxwsxw zrxog idoo1 Wkh idfw wkdw

�up 4 pd{lpl}hv wkh phujhg �up*v sur�w udwkhu wkdq lwv rzq rqo| uhlqirufhv wklv

frqfoxvlrq/ ehfdxvh wdnlqj lqwr dffrxqw wkh dgyhuvh h�hfw ri dq| sulfh lqfuhdvh rq wkh

rwkhu phujlqj sduwlhv fdxvhv �up 4 wr surgxfh ohvv wkdq li lw fduhg rqo| derxw lwv rzq

sur�w1 Wkhuhiruh djjuhjdwh rxwsxw idoov/ dqg wkh sulfh ulvhv91

Wklv uhvxow lpsolhv wkdw li wkh dvvxpswlrqv pdgh lq wklv vhfwlrq +txdqwlw| frpshwl0

wlrq dqg qrqghfuhdvlqj pdujlqdo frvwv, dsso|/ wkhq rqh fdq eh fhuwdlq wkdw d sursrvhg

phujhu jhqhudwlqj qr v|qhujlhv zloo udlvh sulfhv/ zlwkrxw dq| qhhg wr srqghu hqwu|

frqglwlrqv1 Wkh srlqw lv vlpso| wkdw li odujh0vfdoh hqwu| zhuh yhu| hdv|/ fdxvlqj wkh

sulfh wr idoo ehorz lwv suh0phujhu ohyho/ wkhq wkh phujhu zrxog eh xqsur�wdeoh/ dqg

khqfh qrw xqghuwdnhq1 Wklv lv wuxh hyhq li wkh phujhu doorzv wkh phujlqj �upv wr

dyrlg zdvwhixo gxsolfdwlrq ri �{hg frvwv= vxfk vdylqjv fdqqrw eh vx!flhqw wr pdnh

d phujhu sur�wdeoh li phujhu0lqgxfhg hqwu| fdxvhv wkh sulfh wr idoo1 Wkh srolf| frq0

9Li d phujhu doorzv �upv wr uhdoorfdwh fdslwdo dfurvv sodqwv/ wkh uhvxow grhv qrw krog lq wkh vkruw0

uxq/ exw vwloo krogv lq wkh orqj0uxq li wkh phujhu lv dvvxphg wr udlvh sur�wv lq wkh orqj0uxq +wkh

dujxphqw lv wkh vdph dv lq Iduuhoo dqg Vkdslur ^5333`/ s1 445,1
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vhtxhqfhv ri wklv uhvxow duh glvfxvvhg lq pruh ghwdlo ehorz +lq Vhfwlrq 7,1 Lq rughu

wr dvvhvv wkh jhqhudolw| ri wkh uhvxow/ L h{dplqh lq wkh qh{w vhfwlrq wkh rwkhu srodu

fdvh ri roljrsrolvwlf lqwhudfwlrq/ qdpho| wkh fdvh ri sulfh frpshwlwlrq lq gl�huhqwldwhg

surgxfw pdunhwv1

6 Sulfh frpshwlwlrq= d frxqwhu0h{dpsoh

Lq pdq| pdunhwv/ sulfh frpshwlwlrq ehwzhhq �upv vhoolqj gl�huhqwldwhg surgxfwv lv

frqvlghuhg d pruh dffxudwh ghvfulswlrq ri uhdolw| wkdq txdqwlw| frpshwlwlrq dprqj

surgxfhuv ri d krprjhqhrxv jrrg1 Wklv vhfwlrq h{dplqhv zkhwkhu Sursrvlwlrq 4/

suryhg lq wkh fdvh ri txdqwlw| frpshwlwlrq/ h{whqgv wr wkdw ri sulfh frpshwlwlrq1 L

vkrz wkdw lw grhv qrw/ e| suhvhqwlqj d frxqwhu0h{dpsoh= li hqwu| lv srvvleoh/ d phujhu

pd| ehqh�w erwk wkh phujlqj �upv dqg frqvxphuv/ hyhq zlwkrxw v|qhujlhv1 Wklv

vwdqgv lq frqwudvw zlwk d uhvxow irxqg e| Zhughq dqg Iurhe ^4<<;` xqghu uhvwulfwlyh

ghpdqg dvvxpswlrqv1

Wkh lqwxlwlrq iru wkh srvvlelolw| wkdw d sur�wdeoh phujhu pljkw ehqh�w frqvxphuv

lv vwudljkwiruzdug1 Ehfdxvh gl�huhqwldwhg surgxfwv lqyroyh pdq| gl�huhqw sulfhv/ d

phujhu pd| doorz wkh phujlqj �upv wr udlvh wkhlu sulfhv zkloh wuljjhulqj hqwu| e| rwkhu

�upv/ iruflqj vrph qrq0phujlqj �upv* sulfhv grzq dqg pdnlqj frqvxphuv ehwwhu r�

rq dyhudjh1 Jlyhq wkh duelwudulqhvv zlwk zklfk gl�huhqwldwhg surgxfw pdunhwv fdq

eh prghoohg/ olwwoh fdq eh grqh eh|rqg looxvwudwlqj wklv srvvlelolw| wkurxjk dq dg krf
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h{dpsoh/ vxfk dv wkh rqh suhvhqwhg ehorz:1

Ghpdqg

� Wkhuh duh irxu jrrgv/ lqgh{hg 4 wr 71 Ilup � fdq surgxfh jrrg � rqo|1 Wkh irxu

�upv duh orfdwhg rq d vwudljkw olqh/ dqg wkh glvwdqfh ehwzhhq wzr frqvhfxwlyh

�upv lv 41

� D pdvv 4 ri djhqwv lv xqlirupo| glvwulexwhg ehwzhhq dq| sdlu ri �upv1

� Doo frqvxphuv kdyh xqlw ghpdqg1

� Frqvxphuv orfdwhg ehwzhhq �upv 4 dqg 5 +uhvs1 6 dqg 7, rqo| ghulyh xwlolw|

iurp jrrg 4 ru jrrg 5 +uhvs1 6 ru 7,1 Wkhlu ydoxdwlrq iurp wkh jrrg wkh|

frqvxph lv ��2 +uhvs1 ��e��

� Frqvxphuv orfdwhg ehwzhhq �upv 5 dqg 6 fdq ghulyh xwlolw| iurp dq| jrrg1

Wkhlu ydoxdwlrq lv �2��

� Doo frqvxphuv idfh d wudqvsruwdwlrq frvw | shu xqlw ri glvwdqfh1 | lv pxfk vpdoohu

wkdq dq| ri wkh ����

:Lw lv zhoo0nqrzq wkdw d phujhu ri �upv surgxflqj jrrgv zklfk frpsohphqw hdfk rwkhu pd|

ehqh�w frqvxphuv/ zlwkrxw dq| hqwu|1 Lq frqwudvw/ wklv vhfwlrq frqvlghuv d phujhu ri �upv surgxflqj

vxevwlwxwhv1
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Whfkqrorj|/ rzqhuvkls vwuxfwxuh/ dqg wkh qdwxuh ri frpshwlwlrq

� Hdfk �up fdq surgxfh frvwohvvo| +pdujlqdo frvwv duh }hur,/ exw �up 6 pxvw

ghflgh zkhwkhu wr hqwhu wkh pdunhw dqg sd| dq hqwu| frvw 8 / zlwk

| 	 8 	
eb

�H
|� +8,

� Lqlwldoo|/ doo �upv kdyh vhsdudwh rzqhuvkls1 Zh wkhq frqvlghu wkh h�hfw ri d

phujhu ri �upv 4 dqg 21

� Ilupv frpshwh lq sulfhv1

Suh0phujhu htxloleulxp

Li doo irxu �upv surgxfh d srvlwlyh dprxqw wkhq lq htxloleulxp R� ' R2 ' R� '

Re ' |c dqg �up 6*v sur�w lv |/ zklfk lv qrw vx!flhqw wr fryhu wkh hqwu| frvw 8�;

Wkhuhiruh lq htxloleulxp/ �up 6 fkrrvhv qrw wr hqwhu1 Rqh fdq hdvlo| vkrz wkdw

wkh htxloleulxp sulfhv duh ;AAAAAAAA?
AAAAAAAA=

R� '
D

�
|

R2 '
.

�
|

Re ' ��e � |�

+9,

;Wklv vwdwhphqw dqg wkh fkdudfwhul}dwlrq ri htxloleuld ehorz uhvxow iurp vlpsoh fdofxodwlrqv/

dydlodeoh iurp wkh dxwkru xsrq uhtxhvw1
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Wkh lqwxlwlrq lv dv iroorzv= lq wkh devhqfh ri �up 6/ wkh ehvw vwudwhj| iru �up 7 lv

wr vhw d yhu| kljk sulfh/ vhuylqj wkh �fdswlyh� pdunhw ri frqvxphuv orfdwhg ehwzhhq

�upv 6 dqg 71 Wkhuhiruh �up 7 vhwv wkh kljkhvw sulfh doorzlqj lw wr vhuyh wklv hqwluh

vhw ri frqvxphuv/ l1h1 ��e � |1 Wklv ohdyhv �upv 4 dqg 5 frpshwlqj iru doo uhpdlqlqj

frqvxphuv +wkrvh orfdwhg wr wkh ohiw ri �up 6,/ ohdglqj wr sulfhv D

�
| dqg .

�
|�

Srvw0phujhu htxloleulxp

L frqvlghu �uvw wkh htxloleulxp diwhu d phujhu ri �upv 4 dqg 5/ dvvxplqj �up 6

ghflghg wr hqwhu1 Wkh vlwxdwlrq ri wkh phujhg hqwlw| lv dqdorjrxv wr wkh vlwxdwlrq ri

�up 7 ehiruh wkh phujhu= lw lv ehwwhu r� vhwwlqj d yhu| kljk sulfh dqg vhoolqj rqo| wr wkh

�fdswlyh� frqvxphuv +orfdwhg ehwzhhq �upv 4 dqg 5, wkdq wu|lqj wr frpshwh zlwk �up

6 lq rughu wr dwwudfw frqvxphuv orfdwhg ehwzhhq �upv 5 dqg 61 Wklv ohdyhv �upv 6 dqg

7 frpshwlqj iru frqvxphuv orfdwhg wr wkh uljkw ri �up 51 E| v|pphwu|/ wkh sulfhv vhw

e| �upv 6 dqg 7 srvw0phujhu duh wkh vdph dv wkrvh vhw e| �upv 5 dqg 4 suh0phujhu=

R� ' .

�
| dqg Re ' D

�
|� Ilupv 4 dqg 5 vhw wkh kljkhvw sulfh vxfk wkdw wkh frqvxphu

orfdwhg dw wkh plgsrlqw ehwzhhq wkhp fkrrvhv wr ex|1 Vlqfh wkh wudqvsruwdwlrq frvw
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iru wklv frqvxphu lv |
2
c wklv ohdgv wr R� ' R2 ' ��2 �

|
2
� Wr uhfdslwxodwh/

;AAAAAAAAAAAAA?
AAAAAAAAAAAAA=

R� ' ��2 �
|
2

R2 ' ��2 �
|
2

R� '
.

�
|

Re '
D

�
|c

|lhoglqj �up 6 d sur�w htxdo wr R�
�
�

2
n Re3R�

2|

�
' eb

�H
|c zklfk lv juhdwhu wkdq wkh hqwu|

frvw 8� Wkhuhiruh/ wkh phujhu ri �upv 4 dqg 5 lqgxfhv �up 6 wr hqwhu1

H�hfw rq frqvxphuv* zhoiduh

Wkh h�hfw ri wkh phujhu fdq eh vxppdul}hg dv iroorzv= lw fdxvhv wkh pdunhw

wr vkliw iurp d vlwxdwlrq lq zklfk frqvxphuv orfdwhg ehwzhhq �upv 6 dqg 7 idfh d

prqrsro|/ wr rqh lq zklfk frqvxphuv orfdwhg ehwzhhq �upv 4 dqg 5 idfh d prqrsro|1

Li wkh prqrsro| uhqw lv vljql�fdqwo| juhdwhu lq wkh pdunhw orfdwhg ehwzhhq �upv 6

dqg 7 wkdq iru wkh pdunhw orfdwhg ehwzhhq �upv 4 dqg 5/ wklv vkliw vkrxog ehqh�w

frqvxphuv1 Lqghhg/ rqh fdq hdvlo| fkhfn wkdw djjuhjdwh frqvxphuv* zhoiduh ulvhv e|

��e � ��2 �
|
e
c zklfk lv srvlwlyh iru ��e � ��2 vx!flhqwo| odujh1

7 Frqfoxvlrq

Wkh jhqhudo uhvxow suryhg lq wklv sdshu lq wkh fdvh ri txdqwlw| frpshwlwlrq kdv

wzr vwulnlqj frqvhtxhqfhv1
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Iluvw/ dq h!flhqf| ghihqfh uho|lqj rq wkh lghd wkdw d phujhu doorzv �upv wr h{sorlw

vfdoh hfrqrplhv lv qrw frqylqflqj li wkhvh vfdoh hfrqrplhv uhvxow rqo| iurp wkh suhvhqfh

ri �{hg frvwv1 Zkloh wkh holplqdwlrq ri �{hg frvw gxsolfdwlrq pd| fdxvh d phujhu

wr lqfuhdvh djjuhjdwh zhoiduh/ vxfk d phujhu qhfhvvdulo| kdupv frqvxphuv li lw grhv

qrw dovr jhqhudwh v|qhujlhv1 Wklv uhpdun lv ri vrph lpsruwdqfh/ erwk ehfdxvh vxfk

vfdoh hfrqrplhv duh yhu| iuhtxhqw lq wkh olwhudwxuh +pdq| prghov dvvxph �{hg frvwv

lq dgglwlrq wr frqvwdqw ru lqfuhdvlqj pdujlqdo frvwv,/ dqg ehfdxvh wkh| pd| eh hyhq

pruh olnho| lq phujhu fdvhv/ dv wkh| surylgh d udwlrqdoh iru phujlqj1 Wkh uhvxow/

krzhyhu/ lv qrw vxusulvlqj= ehfdxvh �{hg frvwv gr qrw d�hfw wkh �uvw0rughu frqglwlrqv

ghwhuplqlqj htxloleulxp sulfhv/ wkh sulfh h�hfw ri phujhuv vkrxog qrw ghshqg rq wkhlu

suhvhqfh ru devhqfh1

Vhfrqg/ dqg shukdsv pruh lpsruwdqwo|/ lq wkh devhqfh ri v|qhujlhv ru hfrqrplhv ri

vfdoh +rwkhu wkdq wkrvh lqgxfhg e| �{hg frvwv,/ d sur�wdeoh phujhu qhfhvvdulo| kdupv

frqvxphuv wkurxjk kljkhu sulfhv/ luuhvshfwlyh ri hqwu| frqglwlrqv1

Wdnlqj wklv uhvxow wrr olwhudoo|/ rqh pljkw eh whpswhg wr dujxh wkdw dqwlwuxvw

dxwkrulwlhv vkrxog qrw srqghu hqwu| frqglwlrqv dqg vkrxog lqvwhdg irfxv rq zkhwkhu

wkhuh duh phujhu0vshfl�f v|qhujlhv<1 Vwdwhg dv vxfk/ wklv ylhz vhhpv txlwh h{wuhph=

<Wklv lv Zhughq dqg Iurhe*v ^4<<;` frqfoxvlrq= �wkh hqwu| lvvxh lq phujhu fdvhv froodsvhv lqwr

h!flhqf| frqvlghudwlrqv/ dqg lq wkh devhqfh ri vwurqj hylghqfh ^ri phujhu0vshfl�f h!flhqf| jdlqv`/

wkhuh lv d vrxqg edvlv iru suhvxplqj wkdw hqwu| revwdfohv zloo suhyhqw hqwu| lq uhvsrqvh1 Wkxv/ wkh

ehvw zd| iru frxuwv wr wuhdw hqwu| lq pdq| phujhu fdvhv pd| eh qrw wr frqvlghu lw dw doo1�
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vkrxog hdvh dqg vfdoh ri srwhqwldo hqwu| uhdoo| eh glvuhjdughgB Wklv zrxog eh dw

rggv zlwk wkh revhuydwlrq wkdw li srwhqwldo hqwudqwv* vxsso| lv lq�qlwho| hodvwlf dw

suh0phujhu sulfhv/ qr phujhu fdq srvvleo| udlvh wkh pdunhw sulfh/ dqg wkxv wkdw doo

phujhuv sursrvhg lq vxfk dq hqylurqphqw vkrxog eh dxwkrul}hg wr pryh iruzdug1

Krz fdq wklv uhpdun eh uhfrqflohg zlwk rxu uhvxowB Wkh dqvzhu lv wkdw lq dq

lqgxvwu| zkhuh dq| sulfh lqfuhdvh zrxog wuljjhu pdvvlyh hqwu|/ d phujhu lv qhfhvvdulo|

xqsur�wdeoh xqohvv lw lqgxfhv v|qhujlhv1 V|pphwulfdoo|/ lq wkh devhqfh ri v|qhujlhv/

wkh phuh idfw wkdw d phujhu lv dwwhpswhg lpsolhv wkdw hqwu| survshfwv duh olplwhg/

dw ohdvw dffruglqj wr wkh phujlqj �upv* h{shfwdwlrqv/ dqg wkdw wkh phujhu zloo udlvh

sulfh1

Lq rwkhu zrugv/ rxu uhvxow grhv qrw lpso| wkdw hqwu| frqglwlrqv duh ri qr lpsru0

wdqfh1 Udwkhu/ lw vkhgv oljkw rq krz phujhu srolf| vkrxog duwlfxodwh wkh dvvhvvphqw

ri phujhu0vshfl�f v|qhujlhv zlwk wkdw ri hqwu| frqglwlrqv1 Li/ zlwk d vx!flhqw ghjuhh

ri fhuwdlqw|/ hqwu| lv irxqg wr eh yhu| hdv| dw +ru voljkwo| deryh, fxuuhqw sulfhv/ wkhq

lw lv qrw qhfhvvdu| wr fkdoohqjh d phujhu1 Krzhyhu/ lq vlwxdwlrqv zkhuh wkh devhqfh

ri phujhu0vshfl�f v|qhujlhv lv d qhdu0fhuwdlq idfw/ zkloh hqwu| frqglwlrqv hlwkhu duh

xqfohdu/ ru dw ohdvw gr qrw jxdudqwhh wkdw d yhu| prghvw sulfh ulvh zloo wuljjhu pdvvlyh

hqwu|/ rxu uhvxow lpsolhv wkdw d phujhu vkrxog eh suhyhqwhg/ zlwkrxw dq| qhhg iru d

suhflvh dvvhvvphqw ri hqwu| frqglwlrqv1

Wr vxppdul}h/ wklv sdshu lghqwl�hv flufxpvwdqfhv lq zklfk dqwlwuxvw dxwkrulwlhv
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gr qrw qhhg wr shuirup d ghwdlohg dqdo|vlv ri erwk hqwu| frqglwlrqv dqg phujhu0vshfl�f

v|qhujlhv= li hqwu| lv yhu| hdv|/ wkhq/ dv wkh Phujhu Jxlgholqhv uhfrjql}h/ wkhuh lv qr

qhhg wr fkdoohqjh d phujhu ixuwkhu1 Exw li d phujhu fohduo| jhqhudwhv qr v|qhujlhv/ lw

fdq vdiho| eh suhyhqwhg zlwkrxw ghoylqj ghhso| lqwr wkh txhvwlrq ri hqwu|431

Wkhuhiruh/ wkh dvvhvvphqw ri hqwu| frqglwlrqv vkrxog qrw eh jlyhq dq| sulrulw| ryhu

wkh dvvhvvphqw ri doohjhg phujhu0vshfl�f h!flhqf| jdlqv1 Rqo| li odujh0vfdoh hqwu| lv

olnho| qhdu suh0phujhu sulfhv lv lw ohjlwlpdwh qrw wr fkdoohqjh d phujhu1 Rwkhuzlvh/ wkh

olnholkrrg dqg pdjqlwxgh ri phujhu0vshfl�f v|qhujlhv vkrxog eh dgguhvvhg1 Li wkhvh

v|qhujlhv duh irxqg wr eh xqolnho| ru yhu| vpdoo/ d phujhu vkrxog eh suhyhqwhg hyhq

li vrph hqwu| dsshduv olnho|1 Lq vxfk d vlwxdwlrq/ wkh hylghqfh +ru udwkhu wkh odfn ri

hylghqfh, frqfhuqlqj v|qhujlhv vkrxog wdnh sulrulw| ryhu wkh dqdo|vlv ri hqwu| frqgl0

wlrqv1 Lq doo rwkhu fdvhv/ wkh dqwlwuxvw dxwkrulwlhv* ghflvlrq pxvw uh hfw d frpelqdwlrq

ri frqvlghudwlrqv zlwk uhvshfw wr erwk hqwu| frqglwlrqv dqg v|qhujlhv1

Vhyhudo fdyhdwv olplw wkh uhohydqfh ri wklv sdshu1 Wkh sursrvlwlrq dssolhv wr phuj0

43Wkh uhdghu pd| zrqghu zkdw dqwlwuxvw dxwkrulwlhv vkrxog gr li wkhvh wzr vwdwhphqwv ohdg wr

frqwudglfwru| srolf| suhvfulswlrqv1 Wkh dqvzhu lv vlpso| wkdw/ lq vlwxdwlrqv zkhuh wkh Frxuqrw

prgho dssolhv/ wklv fdqqrw kdsshq= wkh srlqw ri wklv sdshu lv wkdw d phujhu fdqqrw eh sur�wdeoh

li hqwu| dw qhdu0fxuuhqw sulfhv lv hdv| dqg wkhuh duh qr v|qhujlhv1 Dq| vxfk vlwxdwlrq zrxog phdq

hlwkhu wkdw hqwu| frqglwlrqv ru wkh suhvhqfh phujhu0vshfl�f v|qhujlhv duh qrw dvvhvvhg surshuo|/ ru

wkdw wkh qdwxuh ri wkh roljrsrolvwlf lqwhudfwlrq lv qrw Frxuqrw/ ru wkdw wkhuh duh hfrqrplhv ri vfdoh

eh|rqg wkrvh lqgxfhg e| �{hg frvwv1
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huv zklfk duh sur�wdeoh hyhq diwhu wkh hqwu| ri qhz �upv1 Exw lq lqgxvwulhv zkhuh

hqwu| wdnhv wlph/ lw lv srvvleoh wkdw wkh sur�wdelolw| ri d phujhu uhvxowv rqo| iurp

wkh whpsrudu| kljk sur�wv hduqhg sulru wr rwkhu �upv hqwhulqj/ diwhu zklfk sulfhv

dqg sur�wv pd| idoo ehorz wkhlu suh0phujhu ohyhov1 Zkhq kdqgolqj vxfk d phujhu/

wkh dqwlwuxvw dxwkrulw| pxvw vwulnh d gholfdwh edodqfh ehwzhhq wkh vkruw0uxq kdup wr

frqvxphuv dqg wkh orqj0uxq ehqh�wv1

Dv glvfxvvhg lq wkh lqwurgxfwlrq/ d pruh vhulrxv olplwdwlrq lv wkh dvvxpswlrq ri

Frxuqrw frpshwlwlrq dqg krprjhqhrxv surgxfwv44/ ehfdxvh wkh Ehuwudqg prgho lv

frqvlghuhg pruh dssursuldwh wkdq wkh Frxuqrw prgho iru pdq| lqgxvwulhv1 Dv wkh

h{dpsoh suhvhqwhg lq Vhfwlrq 6 vkrzv/ wkh uhvxow grhv qrw fduu| ryhu wr wkh fdvh ri

gl�huhqwldwhg surgxfwv dqg sulfh frpshwlwlrq/ dowkrxjk lw lv kdug wr dvvhvv zkhwkhu

wkh srvvlelolw| lw kljkoljkwv fruuhvsrqgv wr d iuhtxhqw uhdo0zruog vlwxdwlrq1 Zkloh

wklv sdshu hvwdeolvkhv d jhqhudo uhvxow lq wkh fdvh ri txdqwlw| frpshwlwlrq/ zklfk kdv

uhohydqfh iru phujhu srolf|/ �qglqj hfrqrplfdoo| phdqlqjixo frqglwlrqv xqghu zklfk d

44Pruh jhqhudoo|/ wkh dvvxpswlrq ri dq| sduwlfxodu irup ri frpshwlwlrq +Frxuqrw/ Ehuwudqg/ fro0

oxvlyh/ ru lqwhuphgldwh ehwzhhq wkhvh srodu fdvhv, lv sureohpdwlf1 Dv phujhu srolf| uhfrjql}hg orqj

djr zlwk lwv irfxv rq wkh ulvn wkdw phujhuv frxog irvwhu frooxvlrq/ fkdqjhv lq wkh ghjuhh ri pdunhw

frqfhqwudwlrq pd| fdxvh wkh lqwhudfwlrq ehwzhhq �upv wr vkliw iurp qrqfrrshudwlyh wr frrshudwlyh

+ru frqyhuvho|,1 Lq idfw/ dffruglqj wr Euhvqdkdq dqg Uhlvv ^4<<4`/ wkh hpslulfdo uhodwlrqvkls eh0

wzhhq frqfhqwudwlrq dqg wkh qdwxuh ri frpshwlwlrq lv pxfk pruh frpsoh{ wkdq d vlpsoh Ehuwudqg 2

frooxvlrq glfkrwrp| zrxog vxjjhvw1
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vlplodu uhvxow dssolhv wr gl�huhqwldwhg surgxfw pdunhwv dqg sulfh frpshwlwlrq vkrxog

eh wkh jrdo ri ixwxuh uhvhdufk145
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Pdunhwv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ yro1 << +8,/ <::0433<1

Ghqhfnhuh/ U1/ dqg F1 Gdylgvrq ^4<;8` / �Lqfhqwlyhv wr irup frdolwlrqv zlwk

Ehuwudqg frpshwlwlrq�/ Udqg Mrxuqdo ri Hfrqrplfv/ yro1 49 +7,/ 7:607;91

Gl{lw/ D1 ^4<;9`/ �Frpsdudwlyh Vwdwlfv iru Roljrsro|�/ Lqwhuqdwlrqdo Hfrqrplf

Uhylhz/ yro1 5:/ 43:04551

Iduuhoo/ M1/ dqg F1 Vkdslur ^4<<3`/ �Krul}rqwdo Phujhuv= Dq Htxloleulxp Dqdo0

|vlv�/ Dphulfdq Hfrqrplf Uhylhz/ yro1 ;3 +4,/ 43:04591

Iduuhoo/ M1/ dqg F1 Vkdslur ^5334`/ �Vfdoh hfrqrplhv dqg v|qhujlhv lq krul}rqwdo

phujhu dqdo|vlv�/ Dqwlwuxvw Odz Mrxuqdo/ yro1 9; +6,/ 9;80:431

Iurhe/ O1/ dqg J1 Zhughq ^4<<4`/ �Hqgrjhqhlw| lq wkh Frqfhqwudwlrq0Sulfh Uh0

odwlrqvkls= Fdxvhv dqg Frqvhtxhqfhv�/ X1V1 Ghsduwphqw ri Mxvwlfh Hfrqrplf Dqdo|0
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DSSHQGL[

Surri ri Sursrvlwlrq 4

Vwhs 41 Frqvlghu wkh o phujlqj �upv/ odehohg/ zlwkrxw orvv ri jhqhudolw|/ �up 4

wr �up o1 Iru hyhu| �up � +luuhvshfwlyh ri zkhwkhu lw lv rqh ri wkh phujlqj �upv,/

ohw ^� dqg ^�� ghqrwh/ uhvshfwlyho|/ �up �*v rxwsxw ohyho sulru wr wkh phujhu ri �upv 4

wkurxjk o/ dqg �up �*v rxwsxw ohyho vxevhtxhqw wr wkh phujhu +li �up � lv rqh ri wkh

phujlqj �upv/ wkhq ^�� ghqrwhv wkh rxwsxw surgxfhg xvlqj �up �*v idflolwlhv,1 Ohw '

dqg '� ghqrwh djjuhjdwh rxwsxw suh0 dqg srvw0phujhu/ uhvshfwlyho|1

Vlqfh wkh phujhu lv sur�wdeoh/ wkh phujlqj �upv* wrwdo srvw0phujhu sur�w/

S
�$�$o d^

�
�RE'

��� ��E^
�
��o lv vwulfwo| juhdwhu wkdq wkh vxp ri wkhvh �upv* suh0phujhu

sur�wv
S

�$�$o d^�RE'�� ��E^��o � Wklv lpsolhv wkdw iru dw ohdvw rqh phujlqj �up/ vd|

�up 4/ sur�w lv juhdwhu srvw0phujhu wkdq suh0phujhu=

^��RE'
��� ��E^

�
�� : ^�RE'�� ��E^��� +:,

Wklv lpsolhv wkdw ^�� : f +�up 4*v lqlwldo sur�w lv qrqqhjdwlyh ehfdxvh �up 4 dozd|v

kdg wkh rswlrq ri hduqlqj d }hur sur�w e| surgxflqj qrwklqj,1 Dovr/ vlqfh doo dfwlyh

�upv surgxfh d vwulfwo| srvlwlyh dprxqw suh0phujhu/ ^� : f�

Vwhs 51 Frqvlghu �up 4*v uhdfwlrq dqg sur�w ixqfwlrqv -E^� dqg ZE^�c gh�qhg dv

-E^� '�o}�@%
^�Df

d^�RE^ n ^��� ��E^��o
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dqg

ZE^� '�@%
^�Df

d^�RE^ n ^��� ��E^��o �

Wkh grzqzdug0vorslqj ghpdqg fxuyh lpsolhv wkdw wkh ixqfwlrq ZE�� lv ghfuhdvlqj/ dqg

dvvxpswlrq +7, lpsolhv wkdw wkh ixqfwlrq -E�� lv dv zhoo1 Zkloh wkh �{hg frvw 8� fdq

lqgxfh glvfrqwlqxlwlhv lq -E�� +surgxfwlrq pd| glvfrqwlqxrxvo| idoo wr }hur lq uhvsrqvh

wr d vpdoo lqfuhdvh lq rwkhu �upv* rxwsxw,/ rq wkh udqjh ri ydoxhv ri ^ hqvxulqj wkdw

-E^� : fc wkh dvvxpswlrqv pdgh zlwk uhvshfw wr ghpdqg dqg whfkqrorj| hqvxuh wkdw

-E�� lv gl�huhqwldeoh dqg wkdw

�� 	 -�E^� 	 f +;,

+wklv zdv douhdg| qrwhg lq Gl{lw ^4<;9`> vhh dovr Vhdgh ^4<;3`,1 Wkh lqhtxdolw| ^� : f

lv htxlydohqw wr -E' � ^�� : f/ vr - lv frqwlqxrxv dqg vdwlv�hv +;, rq wkh lqwhuydo

^fc '� ^�o�

Vwhs 61 Wkh gh�qlwlrq ri wkh ixqfwlrq ZE�� lpsolhv wkdw ^��RE'
���S�E^

�
�� � ZE'��^����

Wklv lqhtxdolw| dqg +:, wrjhwkhu lpso|

ZE'�
� ^��� � ^��RE'

��� S�E^
�
�� : ^�RE'�� S�E^�� ' ZE'� ^���

Wkhuhiruh/

'�
� ^�� 	 '� ^�� +<,

Vwhs 71 L vkrz qrz wkdw ^�� � -E'� � ^���� Wkh uhdvrq lv vlpsoh= zkhq �up 4*v

uhvsrqvh wr doo rwkhu �upv* rxwsxw ohyhov lv vhw wr pd{lpl}h wkh phujhg �up*v sur�w/
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lw surgxfhv ohvv wkdq lw zrxog li lw pd{lpl}hg rqo| lwv rzq sur�w/ wkdw lv/ ohvv wkdq

-E'� � ^���� Lqghhg/ li zh zulwh '
�
2co iru

S
2$�$o ^

�
� dqg '�

3� iru '
� � ^��c ^

�
� vdwlv�hv wkh

�uvw0rughu frqglwlrq

Y

Y^

�
E^ n'�

2co�RE^ n'�
3��� S�E^�

�
' fc

zkloh -E'� � ^��� E' -E'�
3��� vdwlv�hv wkh �uvw0rughu frqglwlrq

Y

Y^

�
^RE^ n'�

3��� S�E^�
�
' f�

Gh�qlqj sE^c %� e|

sE^c %� '
Y

Y^

�
E^ n %�RE^ n'�

3��� S�E^�
�

' RE^ n'�
3�� n E^ n %�R�E^ n'�

3��� S��E^�c

wkh deryh �uvw0rughu frqglwlrqv fdq eh zulwwhq dv

sE^��c '
�
2co� ' f +43,

dqg

sE-E'�
3��c f� ' f� +44,

Li % � '�
3�c wkhq +7, lpsolhv wkdw

Y

Y^
EsE^c %�� ' 2R�E^ n'�

3�� n E^ n %�R��E^ n'�
3��� S���E^�

	 R�E^ n'�
3�� n E^ n %�R��E^ n'�

3��� S���E^�
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'
^ n %

^ n'�
3�

�
R�E^ n'�

3�� n E^ n'�
3��R

��E^ n'�
3��� S���E^�

�

n
'�

3� � %

^ n'�
3�

�
R�E^ n'�

3��� S���E^�
�

	 f�

Vlploduo|/

Y

Y%
EsE^c %�� ' R�E^ n'�

3�� 	 f�

Vlqfh erwk 3 dqg '�
2co duh ohvv wkdq '�

�c wkh odvw wzr lqhtxdolwlhv krog lq wkh lqwhuydo

dfc '�
2coo1 Wrjhwkhu zlwk wkh �uvw0rughu frqglwlrqv +43, dqg +44,/ wkh| lpso| wkdw

^�� � -E'�
3��� +45,

Vwhs 81 Lqhtxdolwlhv +;,/ +<,/ dqg +45, wrjhwkhu lpso|

'� ' '�
3� n ^�� � '�

3� n-E'�
3�� 	 '� ^� n-E'� ^�� ' '�

+Wkh vhfrqg lqhtxdolw| uhvxowv iurp wkh idfw wkdw +;, krogv rq wkh lqwhuydo d'�
3�c '�^�o

zkhuh wkh ixqfwlrq - wdnhv vwulfwo| srvlwlyh ydoxhv1, Wkhuhiruh/ rxwsxw lv orzhu srvw0

phujhu wkdq suh0phujhu/ dqg sulfh lv juhdwhu1 THG
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